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Abstract — An analytic solution to the problem of
scattering of a plane electromagnetic wave by a lossy or
lossless dielectric confocal elliptic shell loading a semi-
elliptic channel is derived. The incident, scattered and
transmitted fields in every region are expressed in terms
of complex Mathieu functions. Applying the boundary
conditions at various faces and interfaces along with the
partial orthogonality properties of angular Mathieu
functions, the unknown scattered and transmitted field
coefficients are obtained. The presented numerical
results show a good agreement with the published data
especially for the case of a lossless dielectric shell
loading a semi-circular channel.

I. INTRODUCTION

The electromagnetic scattering from grooves,
channels and cracks have been investigated by many
researchers. The investigations have shown that when
these structures are loaded with dielectric materials, the
overall scattering patterns significantly change and thus
it is important to obtain an analytic solution to predict
the new scattering behavior of the target.

Lately, there have been many analytic studies
available in the literature on the scattering by hollow
and lossless dielectric loaded semi-circular or elliptic
channels [1-9]. Most of these studies were based on the
exact series eigen-function solution. On the other hand,
numerical solutions based on the coupled integral
equations for the induced currents were obtained by
Senior et. al. [10-11].

To the best of our knowledge, there has been no
analytical or numerical solution to the problem of
scattering from a lossy or lossless dielectric elliptic
shell loading a semi-elliptic channel in a ground plane.

In this paper, we present the solution to the
scattering by a semi-elliptic channel loaded by two
lossy dielectric layers. The presented solution will be
the most general one available in the literature and the
special lossless circular case may be deduced by
making the axial ratios almost equal to unity [5], while

the lossless dielectric coated conducting elliptic
cylinder may be deduced by making the relative
permittivity of the inside dielectric layer very high [9].

Il. THEORY

Consider the case of a linearly polarized
electromagnetic TM plane wave assumed to be incident
on a lossy or lossless dielectric elliptic shell loading a
semi-elliptic channel in a ground plane at an angle
@; with respect to the X axis, as shown in Fig. 1. The

major axis of the outer dielectric coating is denoted by
a, and the minor axis is denoted by b,. Furthermore, the
major axis of inner dielectric elliptic cylinder is denoted
by a; and the minor axis is denoted by b; The ground
plane is assumed to be perfectly conducting.

Fig. 1. Scattering geometry of a semi-elliptic channel in
a ground plane loaded by a lossy or losslessconfocal
dielectric elliptic shell.

The time dependence el® is assumed and omitted
throughout. The elliptical coordinate system (u,v,z) is
defined in terms of the Cartesian coordinate system
(x,y,z) by x=F cosh(u)cos(v) and y=Fsinh(u)sin(v),
where F is the semi focal length of the elliptical cross
section [12]. The electric field component of the TM
polarized plane wave of amplitude E, is given in terms

of polar coordinates o, ¢ by,

El =Ege jkocos(4—4i) 1)

1054-4887 © 2007 ACES

414



415

where k=27/A and A is the wavelength. The
incident electric field may be expressed in terms of
Mathieu functions in elliptic cylindrical coordinates &,

1 as follows [12],

00

E;:mz:ermRe%)(covg)sem(co’n) (2

+ AOmROF(I‘:IL)(Cng)SOm(CO1'7)

m=1

A, and ) e defined in [9], ¢, =kF, Se,

and So, are the even and odd angular Mathieu
functions of order m, respectively, Re!” and Ro® are

the even and odd radial Mathieu functions of the first
kind of order m, while N, and N, are the even and

odd normalized constants of order m. It should be noted
that &=coshu and 5 =cosv [12]. The reflected field

(6>¢&, ando<py <) due to the presence of the
ground plane can bewritten as,

Ezref = _Z Aem Re%)(co’f)sem (CO'”) (3)
m=0

+ 2 AomRorgl)(Cmg)Som (00'77) .

m=1

The scattered field (& > &, and0 <7 < 7) due to the
presence of the channel can be written as,

EJS™ = BonROG(cy,&)S0,(ch,7) )
m=1

where B~ are the unknown odd scattered field

expansion coefficients and Ro!” is the odd radial

Mathieu function of the fourth kind. The transmitted
electric field inside the outer dielectric layer
(& <£<E,) can also be written also in terms of

Mathieu functions as,

EI — i Cem Rer(i)(clvg)
’ +D,, ReP(c,, &) |
N 5)

i ConR0OM(cy, &)

+DomR0r(nZ)(C1'§)_

Se, (¢,,77)

m=0

SOm (C11 77)

m=1

where ¢, = k,F, k, :k\/?n' g =61~ 161 Cem» Dem
and coy, D,y are the even and odd unknown
tansmitted field expansion coefficients, and ge@ and
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Ro? are the even and odd radial Mathieu functions of

the second kind [12]. Furthermore, the transmitted
electric field inside the inner dielectric layer (0<£<¢,)

can also be expressed in terms of Mathieu functions as,

E)' = Gen Re()(c,,&)Sen (Cy,7) (6)
=0
+ Y GomRO(c,,&)S0q(cy,7)
m=1

where ¢, =k,F, k, =k\/&,, + &, :5;2 - jg;z while
G,, and G,, are the even and odd unknown transmitted

field expansion coefficients. The magnetic field in
every region can be obtained using Maxwell’s
equations. The unknown field expansion coefficients
given in equations (4) to (6) are yet to be determined
using the boundary conditions. The boundary
conditions at #=¢, require the tangential electric and
magnetic field components in the inner and outer
dielectric layers to be continuous. Enforcing this
boundary condition along with orthogonality property
of the angular Mathieu functions, we obtain

i Cen ReR(c,,&,)

]M emn (Cl’ Cz)

in=0| +Degp, ReSnZ)(Cl’é:z) @
= N.n(C,)Gen REV(C,, &)
= |C. Re®(c ,
z em m ( 1 fz) Memn(cl’cz) (8)

10| + D,y Re (¢, ,)
= Nen (Cz)Gen Regl) (Czifz)
where

2
M mn (€1,€2) = | Som (€1,77)Sen (€2,m)dv - ©)
0

omn

The prime in equation (8) denotes derivative with
respect to U. Similar equations can be written
corresponding to the odd solution. To eliminate G, we
solve for Gg, from equation (8) and substitute into
equation (7). This leads to

0Cem {Re%)(cl"fz)_

Ms

' Memn(clvcz)
Re%) (Clvégz)uen

m

+

M

m

oDem *Reg)(cl’fz)—

, M emn(cpc,)=0.
Re(? (cl,éz)uen}

(10)
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We can write a similar equation for the odd solution,
i.e,
@
© Ro,’(c,,&,) -
Z Com M omn (Cl' CZ)

m=0 ROr(nl)'(Cl,é:Z)Uon
+ (11)
=, |Ro (&)~
ZDom ! v Momn(Cl,C2)=0
m=0 Rof? (c,,&,)u,,
where
en(l)
U, = Ron I(Czagz) (12)

" R (c.&)

The boundary condition at ¢=¢ (7 <5 <27z) requires

the tangential electric field component to vanish at
surface, and the total tangential electric and magnetic
field components to be continuous across the interface
at #=5 (O0<ny<x). Enforcing these boundary
conditions along with the partial orthogonality property
of the angular Mathieu functions, we get [7, 9]

i _Cem Reﬁ) (c, &)+ L
m=0| Dem ReEnZ) (Cl’ §1) i
CoROM (e, &)+

+ (7/2.0)=0.0,
L Don Ror(12) (Cl’ 51)

(13)

Z ZA\Jm Ror(nl) (CO’ Sgl)Nmn + Z Bom Ror(r14) (CO ) él)‘Nmn
m=1 m=1
= [C, Re®(c,, &) +
_ Z em ' om ( 1 é:l) F o+
| Do R (6,41)

[C,Ro%(c,, &)+
L Don RO[EZ) (Cl’ é:l)

o

m=

}(mz.o),

(14)

Z zpbm Ror(nl) (CO ! ‘fl)\A/mn + z Bom Ror(n4) (CO ! ‘fl)\A/mn
m=1 m=1

_§|CaRel @) |
m:O_Dem Refnz)l(cl’é:l)
_C Ro®' c,E)+
on-en ,( 1161) (7/2.0)
_Don Ror(12) (Cl’ é:l)

(15)

where

W, = [$0,(Co. m)S0, (c,m)dv,  (16)
0

Fon = [ Sen(cm)So, (comdv, — an)
0

27
Lon = [ Seq (€, m)S0, (¢ m)dv =—F,,. (18)
Equations (13) to (15) are evaluated for m=0,1,2... and
n=0,1,2,.... In case of c,=c; equation (16) reduces to

Wmn=(z/20)s ., Where o, is the Kronecker delta.

Equations (10), (11), and (13) to (15) may be written in
matrix form to solve for the unknown scattered and
transmitted field expansion coefficients [9].

The lossy case requires the computation of Mathieu
functions with complex argument and more details on
the computation of Mathieu function can be found in
[13-14].

I11. NUMERICAL RESULTS

The scattered near and far fields can be calculated
once the scattered field expansion coefficients are
computed. The scattered far field expression may be
written as follows,

E: = [ e *P(c,n) (19)
kp

P, )= i"[BS0,(C, )] (20)
m=1

In order to solve for the unknown scattered field
coefficients, the infinite series are first truncated to
include only the first N terms, where N in general is a
suitable truncation number proportional to the channel
electrical size. In the computation, the value of N has
been chosen to impose a convergence condition that
provides solution accuracy with at least four significant
figures, The accuracy of the numerical results is checked
against the special case of a semi-circular channel
loaded with a lossless dielectric shell [4].

Figure 2 shows the normalized backscattered field
| P(c,,cos)| for a lossy or lossless dielectric shell

loading a semicircular channel versus ka, with ka;=1.0,
a1/b1=1.0, &1 = 1.5, &, =12 and ¢ = 90°. The solid line
represents the calculated numerical results while the
circled curve represents the solution in [4]. For example,
the convergence for this is achieved for N=9. It can be
seen that the calculated results agree very well with [4]
for ka, < 3.2, the range given by [4]. Further, high peak
resonances occur at different values of ka, and the

where
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amplitude of these peaks becomes even larger with the
channel size. The strong resonant behavior may be due
to the multiple scattering between the circular shell and
channel. Finally, the dotted line represents the lossy
dielectric case with &; = 1.5- j0.5 and &, = 12-j0.5. For
example, the convergence for this is achieved for N = 7.
The presence of lossy material seems to have little effect
on the normalized backscattered field especially for ka,
< 2.0, and attenuates the amplitude of the high peak
resonances for ka, > 2.0. Figure 3 shows the normalized
backscattered field for a lossy or lossless confocal
dielectric elliptic shell loading a semi-elliptic channel
versus the major axis of electrical size ka, . The major
axis electrical size of the inner elliptic dielectric shell is
kept constant at ka;=1.0 with axial ratio a;/b;=1.43 and
& = 90°. The solid line represents the lossless dielectric
case, &1 = 3.0 and &, = 5.0. The circled line represents
the weakly lossy case, &1 = 3.0-j0.1 and &, = 5.0-j0.1,
while the dotted curve represents the strongly lossy case
of ;= 3.0-j0.5 and &, = 5.0-j0.5.

12

—— calculated, &1 =1.5, [ =12

1ol| © Refld g, =15 ¢,=12

. Llossy, g, =1540.5 ¢, =120.5

©
T

IP(cC0S )
(2]

Fig. 2. Normalized backscattered field versus electrical
size ka, for a lossy or lossless dielectric circular shell
loading a semi-circular channel with ka;=1.0, a;/b;=1.0
and ¢ = 90°.
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Fig. 3. Normalized backscattered field versus electrical
size ka, for a lossy or lossless confocal dielectric
elliptic shell loading a semi-elliptic channel with

ka;=1.0, a;/b;=1.43 and ¢ = 90°.
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In Fig. 4 we have plotted the normalized echo pattern
width | P(c,,cos¢) |against the scattering angle ¢ for a

lossy or lossless dielectric circular shell loading a semi-
circular channel with ka;=2.0, a;/b;=1.0, ka,=2r,
a,/b,=1.0 and ¢ =60°. The solid line represents the
lossless case with &1 = 4.0, &, = 2.0. A strong resonance
with high amplitude is located at ¢ =120° as expected,
in addition to other resonances located at ¢=40°and 90°.
It seems that the presence of lossy dielectric material has
little effect on the amplitude of the resonance at ¢ =120°
while strong effect may be observed on the amplitude of
the resonances located at ¢ = 40° and 90°. Figure 5
shows normalized echo pattern width for a lossy or
lossless dielectric elliptic shell loading a semi-elliptic
channel with ka;=5.73, a1/b;=5.73, ka,=2 77, a,/h,=2.3
and ¢ = 60°. The solid line represents the lossless case,
& = 4.0, & = 2.0, which seems to have strong
resonances at different scattering angles and the
strongest resonance peak is located at ¢ = 120°. It can
also be observed that the presence of the lossy dielectric
material has a significant effect on the amplitude of the
high peaks resonances, but has no effect on the location
of resonances.

Figure 6 shows the normalized backscattered far
field versus the incident angle ¢ for a lossy or lossless
dielectric elliptic shell loading a semi-elliptic channel
with ka;=2.0, a;/b;=2.0, ka,=4.36 and a,/b,=1.1. It
seems that the normalized backscattered field of the
elliptical channels is highest at the incident angle ¢ =
90°. It can also be observed that the presence of lossy
dielectric material has shifted the resonance peaks at ¢ =
30° and 55°.
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Fig. 4. Normalized scattered field versus the scattering
angle ¢ for a lossy or lossless dielectric circular shell
loading a semi-circular channel with ka;=2.0, a;/b;=1.0,
ka, =2, ay/b,= 1.0 and ¢ = 60°.
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Fig. 5. Normalized scattered field versus the scattering
angle ¢ for a lossy or lossless dielectric elliptic shell
loading a semi-elliptic channel with ka; = 5.73, a;/b; =
5.73,ka, =2 7, ay/b, = 2.3 and ¢ = 60°.
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Fig. 6. Normalized backscattered field versus the

incident angle ¢ for a lossy or lossless dielectric elliptic

shell loading a semi-elliptic channel with ka; = 2.0,
allblz 2.0, kaz = 4.36, a2/b2 =1.1.

IV. CONCLUSIONS

An analytical solution and numerical results for the
electromagnetic scattering by a lossy or lossless
dielectric circular or elliptic shell loading a semi-
circular or semi-elliptical channel in a ground plane is
obtained. The presence of lossy or lossless dielectric
shell has significantly affected the appearance and
attenuation of the channel resonances. Finally, the
presented solution is the most general one available in
the literature and special cases can be deduced by
choosing the appropriate axial ratio and dielectric
constant.
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