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Abstract — A new Moment Method (MM) scheme to
solve the Electric Field Integral Equation (EFIE) for
some ill-conditioned problems is presented. The
approach is an alternative to the Combined-Field
Integral Equation (CFIE). The proposed formulation
employs the Impedance Boundary Condition (IBC) to
compute the scattering from conducting bodies
uncoated or coated by dielectric materials. The
scheme uses dual meshes to represent the currents:
one mesh for the electric current and another mesh for
the magnetic current. Each mesh is defined by a grid
of quadrangles that can be conformed to arbitrarily
curved surfaces. The quadrangle grids are interlocked;
the corners of the quadrangles of one mesh are the
centers of the quadrangles of the other mesh and vice
versa. Several examples showing the potential of the
approach to solve ill-conditioned problems are
included.

I. INTRODUCTION

It is well known that many -electromagnetic
radiation or scattering problems can be too ill-
conditioned to be solved using MM. This happens,
particularly, when we analyze electrically large bodies
using formulations based on either the EFIE or the
Magnetic-Field Integral Equation (MFIE). In these
cases, the MM equation systems are ill-conditioned at
the resonance frequencies of the internal cavity
defined by the volume of the body under analysis [1].
In these situations it is difficult to find reliable
solutions, and thus these problems suffer from poor
convergence and present spurious solutions.

To reduce the difficulty of these ill-conditioned
problems, several formulations have been proposed to
improve the condition number of the corresponding
MM matrix that may help solve these problems. One
of the most powerful formulations to avoid in these
ill-conditioned problems is the CFIE, which is based
on a linear combination of the EFIE and the MFIE,
[1], [2]. Like the MFIE, the CFIE is only applicable to
closed bodies. The practice has shown that the CFIE
is able to treat most problems, however there are still
cases where difficulties remain because the accuracy
of CFIE results depend on a correct choice in the
weights of the EFIE and MFIE linear combination,
and on the sampling density (number of MM

subdomains per wavelength) [3]. In these cases,
convergence studies on the relative weights of the
CFIE and on the sampling density are performed in
order to obtain “stable” solutions. These difficulties
can be due to the MFIE component of the CFIE which
gives poor results for sharp wedges and tips, [4].

More recently formulations based on Dual-
Surface Field Integral Equations (DSFIE), [5], [6]
have been investigated because they appear to be free
of spurious problems and offer better solutions for
bodies with sharp wedges or tips. The DSFIE forces
boundary conditions on the body surface and also in a
dual surface located inside the body. The separation
between the surfaces is usually less than half a
wavelength, and on the dual surface the boundary
conditions are multiplied by a constant with an
imaginary part. The DSFIE reduces spurious
resonances and can treat geometries with sharp parts
like cone-spheres with narrow vertices where the
CFIE does not yield reliable results. However, a
suitable definition of the dual surface in the DSFIE
application for a particular problem needs to be
adjusted in order to obtain accurate results [6]. For
electrically small objects, the approach in [7], [8],
which uses an accurate computation of the MM
matrix terms of the MFIE and monopolar basis
functions, gives reliable computations for problems
with sharp wedges and tips.

Here, a numerical scheme based on a
combination of the EFIE and the IBC approach, [9-
11] is presented as an alternative formulation to solve
these difficult problems.

The scheme, outlined in [12], uses dual
quadrangular meshes. One mesh is used to represent
the discretized electric current and the other to
represent the discretized magnetic current. The
corners of the quadrangles of one mesh are in the
centers of the quadrangles of the other mesh and vice
versa. The scheme combines the operator which
generates the electric field due to an electric current
with the operator which generates an electric field due
to a magnetic current. Both currents are expanded in
terms of rooftop basis functions [13]. The testing
functions are blade functions, [13], defined in the
mesh used to represent the electric current. With this
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choice of testing and basis functions we have found a
simple and accurate way to descritize the electric field
due to electric and magnetic currents. The meshes are
defined over the iso-parametric lines of a NURBS's
(Non Uniform Rational Bi-Spline Surface) [14].
Using the discretization procedure shown in [15-17]
we can work with curved quadrangles and we do not
need any re-meshing in terms of flat patches.

One objective of our approach is to analyze real
conducting bodies. It can be noticed that at microwave
frequencies the surface impedance of a good
conductor is a hundredth or a thousandth of the free
space wave impedance and the solution for a good
conductor at such frequencies is very similar to the
case of a perfect electric conducting (PEC) body.
Therefore, the proposed approach can give good
results for PEC if we model PEC with a surface
impedance of about a thousandth of the free space
wave impedance. One of the advantages of the present
approach is that it permits the analysis of open or
closed surfaces or a combination of them. The
proposed approach can be considered as a
regularization method, [18-19], because it diminishes
the Q factor of the internal cavities of closed bodies
and in this way the formulation reduces the problems
of spurious responses at resonances frequencies. In
addition, the approach is able to treat accurately
problems with sharp wedges and tips using a reduced
number of samples per wavelength. It is also useful in
analyzing the scattering from lossy dielectric or
conducting bodies that can be totally or partially
coated by thin materials using the IBC approach.

Dual meshes of quadrangles over curved surfaces
are also considered in [20] to solve a CFIE in
problems with dielectric bodies. In this reference,
divergence-conforming basis functions are defined
over one mesh and curl-conforming basis functions
over the other mesh. Either current (electric or
magnetic) is represented by both types of basis
functions: divergence-conforming functions when the
electric(magnetic) field of an electric(magnetic)
current is computed, and curl-conforming basis
functions when the magnetic(electric) field of an
electric(magnetic) current is evaluated. Our approach
is different from that of [20] because we solve the
EFIE for metallic or body governed by the IBC and
therefore, we can consider open and closed surfaces.
Furthermore, we only use divergence-conforming
functions in such a way that each mesh is reserved to
only one kind of current, one mesh for the electric
current and the other one for the magnetic current.

The paper is organized as follows; section 2
presents the theoretical formulation of the EFIE
considered. The dual meshes and the numerical details
of the method are shown in section 3. Some results
that probe the capability of the approach to solve
coated bodies, and ill-conditioned problems are
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presented in section 4, finally, the conclusion section.
II. FORMULATION

We formulated the integral equation to be solved
based on the equivalence principle, [21]. Figure 1
shows the application of the equivalence principe to
obtain the fields in the region external to volume V.
On the surface S that encloses volume V the
equivalent currents are given by

Js(r)=n(r)xHy (r), (1.a)
M ¢(r) =-n(r)x E1 () (1.b)

where I'=rX+1Yy+I,2 is the observation

point on S and (ET , HT ) are the total fields that are
in the region external to V and can be expressed as,

Er () =E™r+ESr), (2.2)
Hr(r) =A™ @)+ HS(r) 2.b)

where (Eimp, Himp) are the fields due to the

impressed currents (J imp ,M imp ) located outside V
and (ES,HS) are the scattered fields due to the

equivalent currents (Jg, Mg )
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Fig. 1. The equivalence principle states that the field
external to volume V in the problem shown in the left
part of the figure can be computed considering the
equivalent problem shown to the right.

Writing the scattered fields as a function of the
electric and magnetic equivalent density currents for
the external region, we get,

s Mo -
E =—jo— || J.(F"G ds'
() Jw4ﬂjsj S(F)G(F, T )ds

1

drwe

VUIV'J‘S(F')G(F,F')ds'] (.a)

—Vx[igMSG')G(r,r')ds'],
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H (r)—VX(4ﬁ£JJS(r )G(r,r)dsj
& —_
_' R M _'IG _’_’ldl
JwMISf J(F)G(F.F)ds
1 ;
iy "M (F)G(F,F')ds' |.
JMWV(ISIV ((F)G(F.F) SJ
(3.b)

These expressions can be written in a more compact
form using the following linear operator notation,

ES(r)=Lg[Js ]+ Lew M ], (4.2)

AS () =Ly [Js ]+ Lum M5 ]- (4.b)

We can combine equations (2) and (4) to obtain
the EFIE and MFIE formulations,

E, () = E™(F)+E*(F)

eyl [3 ] [M]

H, (F)=H"™ (1) +H®(r)

AL [ ] L [ ] O

For the case of a non-PEC body, like a real
conducting body, a lossy dielectric body or a
conducting body coated by a dielectric, the EFIE can
be written as,

M (F) =—A(F)x E™ (F) - A(F)x Ly, [ T, |

—A(F)x Ly, [ M - ©

By reordering the EFIE we have
E™(F)=—AxM (F)-Lg, [ J; |- Lg, [ M, |-
O

Taking advantage of the duality between operators,
we can write

- 1 & -
L., | M, [==Vx| — || -M (F)G(F,F"ds'
W)= o £ ],
= L?—lijjl I:_Ms:l
®)
where L(|j_|UJaI is obtained from L; substituting the

permeability p by the permittivity €.
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Using the IBC relation between the electric and
magnetic currents,

js(r)znxm, (9.2)
sup
M s(n= _(n x JS (r)) Zsup 4 (9.b)

we obtain the following expression of the EFIE,
where we only have the current J ¢ as the unknown

function

E™ () =-L, [J; |-
+L5, [(AxJ.(M)Z,, ]

where Zg,, stands for the surface impedance of the

body and L%y is the resulting operator —after

extracting the singular value of L), .

111. COMPUTATIONAL METHOD

The continuous operators in equation (10) can be
discretized using the Moment Method. The scheme
described in [15-17] has been followed to descritize

the operator Lgj [Jg]. Using this scheme the body

surface is modelled by means of NURBS's [14].
Considering u- and v-isoparameter lines, [17], each
NURBS can be split into a mesh of small curved
quadrangles. The solid lines of Fig. 2 are an example
of a rectangular mesh over a NURBS, which has been
represented to be flat to simplify the drawing. The
same figure shows a second mesh that is dual of the
first one. The electric current is expanded in terms of
rooftops defined over pairs of contiguous rectangles in
the mesh defined by the solid lines. This expansion
can be written as,

Nju Njv
Is(n) =Y 1D FEO+D 10D M (La)

j=1 =l

where fgj(r) and fgj(r) are rooftop functions for the

u and v-components, respectively, of the electric
current (see Fig. 3). In a similar way, the magnetic
current can be expressed in terms of the rooftop

functions f,\ij(r) and f—,\\ﬁj(r), defined over the

magnetic mesh (see Fig. 3). For the magnetic current
we have,

Nmu - Nmv -
Mg (r)= > Ty (DT 0+ D Ty () (1) -
j=I j=1
(11.b)



We can notice that for each u-rooftop/v-rooftop
of the electric current a v-rooftop/u-rooftop of the
magnetic current can be found such that the two
rooftops have the same centre, they are perpendicular
and they have a “dual” shape (the length of one is the
width of the other and vice versa). Using this duality
between couples of rooftops and the IBC of equations
(9) the following relations between the weights of the
current expansion of equation (11) can be found,

|

A
Iy (D == J@x0[Zgup Lo (D), (12)
AJv
Al
Iy (§) =~ N T Zgpl@x Ol (i), (12.b)
Ju

where it is assumed that the parameter coordinates
have been chosen so that (UxV)en>0,

A{\Au ,AJ.JV,AJ;V'V and AjJu are the widths of rooftops
Fhl;Ij (r, ﬂ\g/j n, ﬂ\‘j,j(r) and ng (r), respectively,
and H(l:l ><\7)H is the amplitude of the vector product

(UxV) . It is noticed that eventually 0 and V can

not be orthogonal in real 3D space. However,
following the IBC in equation (9) 1y, (j) will never

depend on 15,(j) because both currents are parallel
(neither 1y, (j) will depend on 5, (j)). Moreover,

the following relations between the total numbers of
rooftops are satisfied,

Nmv = Nju, (13.a)

Nmu = Njv. (13.b)
The descritized operators can be expressed as,
LEE)J |:‘Js:| =V, (i)

Niu Niv (14.a)

:Zzifllu(j)+zzi;|3v(j)a

LEE)M [MSJ =Vey (1)
Nmu Nmv (14b)

=Y ZM (D+ 220, (D),
j=I j=1

where the total number of rooftops used to represent
the electric or the magnetic currents is given by

N = Nju + Njv (15)

Zi]'] and Zi'JyI represent the coupling between
subdomains i and j of the electric and magnetic

meshes, respectively. The terms Vg, (i)and
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Vg () stand for the impressed voltage due to the

electric and magnetic current, respectively, computed
in the electrical subdomain i, using as testing function
a razor-blade function [15-17]. Other testing
procedures can be used such as a Galerkin testing
function. However, we have chosen a test by the
razor-blade function because it is very simple and it
needs fewer computations than other approaches,
[13].

- r e

g e
| : i
N O T 0
; & | 4 % =
N SR 1 DU SR S
Subdomain
center
v
A
r71
1 1
1'= 1
| [ ]
. - . | J
r
i - i
"I I
i
u

Fig. 2. A mesh of solid lines covers completely a
NURBS. A second mesh is drawn using dashed lines.
Both meshes are dual in the sense that the nodes of
one mesh are the centres of the rectangles of the other
mesh and vice versa.

The descritized operator LEJ of equation (14.a) can

be obtained from the continuous operator Lg;of
equation (7) following the numerical scheme shown
in [13], [15-17]. The term LEM of equation (14.b) is
obtained by descritizing the operator,

366



367

Lem =—W—L°EM Ms@]. a6

Considering the testing-function corresponding to an
electric rooftop completely cuts its dual rooftop of
magnetic current by a transversal line (see Fig. 4).

sign(i)(A%)+Zﬁ fori=j

7ZM _
M
) Zi‘]? elsewhere

17)
where
.. [=1 if subdomainiis au — rooftop
sign(i) = ) . (18)
1 if subdomainiis av — rooftop

and Ai is the length of the razor-blade function of
subdomain i of the electrical mesh. The term Zﬁ

accounts for the coupling between the magnetic
rooftop j and the electrical subdomain i considering

the operator Ly that gives the electric field of a
magnetic current but excluding the singular value of
the integral operator. The computation of the term Zﬁ

does not have serious numerical difficulties and it can
be calculated following a numerical approach similar
to that indicated in [15-17] for the computation of

J
Defining the total induced voltage V (i) as,
V(i)=Vgy () +Vgy () (19)

the following systems of linear equations can be
obtained considering equations (12), (14) and (17)

) Nju Aj o )
V()= (Z] -z [[@x )|z, () +
j=1 AJu
Njv Ai o ]
+D(Z; + i@ Z,Z",()):
j=1

v
for i=12,.N.
(20)

Solving this system of linear equations the electric
current is obtained. The magnetic current is obtained
from the electric current using equation (12).

The approach is valid for problems defined by
closed or open surfaces. When dealing with open
surfaces the meshes near the aperture edges of the
surfaces need to be defined in such a way so as to
preserve the duality. Figures 5 and 6 show a way to
define the meshes for a squared flat plate saving the
duality between the electric and magnetic meshes. In
both cases the rooftops of the two meshes cover
completely the plate surface (the same domain), or in
other words, the boundary of the meshes is the actual
plate boundary. It can be noticed that the rooftops for
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representing the electric and magnetic currents are
spatially shifted but additionally they are defined near
the edges of the plate in different ways: we have
parallel and perpendicular rooftops for representing
the electric current and these rooftops are defined over
couple of patches of the same size, however we have
not rooftops for representing the magnetic current
parallel to the edges and the rooftops for representing
the magnetic current perpendicular to the edges are
defined over pairs of patches of different sizes (the
patches bounded by the edges have a size that is the
half of the size of the other patches).

W
F 3

‘Electic’
mesh \ o

L

Tulagnetic’
mesh

Fig. 3. (a) shows an example of rooftops for the u-

component, fg;(r), and for the v-component of the

electric current, f—|\5/j (r). (b) shows an example of the

dual rooftops Fl\ljlj'(r) and Fh\;li'(r) used to represent

the u and v-components, respectively, of the magnetic
current. It can be noticed that the rooftops for the
electric and magnetic components are defined in dual
meshes and that the rooftop for the u-component/v-
component of the electric current and the rooftop for
the v-component/u-component of the magnetic current
have the same centre.

IV. RESULTS

Figure 7 shows the condition number, [18],
versus frequency for a sphere with a radius of 1.m for
the single and the dual mesh schemes. Ten
subdomains per wavelength were considered in both
approaches. The meshes for the electric current were
the same in both approaches. The results for the single
and the dual mesh schemes were obtained considering
PEC and a surface impedance of 1 Ohm, respectively.



A step of 10 MHz was used in the frequency sweep.
In the frequency range considered we have two
interior resonances at frequencies very close to the
two large peaks. It can be appreciated that the dual
mesh approach has a better behavior because the
condition number for this approach is quite less than
for the simple EFIE. As shown in [18] a reduction in
the condition number means better convergence and
more accurate results. Figure 8 presents the Bi-static
RCS results for the co-polar plane cut obtained using
the dual approach for the sphere at a frequency of 200
MHz, which is very close to the first internal
resonance. A number of 20 divisions per wavelength
and a surface impedance of 1 Ohms were considered.
The results were obtained with a residual error of 107,
which was reached after 965 iterations of the
BICGSTAB (L) method, [22], with L=5, which has
been used to solve all the MM system of equations in
this work. The total number of unknowns was 4836.
The numerical results obtained using the dual mesh
approach are compared with analytical results derived
from the Mie series. A very good accuracy of the
numerical results for a frequency very close to an
internal resonance was obtained.

Testing
function .J.i
(a)
rTTTTYTTTTTTITTTTTIITTTTTTTTTS
S
P |
e L
Pl i
P
ARRL AREEN
Testing
function

(b)

Fig. 4. a) The areas covered by the electric rooftops i
and j are indicated by solid lines. The MM impedance
term ZUJ that gives the coupling between rooftop j
(active) and i (passive) is computed considering a
blade-function as a testing function that extends along
the segment indicated in the center of rooftop i. B)
The dual magnetic rooftops are represented by dashed
lines. The testing function of the electric rooftop i is a
segment that cuts transversally the dual magnetic
rooftop.
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Fig. 5. Mesh used to represent the electric current in a
plate. Each arrow corresponds to an electric rooftop.
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Fig. 6. Mesh used to represent the magnetic current in
a plate. Each arrow corresponds to a magnetic
rooftop.

In order to show the capacity of the proposed
approach to treat coated conducting bodies the case
indicated in Fig. 9 was chosen. Numerical and
analytical values of the Bi-static RCS are compared in
Fig. 9 for the E-plane cut. The surface impedance of
the coat is Zs=j72.75 and the current is represented by
20 subdomains per wavelength. The numerical results
for the coated sphere are obtained after 780 iterations
with an error of 107,

The second structure considered is a very sharp
metallic wedge. This geometry gives a very ill-
conditioned problem when a plane wave is incident in
a direction perpendicular to the edge of the wedge,
with the E-field normal to that edge, as indicated in
the sketch of Figure 10. The geometry of the problem
is defined by two plates of size 1 m x 1 m. In the back
part of the wedge the plates are separated by 1.0 cm.
The working frequency is 300 MHz. The Bi-static
RCS results obtained using the EFIE with a single
mesh and with the proposed dual mesh are shown in
Figs. 11and 12, respectively. The plates were treated
as PEC with the simple mesh approach and witha 1 Q
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surface impedance with the dual mesh approach. A
slow convergence of the results is apparent when the
number of subdomains per wavelength is changed for
the single mesh case in contrast with the fast
convergence of the dual mesh case. The results of
both formulations converge to nearly the same values
for the higher values of divisions per wavelength as
shown in Fig. 12. However, the efficiency of the
formulations is quite different. As shown in Table 1,
the single mesh formulation needs a number of
iterations greater than the dual approach for obtaining
a residual error of 107

12000

10000
8000 - / \
6000 A

4000

Condition Number

[ AW
0 : et ‘ — . —

30 60 9 120 150 180 210 240 270 300
Freq. (MHz)

EFIE ------- Dual Mesh ‘

Fig. 7. Condition number versus frequency for a
conducting sphere of radius 1 m.
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Fig. 8. Bi-static RCS results for a conducting sphere
of radius 1 m, frequency 200 MHz.
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Scattering direction
S
H
Incident plane wave

Fig. 10. Wedge geometry considered to compute the
Bi-static RCS for a phi-cut = 0°, theta varying from 0°
to 180° for an incident plane wave in the direction

shown and perpendicularly polarized to the edge of
the wedge.

RCS (dBsm)

Theta (°)

6DV, ————10Div. —-— -~ 20Div. -+~ 30 Div |

Fig. 11. Bi-static RCS results of the wedge shown in
Fig. 10 obtained using the EFIE with a simple mesh
for different number of subdomains per wavelength.

RCS (dBsm)

Theta (°)
6Div. ————10Div. —-—-— 20 Div. -+ 30 Div.|

Fig. 12. Bi-static RCS results of the wedge shown in
Fig. 10 obtained using the dual mesh approach for
different number of subdomains per wavelength.

Table 1. Comparison between the numbers of

ig— iterations required for the single and dual mesh
P N approaches for obtaining a residual error of 10~ for
5 ™ different sampling densities for the wedge case.
£ o \\
g 5 .
g 10 \/ Subdomains per Single Mesh | Dual Mesh
154 wavelength
z: 6 2.061 1.310
- ‘ - ‘ ‘ ‘ 10 19.189 2.495
0 30 60 90 120 150 180 20 19.304 3.388
Theta () 30 20.684 4.460
Me ------ Dual Mesh

Fig. 9. Bi-static RCS results at a frequency of 300
MHz for a coated PEC sphere with an external radius
0.6 m. The coat is 0.03 m thick and has a relative
permittivity of 2.0.

The following case considered is of a rotor

structure shown in Fig. 13. This structure is the
bottom part of the CHANNEL cavity from ONERA.
The height of the structure is 13.7 cm and the external
cylinder has a diameter of 18.8 cm. This cylinder has



been modelled as a volumetric structure with a 2 mm
of thickness. The blades have a thickness of about 4
mm. The coordinates system has been fixed
considering the z axis in the rotor axis. As can be
noticed the rotor is a structure with lots of electrically
thin plates oriented in many directions, and is quite a
difficult problem for the EFIE because it presents lots
of thin wedges and therefore it is an interesting
problem for testing the efficiency of the dual mesh
approach. Figures 14 and 15 show results of the Bi-
static RCS of the rotor structure for a frequency of 3.0
GHz and for a 6=0° incidence. Again, the plates were
treated as PEC with the simple mesh approach and
with 1.Q of surface impedance with the dual mesh
approach. Results were obtained from different values
of the sampling density. Table 2 shows the
convergence rate for both approaches. It is evident
that the dual approach convergence rate always is
better than the simple mesh
approach.

7 = ; LE{’ I
A '* i A

Eae = aaa 2 g

=X
Profile view

Fig. 13. Isometric and profile views of the rotor
located at the end of the engine cavity “CHANEL”
from ONERA.
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Fig. 14. Bi-static RCS results of the CHANEL rotor
obtained using the EFIE approach for different
subdomain densities.
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Fig. 15. Bi-static RCS results of the CHANEL rotor
obtained using the dual mesh approach for different
subdomain densities.

Table 2. Comparison between the numbers of
iterations required for the single and dual mesh
approach for obtaining a residual error of 107 for
different sampling densities for the CHANEL rotor
case.

Subdomains per Single Mesh Dual Mesh
wavelength
10 465 399
20 4.233 3.950
30 9.325 8.127

V. CONCLUSIONS

A new approach to solve the EFIE using a MM
formulation based on dual meshes and on the IBC has
been presented. Each mesh is defined by a grid of
quadrangles. The meshes are dual because the
quadrangle corners of one mesh are the centers of the
quadrangles of the other mesh and vice versa. One of
the meshes is used to represent the electric current and
the other the magnetic current. In both meshes rooftop
and razor-blade functions are used as basis and testing
functions, respectively. This choice of the basis and
testing functions enforces the duality of the
formulation: the segment on which the testing
function of one mesh extends is perpendicular and
completely crosses the basis function of the other
mesh. This fact is important because it makes the
computation of the electric field due to a magnetic
current more easy and accurate.

Any body over which the IBC applies can be
treated with the dual mesh formulation including
realistic conducting bodies and lossy dielectric bodies.
PEC bodies can be analyzed with a very small error
by assuming they present small surface impedances,
for example a thousandth of the free space wave
impedance. All these bodies can be analyzed very
efficiently using this method because it requires a
lower number of subdomains per wavelength and it
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presents better convergence when the MM system of
equations is solved by an iterative method. Using the
IBC approach we only shall consider the electric
current unknowns. The approach is useful to solve
structures with open or closed surfaces and it does not
suffer a loss of convergence at the frequencies of the
internal resonances or other classes of problems, for
instance ill-conditioning due to very narrow wedges.
In the future the potentiality of the dual mesh
approach will be extended to solve the CFIE.
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