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Effective Preconditioners for the Solution of Hybrid FEM/MoM
Matrix Equations using Combined Formulations

Chunlei Guo and Todd H. Hubing
Department of Electrical and Computer Engineering
University of Missouri-Rolla
Rolla, MO 65409

ABSTRACT

Hybrid FEM/MoM modeling codes generate
large systems of equations that are generally solved
using  inward-looking,  outward-looking  or
combined formulations. For many types of
problems, the combined formulation is preferred
because it does not require a direct inversion of the
coefficient matrices and can be solved using
iterative  solution techniques. An effective
preconditioner is a crucial part of the solution
process in order to guarantee convergence.
However, it can be difficult to generate effective,
memory-efficient  preconditioners  for  large
problems. This paper investigates preconditioners
that use the FEM solution and an absorbing
boundary condition (ABC). Various techniques are
explored to reduce the memory required by the
preconditioner while maintaining effectiveness.
Practical problems are presented to evaluate the
effectiveness of these preconditioners in various
situations.

I. INTRODUCTION

The hybrid finite-element-method/method-of-
moments (FEM/MoM) combines the finite element
method (FEM) and the method of moments (MoM)
and has been used to analyze signal integrity (SI)
[1], electromagnetic scattering, and radiation
problems [2—6]. FEM is used to model structures
with geometrical complexity and inhomogeneous
materials. MoM is used to model larger metallic
structures and to provide an exact radiation
boundary condition (RBC) to terminate the FEM
mesh. These two methods are coupled by enforcing
field continuity on the boundary separating the
FEM and MoM regions.

There are three ways of formulating hybrid
FEM/MoM methods [7-9]. The outward-looking
formulation constructs an RBC from MoM and
incorporates it into the FEM equations. This
formulation has been used by Ji et al. [9], Jin and
Volakis [10], and Ramahi and Mittra [11]. The

inward-looking formulation incorporates an RBC
constructed from FEM into the MoM equations.
This formulation has been utilized by Jin and Liepa
[12], Yuan et al. [13], and Sheng et al. [14]. These
two formulations usually involve direct or indirect
inversion of the FEM or MoM matrices, so they can
be computationally expensive. The combined
formulation, on the other hand, combines the FEM
and MoM equations and solves for all unknowns at
the same time using an iterative solver without
requiring a direct matrix inversion. This
formulation has been employed by Sheng et al.
[18]. Techniques to reduce the complexity of the
matrix-vector multiplication associated with the
MoM part, such as the fast multipole method
(FMM) [15,28], multilevel fast multipole
algorithm (MLFMA) [16], and adaptive integral
method (AIM) [17], can be readily incorporated
into a combined formulation.

The matrix equation generated using the
combined formulation is partly full and partly
sparse. This matrix is usually ill-conditioned, and
the iterative solver may converge very slowly or
not at all without an effective preconditioner. An
effective preconditioner can reduce the necessary
iterations dramatically, resulting in a significant
reduction in the overall simulation time. Thus, a
preconditioner is a crucial part of the iterative
solution. Generally a more accurate approximation
of the system results in a more effective
preconditioner.

A major feature of a preconditioner is its
memory efficiency. In most cases, a preconditioner
which utilizes less memory can be developed using
a less accurate approximation of the original
system. However, this may cause the iterative
solver to require more steps to converge; so there is
usually a tradeoff between the speed and the
memory-efficiency of a preconditioner.

For a system with a small number of unknowns
(e.g. 10%), it is relatively easy to use the complete or
incomplete LU (ILU) decomposition of the hybrid

1054-4887 © 2005 ACES
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matrix to make an effective preconditioner without
exceeding the memory available on typical personal
computers. For a system with a large number of
unknowns (e.g. 10°), FMM or similar techniques
can be used to reduce the memory requirement.
Diagonal, block-diagonal, or near-neighbor
matrices are often used to build preconditioners
[17], but such preconditioners do not usually yield
the most efficient solution. In [19], Liu and Jin
proposed a preconditioner using a sparse matrix
generated by FEM and an absorbing boundary
condition (ABC). This preconditioner was shown to
improve the convergence of iterative solvers
greatly. This paper further investigates the
FEM/ABC preconditioner and proposes a modified
preconditioner for geometries with large metallic
surfaces.

Section II of this paper presents the necessary
formulations.  Representative  examples are
introduced in Section III. Reordering techniques to
reduce the number of fill-in elements in ILU
decompositions are discussed in Section IV and a
modified preconditioner that further reduces the
memory requirement is proposed. Finally,
conclusions from the work presented here are
drawn in Section V.

II. FORMULATIONS

The Hybrid FEM/MoM Using the Combined
Formulation

In the hybrid FEM/MoM, an electromagnetic
problem is divided into an interior equivalent part
and an exterior equivalent part. The interior part is
modeled using the FEM and the exterior part is
modeled using a surface integral equation method.
The two parts are coupled by enforcing the
continuity of tangential fields on the FEM and
MoM boundary. FEM can be used to analyze the
interior equivalent part and generates a sparse
matrix equation of the form,

Ai A || E | |0 0] 0] |g
- HO
4. AJLE.] L0 B.LJ.] Lg,
A detailed explanation of Equation (1) can be found
in [9].

The exterior equivalent problem can be
analyzed by using an electric field integral equation
(EFIE), magnetic field integral equation (MFIE), or
a combined field integral equation (CFIE), which is
a linear combination of the EFIE and MFIE.
Regardless of the choice of testing functions or
integral equations, the MoM matrix equation has
the following form [9],
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[c] [v.]=[P] [E]-[F] )

where J; is a set of unknown complex scalar
coefficients, C and D are dense coefficient
matrices, and F is the combined source term
specifically given by [20],

F=[t,(0)e[E"(0) +njix H"(0)] S ()

where f (r)is the set of basis functions on the

surface and 7 is a unit normal vector pointing
outward from the surface S.

Neither Equation (1) nor Equation (2) can be
solved independently. These two equations form a
coupled and determined system. The combined
formulation is obtained from Equations (1) and (2)
as,

i Ais 0 Ei gi
LA, B E =8 | )
0 D —C|lJ| |LF

Unlike the inward-looking formulation or the
outward-looking  formulation, the combined
formulation doesn’t require an explicit inversion of
any matrix and solves for all the unknowns
simultaneously. For many configurations, with
proper preconditioning, the combined formulation
is the most computationally efficient of the three
formulations.

Equation (4) can be written in the form,

Mx =5 (5)
where
A4, A 0
M=|4, A -B, (6)
0 D -C

x=[E E J], and b=[g g F].

Notice that the matrix M is a hybrid matrix, which
is partly full and partly sparse. The convergence
rate of an iterative solver for Equation (5) is highly
dependent on the condition number of M.

The matrix M usually has a very large condition
number (e.g. on the order of 10° or higher), which
results in poor convergence or non-convergence of
the iterative solution. However, Equation (5) can be
transformed into another linear equation with the
same solution,



PMx = Pb (7)

where P~ M~ is a preconditioner matrix. With
the proper choice of P, the matrix PM has better
spectral properties than M and the number of
iterations required to converge is greatly reduced.
Ideally, the construction and application of a good
preconditioner should be fast without requiring a lot
of memory.

Application of FEM and ABC as a Preconditioner

Liu and Jin proposed a preconditioner that
applies an absorbing boundary condition on the
truncation surface to approximate the MoM
boundary condition [19]. A sparse preconditioning
matrix can be formed by replacing the EFIE or
MFIE equations with first-order ABCs [8] on the
truncation surface S,

ﬁxVxE‘(r):jkoE‘(r),reS ®)

where E' = E — E™ is the scattered electric field.
From Equation (8) we can derive,

E(r)+nixH(r)=

inc A inc (9)
E"(r)+npnxH"(r), res.

The same basis functions on the surface S used
in the hybrid FEM/MoM method can be applied to
approximate the E and H fields in Equation (9), and

the basis functions f (r) can be used to test

Equation (9), resulting in a matrix equation of the
form

(8]l ]+[#.][2.]=[1] (10)

where [BT:I is the transpose of the matrix B in

Equation (1), Hy is given by

[H.], = Imfm(rﬁfn(r)dS (11

and L is the source term given by,
L, = f(r)eE"(r)ds
Sm

(12)
e, f.(r) i x H"(r)dS.

The ABC approximates the MoM boundary
condition described using the TENH form of the
CFIE.

Combining Equation (10) with Equation (1), we
have,
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4, A -B_||E |=|g (13)
J

and we define

ii is

O=|4, A, -B_|. (14)
0

Notice that the matrix Q is very sparse. Now we
have two systems: the hybrid FEM/MoM system
described by Equation (4) and the FEM/ABC
system described by Equation (13).

Since Equation (8) describes the behavior of the
electric field in free space far from the sources, the
ABC truncation surface should not be too close to
the scatterer. When the ABC truncation surface is

far enough from the scatterer’s surface (e.g. /1/ 10),

the FEM/ABC system described by Equation (13)
can be a good physical approximation of the hybrid
system described by Equation (4).

If the same computational domain is analyzed
using both Equations (4) and (13), the matrix M is
of the same order as the matrix Q. The matrix Q is a
physical approximation of M, and Q"' can be used
as a preconditioner to improve the iterative solution
of Equation (6). Q is highly sparse, and doesn’t
require much additional memory. Q"' can be
generated much faster and more efficiently than
M, particularly for problems with a lot of MoM
boundary elements.

Since the preconditioning technique requires the
FEM/MoM boundary to be located far from the
surface of the scatterer, more elements may be
required increasing the order of the system of
equations. However, in many situations the amount
of additional computational resources required by
these extra elements is small compared to the
resources saved by using this preconditioning
technique.

III. SAMPLE PROBLEMS

Four sample problems were used to evaluate the
preconditioning techniques discussed in later
sections. The first problem is a perfectly conducting
(PEC) sphere, which does not require any FEM
elements to model. The second problem is a
dielectric-coated sphere, where the coating is thin
relative to the radius of the sphere. This structure
requires both FEM and MOM elements to model.
The third problem is a solid dielectric sphere
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requiring many more FEM elements. These
spherical structures are convenient because they can
be modeled analytically. The FEM part of the
hybrid system becomes more dominant from the
first problem to the third problem. The remaining
problem is a printed circuit board (PCB) power bus
structure, which is a structure of particular interest
to EMC and signal integrity engineers. Each sample
configuration is modeled at 3 GHz.

Problem 1: Perfectly Conducting Sphere

The first sample configuration is a perfectly
conducting sphere. The radius of the sphere is 8 cm,
as shown in Fig. 1. The incident wave travels along
the z-axis, and the polarization of the E field is
along x-axis. The goal is to model the scattered far
fields. The most convenient way to model this
structure is to use MoM on the surface of the
sphere, so FEM is not required.

PEC

XA Einc

AL,

V4

Figurel. Scattering from a PEC sphere.

Problem 2: Dielectric-Coated PEC Sphere

The second configuration is a dielectric-coated
PEC sphere. The radius of this sphere is also 8 cm.
The coated dielectric material has a thickness of 5
mm (0.05L at 3 GHz) and relative dielectric
constant of 4.0-j1.0, as shown in Fig. 2. The same
incident wave as Problem 1 is applied. The field in
the interior of the dielectric material is analyzed
using FEM, and the equivalent current on the
truncation surface is modeled using MoM.

X .
A EIHC 5 mm

4 S

V4 &

Figure 2. Scattering from a dielectric-coated PEC
sphere.

Problem 3: Dielectric Sphere

The third sample configuration is a dielectric
sphere. The radius of this sphere is again 8§ cm and
the relative dielectric constant of the sphere

ACES JOURNAL, VOL. 20, NO. 2, JULY 2005

material is 4.0, as indicated in Fig. 3. The same
incident wave as Problem 1 is applied. The field in
the interior of the dielectric sphere is analyzed
using FEM, and the equivalent current on the
truncation surface is modeled using MoM.

Figure 3. Scattering from a dielectric sphere.

Problem 4: Power Bus Structure

The fourth problem is to model the input
impedance of a PCB power bus structure. As shown
in Fig. 4, the board dimensions are 30 mm x 20
mm x 2 mm. The top and bottom planes are PECs.
The relative dielectric constant of the material
between the planes is 4.2. An ideal current source is

located at (x, = /0 mm, y, =35 mm) to excite the

structure. Such a structure usually requires a large
number of FEM elements between the planes in
order to control the aspect ratio of the tetrahedra.
This results in a lot of triangular MoM boundary
elements if the FEM/MoM boundary is located on
the surface of the metal planes.

< 30 mm

7 [
20 mm p
/ @ (% i) — X
2 mrn¢ | &= 4.0 |

Figure 4. A PCB power bus structure.

Discretization of Sample Structures

Since the MoM provides an exact RBC on the
truncation surface, it doesn’t matter how far the
truncation surface is from the scatterer. However, it
is usually convenient to choose the truncation
surface to coincide with the physical boundary of
the scatterer to minimize the computational domain.
Defining the distance between the truncation
surface and physical boundary of the scatterer as d,
Table 1(a) summarizes the discretization of the
sample problems when d = 0 (i.e., the truncation
surface coincides with the physical boundary of the
spheres or PCB). The mesh density on this
truncation surface is about 10 elements/wavelength.
The total number of unknowns is given by the sum
of the number of E;, E,, and J, elements.
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Table 1. Summary of discretization of the sample problems

(@) whend =0
# of tetrahedra # of E; # of E # of J; Total # of unknowns
Problem 1 0 0 0 2589 2589
Problem 2 5491 3660 2910 2910 9480
Problem 3 6541 6379 2589 2589 11557
Problem 4 456 274 68 552 832

(b) when d = 5 mm

# of tetrahedra #of E; # of E # of J; Total # of unknowns
Problem 1 5491 3660 2910 2910 9480
Problem 2 11923 10851 3549 3549 17949
Problem 3 12032 12628 2910 2910 18448
Problem 4 3353 2724 1464 1464 5652

In order for the FEM-ABC preconditioner to be
effective, the truncation surface has to be moved
away from the physical boundary of the scatterer.
In this study, a truncation surface with

d =/1/ 20 =5 mm in each direction was used

when the FEM/ABC preconditioner was employed.
This choice of d should be sufficient to provide a
good preconditioner [19]. Table 1(b) summarizes
the discretization when d = 5 mm. The mesh
density on this truncation surface is also about 10
elements/wavelength.

As we can see from Table 1, applying the FEM-
ABC preconditioner increases the total number of
unknowns roughly by a factor of 2 to 7 for the
structures studied in this paper. For the PEC sphere,
no FEM elements are necessary when d = 0. Only
the coefficient matrix C needs to be saved and only
MoM is applied in this case. When the truncation
boundary is moved away from the surface of the
sphere, tetrahedral finite elements are added and the
memory requirement at least doubles since the
matrix D (which is as dense as the C matrix) also
needs to be saved.

For the dielectric-coated sphere, the number of
tetrahedral elements roughly doubles when d is
increased from O to 5 mm. The number of E;
elements roughly triples, and the number of E; and
J; elements also increases due to the larger surface
area.

For the dielectric sphere, there are a large
number of tetrahedral elements even when the
truncation boundary coincides with the physical

boundary of the sphere. However, the number of
unknowns still increases significantly when the
truncation surface is extended beyond the physical
boundary of the sphere.

For the power bus structure, the thickness of the
board requires a fine tetrahedral mesh in the
dielectric in order to ensure that the tetrahedra have
a reasonable aspect ratio. When d is increased from
0 to 5 mm, many more tetrahedral elements must be
used to discretize the computational domain
between the physical boundary of the board and the
truncation boundary, resulting in a large increase in
the total number of unknowns. At lower
frequencies (longer wavelengths), the boundary
would need to be located even further from the
scattering surfaces.

IV. PRECONDITIONING TECHNIQUES

The inverse of the matrix Q in Equation (14)
can be used as a preconditioner for iterative
solutions of Equation (4). However, it is usually
very expensive to derive an explicit inverse of this
matrix. An incomplete LU factorization of the
matrix Q will result in Q = LU, where L is a

sparse, lower-triangular matrix, and U is a sparse,
upper-triangular matrix. The preconditioner, P, is

then given by P=Q ' ~(LU)"', where the
inversion is actually replaced by forward and back
substitution at each iteration.

There are two popular ILU schemes, one based
on the structure of the matrix being factored, and
the other based on the numerical values of the
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elements in L or U generated during factorization
[21]. In the first scheme, an element in L or U is
dropped if the element in the corresponding
position of the original matrix is zero, no matter
how large this element is. In the second scheme, an
element in L or U is discarded only if its magnitude
is smaller than a specified drop tolerance. The
second scheme often yields more accurate
factorizations than the first scheme. Variations of
each scheme and hybridizations of these schemes
are also described in the literature [21].

In this study, the LU factorization based on drop
tolerance in MATLAB was used [25]. The drop
tolerance was set to 1.0x 10° for the results
presented here. A smaller drop tolerance yields a
more accurate factorization, but produces more fill-
in elements. Fill-in elements refer to matrix entries
that are zero in the original matrix QO and are
nonzero in the L and U matrices. In order to reduce
the number of fill-in elements (and the memory
required to store these elements), the matrix Q was
reordered before the factorization.

Reducing the Number of Fill-ins During ILU by
Reordering

There are various reordering algorithms,
including variable band, nested dissection and
minimum degree [22, 23]. A good variable band
algorithm is the reverse Cuthill-McKee algorithm
to minimize the bandwidth of a matrix [24]. The
minimum degree algorithm is based on graph
theory and reduces fill-in elements during Gaussian
elimination [25, 26]. In [9], it is shown that the
symmetric reverse Cuthill-McKee algorithm
(SYMRCM) and symmetric minimum degree
algorithm (SYMMMD) effectively reduce the fill-
ins during a complete LU on a sparse matrix
generated using FEM. In this work, besides the
SYMRCM and SYMMMD algorithms, another
minimum degree algorithm, the symmetric
approximate minimum degree reordering technique
(SYMAMD) was also investigated [25]. This
algorithm is usually faster than the symmetric
minimum degree algorithm and yields a better
ordering.

The sparsity pattern of the matrix O generated
using FEM and ABC for Problem 1 (d = 5 mm) is
shown in Fig. 4(a). The average number of nonzero
elements is about 12 elements per row in this case,
which indicates that Q is highly sparse. The sparsity
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pattern using various reordering algorithms is also
shown in Fig. 5.

Table 2 lists the number of nonzero elements in
the L and U matrices after an ILU factorization of
matrix Q using a drop tolerance of 1.0x 107
Problems 2 and 3 could not be factored within the
available memory without reordering. For L and U
using sparse complex values with double precision,
the required memory (in bytes) is roughly given by
the number of nonzero elements times 20. The
memory required to store the L and U matrices is
also listed in Table 2. As we can see, the number of
fill-in elements during ILU is greatly reduced by
reordering the matrix. It is also much faster to
perform ILU factorizations when the reordering
schemes are applied. On average, the SYMRCM
algorithm performed a little better than the other
algorithms. This is probably due to the asymmetric
nature of the matrix Q.

Iterative Solver Behavior

After L and U are generated, they can be applied
to the iterative solver at each iteration and do not
have to be explicitly inverted. In this study, a bi-
conjugate gradient stabilized (BICGSTAB) solver
was utilized [21, 27]. Table 3 summarizes the
number of iterations required to achieve a solution

with a convergence factor of 1.0x10”. The
convergence factor is the maximum value for the

normalized residual norm, ||Mx - b” / ||b|| In other
words, the BICGSTAB solver has converged once
||Mx - b||/||b|| <1.0x107 is achieved. The

maximum number of iterations investigated in this
study was 500.

The general behavior of the BICGSTAB solver
is described as being divergent, convergent, or
stagnant in Table 3. For divergent behavior, the
normalized residual norm bounces between certain
values above the required tolerance as the number
of iterations increases. For convergent behavior, the
normalized residual goes below the tolerance in less
than 500 iterations. For stagnant behavior, the
normalized residual norm remains the same for two
consecutive iterations. The BICGSTAB solver
stops the solution process before reaching the
maximum number of iterations if stagnant behavior
occurs.
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Figure 5. Sparsity pattern for Problem 1 matrix generated using FEM and ABC.

Table 2. The number of nonzero elements in L and U after ILU

No ordering SYMRCM SYMMMD (Mbytes) SYMAMD
(Mbytes) (Mbytes) (Mbytes)
Problem 1 21151493 (423) 2507653 (50) 2701435 (54) 2710165 (54)
Problem 2 Out of memory 9534816 (190) 10000965 (200) 10415806 (208)
Problem 3 Out of memory 27943414 (559) 33754661 (675) Out of memory
Problem 4 8875433 (176) 2319723 (46) 2504835 (50) 2437372 (49)
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Table 3. Iterations required using un-preconditioned and preconditioned BICGSTAB

Un-preconditioned BICGSTAB Preconditioned BICGSTAB
# of Converged General # of Converged General
Iterations | (Yes/No) behavior Iterations | (Yes/No) behavior
Problem 1 500 No Divergent 14 Yes Convergent
Problem 2 500 No Divergent 14 Yes Convergent
Problem 3 500 No Divergent 35 Yes Convergent
Problem 4 47 No Stagnant 27 Yes Convergent

Table 4. Number of nonzero elements in L and U and iterations required to converge when the coupling
between FEM and ABC was discarded, and SYMMMD was used

Problem 1 Problem 2 Problem 3 Problem 4
Radiation | Scattering
# of nonzero element in L 377965 2515255 17715266 597535
and U (MBytes) (8) (50) (354) (12)
# of iterations for 24 26 500 103 40
convergence (Did not converge)

T T
— Un-preconditioned BICGSTAB
- — P i BICGSTAB

Normalized residual norm
=
5

1 10 100 500
Number of iterations

Figure 6. Convergence/divergence curve for
Problem 1.

Figure 6 plots the normalized residual norm as a
function of the number of iterations for Problem 1
using the un-preconditioned and preconditioned
BICGSTAB solver. As we can see, the FEM-ABC
preconditioner greatly reduces the number of
iterations required for convergence.

Reducing the Number of Fill-ins by Decoupling
FEM and ABC

In this study, a modified FEM/ABC
preconditioner requiring less memory was also
evaluated. In Equation (13), the coupling between

FEM and ABC is achieved through the B and By’
coefficient matrices. Although the elements in these
matrices are bigger than those on the same row in
the diagonal entries of the matrix Q, we discarded
the Bg and BssT matrices and used the resulting
sparse matrix, Q', to construct preconditioners. For
scattering problems like Problems 1, 2 and 3,
discarding the coupling between the FEM and ABC
is effectively the same as imposing a PEC boundary
condition on the truncation surface. For radiation
problems like Problem 4, discarding the coupling
between the FEM and ABC effectively imposes a
perfectly magnetically conducting (PMC) boundary
condition on the truncation surface.

Discarding the elements corresponding to the
coupling between FEM and ABC dramatically
reduces the number of fill-ins during ILU
factorization. Table 4 lists the number of nonzero
elements and the number of iterations required for
convergence. The memory required to store the L
and U matrices is given in parentheses.

Comparing the results in Table 4 to the results
in Tables 2 and 3, we observe that this
preconditioner works reasonably well for PEC and
dielectric-coated PEC spheres. The number of
iterations required to converge is higher, but the
memory required is significantly reduced. Since the
ABC truncation surface is close to the PEC sphere
in both cases, discarding the coupling between the




FEM and ABC (implicitly applying a PEC
boundary condition) is a reasonable approximation
of the FEM and ABC. Figures 7 and 8 show the
calculated radar cross section (RCS) for the PEC
sphere in Problem 1 and the dielectric-coated
sphere in Problem 2 using the decoupled FEM-
ABC as preconditioner, respectively. Analytical
results for the RCS of this geometry obtained using
the Mie series [29] are also provided. The results
obtained using the two methods agree with each
other very well.

T T T T T T T
| == Mie series : : : :
oo == Hybrid FEM/MOM | ... .. L o

Bistatic RCS (dBsm)

L L L L L L L L
20 40 60 80 100 120 140 160 180
0 (degree)

Figure 7. Calculated RCS for Problem 1.
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- L L L L L L L L
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0 (degree)

Figure 8. Calculated RCS for Problem 2.

For the PCB power bus structure, the memory
was reduced by a factor of 4, however, the number
of iterations increased by a factor of 4, as shown in
the first sub-column in Table 4 for Problem 4. In
this case, the excitation is located inside the FEM
region. The preconditioner implicitly applies a
PMC boundary condition. To demonstrate the
different behavior of the proposed preconditioner

GUO, HUBING: EFFECTIVE PRECONDITIONERS FOR HYBRID FEM/MOM MATRIX EQUATIONS

for scattering problems vs. radiation problems, the
same configuration was modeled with the incident
wave from Problem 1 instead of the internal current
source. This change only affects the terms on the
right hand side of Equation (4). The memory
required by the preconditioners in the scattering
case is the same as that in the radiation case. Using
the original preconditioner with FEM and ABC
coupled together, 17 iterations are required to reach

a 1.0x10”° convergence factor. Applying the new
preconditioner with FEM and ABC decoupled (i.e.
implicitly applying a PEC boundary condition), the
memory is still reduced by a factor of 4 and 40
iterations are required to converge.

For the dielectric sphere, the iterative solver did
not converge for Problem 3. The normalized

residual norm oscillated around 3.0x10°.
Therefore, in this case, discarding the coupling
between the FEM and ABC elements resulted in a
poorer preconditioner.

Eliminating the coupling terms between the
FEM and ABC portions of the preconditioning
matrix appears to work pretty well for scattering
problems from structures with large metallic
surfaces. However, it does not work as well for
radiation problems or for modeling structures
without large metal surfaces.

V. CONCLUSIONS

In this paper, four sample problems were used
to investigate the application of preconditioning
techniques to the iterative solution of matrix
equations resulting from the hybrid FEM/MoM
method employing a combined formulation. These
techniques were based on the FEM/ABC, which
yields a physical approximation of the geometry
being evaluated. An ILU factorization employing a
drop tolerance was used to construct the
preconditioner. Reordering algorithms reduced the
number of nonzero elements in the L and U
matrices by a factor of 4 to 8, depending on the
geometry and reordering scheme applied.

When FEM/ABC preconditioners were applied
to the solution of the hybrid FEM/MoM system of
equations, the convergence rate of the iterative
solution improved significantly. These
preconditioners work very well for calculating the
scattering from PEC spheres (with few FEM
elements), dielectric coated spheres, and dielectric
spheres (with many FEM elements). They also
worked well for modeling radiation and scattering
from a PCB power bus structure (with many FEM
elements).
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The memory required by the preconditioner can
limit the size of the problems that can be modeled.
This memory requirement can be reduced
significantly by discarding the coupling between
the FEM and ABC elements in the preconditioner
matrix. In our examples, memory was reduced by a
factor of 2 to 7. This modified FEM/ABC
preconditioning technique worked very well for
analyzing the scattering from PEC and dielectric-
coated metal spheres. It also worked well for
analyzing the scattering from a PCB. However, it
did not work well for modeling the radiation from
the PCB or for modeling a dielectric sphere. Since
this approach implicitly simulates a PEC boundary
for scattering problems (or a PMC boundary for
radiation problems), it is generally expected to
work well for the analysis of scattering from
geometries that have a PEC surface near the
FEM/MoM boundary.
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Abstract— We consider an L, —periodic dielectric slab
which is characterized by the dielectric function g(x +
L,,2) = &(x,2) asa 2D mode for photonic crystals. Weas-
sumethat thereisno variation in y—direction, with fields
varying time-harmonically according to exp(—jt). In
order to solve electromagnetic wave propagation in such
structures, we diagonalize the Maxwell’s equations with
respect to the z— coordinate. Asdemonstrated in this pa-
per, diagonalized forms greatly facilitate the implementa-
tion of the finite difference method. The L, —periodicity
of the fields suggests expansionsin terms of spatially har-
monic functions. However, contrary to the commonly-
used Bloch inhomogeneous plane waves, we utilize ex-
pansions of the form y(x,2) = ¥N_1 yn(2)exp] j (kn+ K)X.
For the determination of the coefficient functions yn(2)
we employ a sophisticated, yet, easy-to-apply imple-
mentation of a finite difference discretization scheme
in the z—direction which permits virtually arbitrary
L,—periodic &(x,2) profile functions. It will be demon-
strated that the proposed hybridization of the plane-wave
decomposition and the finite difference method leadsto a
robust and flexible method of analysis with a wide range
of applications. Asan example, we consider TE-polarized
electromagnetic waves which propagate in the assumed
dielectric slab along the x—axis.

|. INTRODUCTION

We consider an L,—periodic dielectric slab char-
acterized by the permittivity function e(x+L,,2) =
£(x,z) asa 2D model for photonic crystals. We assume
that there is no variation in y—direction, with fields
varying time-harmonically according to exp(—jot).
We present a general scheme for the diagonalization
of Maxwell’s equations with respect to the z— coordi-
nate and consider TE-polarized electromagnetic waves
propagating in the assumed dielectric slab along the
x—axis. The L,—periodicity of the fields suggests
expansions in terms of spatially harmonic functions.
However, contrary to the commonly-used Bloch in-
homogeneous plane waves, we utilize expansions of
the form y(x,2) = IN-1yn(2)exp[j(k, + K)X]. For
the determination of the coefficient functions yn(2) we
employ a sophisticated, yet, easy-to-apply implemen-
tation of a finite difference discretization scheme in
z—direction which permits virtually arbitrary permit-

tivity profile functions e(x,z). It will be demonstrated
that the proposed hybridization of the plane-wave de-
composition and the finite difference method leads to
a robust and flexible method of analysis with a wide
range of applications.

Contrary to the standard finite difference implemen-
tations which include the entirety of the E— and H—
components, in our technique, we use an FD discretiza-
tion, which only involves an ‘‘optimized subset’’ of
the field components[1,2]. Stated more precisely, only
those field components are involved in our formalism,
which enter the interface- or boundary conditions on
z = const planes: It turns out that these ‘*transver-
sd’’ field components are the only unknowns in our
problems; the remaining ‘‘normal’’ components can
be uniquely determined once the transversal fields have
been calculated.

This paper is organized as follows: In Section 11. we
briefly comment on the diagonalization procedure. The
electromagnetic wave propagating in a photonic crys-
tal, as specified above, decouplesintoa TE- and a TM-
polarized mode. In this paper we focus on TE-modes.
In Section 111. we discuss the di scretization and approx-
imation of thefields. Section IV. isdevoted to formulat-
ing appropriate boundary conditions for our problem.
Thereby, assuming free space below and above our
structure, we formulate discrete boundary conditionsin
amatrix form. Section V. is devoted to the specifics of
our numerical calculations. We discuss tools and mea-
sures which we have developed to enhance the speed,
and at the sametime, the accuracy of our computations.
In Section VI. wediscussaglimpse of thenumerical re-
sults which we have obtained. We compare our results
with available data. Section VI1. concludes our discus-
sion.

Notation: In the following we exploit the
L, —periodicity property and assume that the real-
valued variable K (to be specified soon) varies in the
interval [—/Ly,7/L;]. Furthermore, we have defined

) o<n<y
1

kn = Y
21 (n—N) ¥<n<N-1
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Il. DIAGONALIZATION

Consider the Maxwell’s curl equationsunder thefol-
lowing two assumptions: (i) no variationin y—direction
(dy = 0), and (ii) isotropic materials specified by a
constant permeability u, and an L;— periodic inho-
mogeneous permittivity functione(x,2): e(x+L,,2) =
£(x,2). Assumptions (i) and (ii) imply the constitutive
equationsin theformsB = uH and D = ¢(x,2)E. Con-
sequently, Maxwell’s equations are:

3 e oo %)

(29)
[8Jea(8) () @

oxH, = —jwe(x,2)Eg (2¢)
OxE, = jouHs. (2d)

Our godl isthe diagonalization of (2) with respect to
the z—axis. In other words, we are aiming at an equa-
tion of the form: . (x,2) = d,{r. Equations (2a) and
(2b) can be written in the form:

0 0 0 jou E;
0 0 —jou 0 E,
0 —jwe(X,2) 0 0 H,
joe(x,2) 0 0 0 H,
o O E,
0 O E; \ _ E,
{3 )()-+ 2]
0 O H,
while (2c) and (2d) give:
T
o 2) (s
= — jou E, (4)
H, 0 0 H |-
_ Jx 0 H2

joe(x,2)

Substituting (4) into (3) we obtain the desired di-
agonalized form, which can be written in the form
Z(x,2)y = dy. Note that the z—dependence in
Z(x,2) isdueto the z—dependencein the £(x, ) func-
tion. The differentia . (x,z)—operator is devoid of
z—derivatives. The z—diagonalized form can be inter-
preted asfollows: Evaluate .Z(x,z) at a certain point z,
say, z,, to obtain £(x,z,). Determine the expressions
for £ (x,7,) ¥. Thisgivestherate of changeof ¥ inthe
z—directionat z=z,, i.e. J,\ a z= z,. In the present
case the system of equations.# (x, ) =0,y decouples
into the following subsets:

©)

1) z—diagonalized transversal electric fields: It
is straightforward to show that the z—diagonalized
transversal electric fields satisfy equation (5),

0 —jou E,
—joe(x 2+ 5zd% O H,

E
H —iaE (5b)
3 jou

2) z—diagonalized transversal magnetic fields: The
z—diagonalized equation for the transversal magnetic

fieldsis
< 0 ja)'u_axjwsl(x,z)ax ) ( E, )
joe(x,2) 0 H,
E
- &
1
7 joe(x2) ok (%0)

I1l. ANALYSIS OF TE-POLARIZED WAVES IN
PERIODIC DIELECTRICS

In this paper we will focus on the TE-polarized
waves, i.e. we consider (5), which wewritein theform:

. 1 5 _
<—st(x, 2)+ W@) E, =dH; (78)
—jouH; = dE,. (7b)

A. Discretization of the Fields

Aswill be clear in the sequel we discretize the fields
in x— and z—directions differently. We exploit the
periodicity conditions in x—direction and decompose
the fields in spatial harmonics in this direction. How-
ever, we choose a finite difference discretization in
z—direction. The following sections are devoted to the
procedural details.

1) Treatment of the x—dependence: L, —periodicity
suggests the following approximation for the fields:

N-1 _

E,(x,2) = Y, en(z)el kot (8a)
n=0
N-1 _

Hi(x2) = Y hy(2)elatiOx, (8b)
=0
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For z= z, = const the finite sums at the RHS of (8) are
infinitely differentiable with respect to x. Subgtitute (8)
into (7). Define the linear functional Dpy,

Ly
Dn(f) = - [axtxpeitarn ()
1
0

forme [0,N — 1]. Apply Dm to both sides of (7). Use
the fact that

L .
Sm—n] = Lil/o " dxe ] (km—ko)x (10)

with §[n] being the Kronecker symbol, and

L :
Enn(2 = Lil/o 1dxe(x, 2)e | (km—kn)x (11)

to obtain
j N—1
(ki + K)?em(2) = j© Y. en(2em_a(d) = (@)
ol n=0
(12a)
—jouhm(2) = dem(2). (12b)

Consider the integral representation for &,,_(2), EQ.
(11), withmyn € [O,N — 1]. Using km — kn = f—’lf(m— n)
we obtain,

Ll
j2x
Enn(2 = Lil/dxs(x, 2e 'L (m-njx (13)
0

Observethat min(m—n) =0— (N—1) = —N+1and
max(m—n) = (N—1) — 0= N — 1. Therefore, for ev-
ery fixed value of z we need to evaluate Fourier inte-
gralsof theform

Ll
_j2x
g2 = Lil/dxs(x,z)e IE X (14)
0

at 2N — 1 discrete “*frequency’’ values in the range |
€ [-N+1,N—1]. In our simulations we have evalu-
ated integrals (14) by utilizing Fast Fourier Transform
(FFT), and requiring 2N — 1 sampling points &(x;,Z,);
i € [1,2N—1] of thefunction (x, ) for every fix value
z,ofz

B. Discretization in z—direction

As pointed out earlier we use afinite difference dis-
cretization in z—direction. However, in contrast to
the standard techniques, our implementation of the fi-
nite difference technique involves Fourier coefficients
rather than the fieldsin real space. In what follows we

ACES JOURNAL, VOL. 20, NO. 2, JULY 2005

demonstrate the way how we discretize the z— depen-
dent part of the coefficients. To this end it is advanta-
geous to adopt the abbreviation fr‘n = fm(iAz). Thereby,
fl, means the m" Fourier coefficient of the function
f(x,2z) sampled at z=iA,. Using this notation we ob-
tain:

N-—1

jA 1 11 -
op bt K0P —jos: 3, et it
=hly (158)
—jouAh,+d73 =t (15b)

These equationsin the matrix form read:

Al=2d7% 4 hi=l = p (163)
Bh +é-%=d*2. (16b)

The coefficient matrices A and B in (16) have the
following structure:

i 1 2
A_—JAZ{a)P—w‘u(Q+KI) } a7

with
[ & el €, - .. E Ny |
£ & €1 - - - €.
& & & )
P . . . ) (18)
En_2
L &N-1 N2 - - - o &
and
[k, 0 0 0 ]
0 k O 0
o= . . . ... . (19)
0 .
| 0 0 Kno1
and
B=—jouAl. (20

C. Boundedness property of P..

For analyzing the stability of the system of equa-
tions, which we will construct in the next section, it is
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imperative to investigate the properties of the involved
matrices. The finite dimensional matrix P(= Py) in
(18) is the truncated version (projection) of an infinite
dimensional matrix that we denote by P... It is rec-
ognized that we are concerned with Toeplitz matrices,
which considered as kernels, have rich analytical prop-
erties. It iseasily seen that P.. is uniquely determined
by atwo-sided infinite sequence {¢, || = 0,+1,£2,---}
with Po.(m,n) = ¢,,_, (mn=0,1,2,--).

Furthermore, we understand that for any physically
realizable dielectric medium the function £(x,z) isin
L=(—r/2,m/2), the space of all essentialy bounded
functions f (x) defined on[—x/2, /2], which arefinite
in the norm || f||.. Here |||/ denotes the essentia
supremum of | f(x)|, withx € [-7/2,7/2).

In addition, we remember that we obtained ¢ as
Fourier coefficients of £(x,z) (evaluated at afixed point
z,) with respect to the functions g (x) = exp(j2rlx),
(I =0,+£1,4£2,--+). Using standard theorems in the
theory of Toeplitz matrices, we can show that based
on these properties P.. (m,n) = g;,_p, and thus P are
bounded.

1) Creating the global system of equations. The
fields along the z— direction can be determined recur-
sively by using (16) which we write in the form:

Ai—3d=3 L hi-1_hi =0 (214)
Bihi _'_el—% _é"'% =0. (21b)

We terminate our computational grid at two bound-
ing z= const levels: The lower bound beingz= —A,/2
and the upper bound being z= (n;+ 1/2)A;. There-
fore, the simulation domain occupies the region z €
[0,n;]A;. As is evident from (21) the magnetic fields
are evaluated at even multiples of A,/2 while the elec-
tric fields are evaluated at odd multiples of A,/2. Con-
sequently, we need to calculate the electric fields at
z=-A;/2andz= (n;+1/2)A,, i.e., exp(—Az/2) and
exp((nz+1/2)Az). Aswill be shown in the next sec-
tion these electric field values will be calculated from
the field distributions in the adjacent media immedi-
ately below and above the corrugated dlab. In view of
(21), and with i running through the interval [0,n;], we
can assemble the desired global system. The interlaced
algorithm, which we have utilized for constructing the
global system, is sketched in Fig. 1.

IV. BOUNDARY CONDITIONS

A. Open Boundary Problems

Assume free space for z< 0 and z > nzA;. In free
space our diagonalized equations take a particularly
simple form: For the field expansion coefficients en(2)
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Hy=®Bnws " Envos = Enos TAOE)
Hy=Hy +A0Hy 45 =777 77" 9,0 =AxHy
O 05=BnosEnos " Encos = Ens T 20BN

Hy o =Hy o, +A@H)

N N-1s 9,B)n1 = AnciPhes

Hy=Hy+ A0 H)gg == 77777~ (0,B)y =AM,
05 =Bosos T Byg=E g5+ A0F),
S (9,B)g = AgHy

Fig. 1. A representation of how electric and magnetic fi elds are de-
fined oninterlaced layers. Thetext at the LHS should describe where
and how the h—fi eld has been computed, while the text on the RHS
should provide the same information for the e—field. The slab is
confined to the layers 0 and N. The e—fi elds outside the slab on the
outermost layers are used to formulate the boundary conditions in
terms of matrices ®, and ,.

and hn(2) appearing in (8), we can use enexp(Anz) and
hnexp(Anz), respectively. Thuswe have:

N-1

Ey(x,2) = Y, enelkntK)xehn (22a)
n=0
N-1

Hi(x,2) = Y, hpeltathxghz, (22b)
n=0

We next substitute (22) into (7), and apply the func-
tional Dy, to the terms involved. Noting that ¢ is a
constant, we have g,,_,(z) = §[m—n]. Therefore, we
obtain:

wiu(knJrK)zaq— joegen = Anhn (23a)
—jouhy=2Anen.  (23b)
Solving for h, from (23b), and substituting the result

into (23a) we arrive at

2
n

' . A
Lk +K)2en— jocen = - e, (24)
op jou

For nontrivial solutionswe obtain (k + K)— 0?ue =
A2. Or, equivaently,

An=+1/(kn+K)?>— 02ue = tw,.  (25)

Asthe next step we establish a relationship between
e 1/2 and h? to formulate the boundary condition we
arelooking for. We use the fact that € = e-¥/2gM?2/2,
In free space Sommerfeld’sradiation condition permits
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only those fieldswhich decay at infinity. Thiscondition
is met by taking the branch A, = wy, asdefined in (25).
Then, we obtain €0 = e /2 e"%2/2, From (23b) we ob-
tain: h = —(wn/jou)ed. Using thelast two equations
we arrive at

gn3Az —
o+ —— o e 2¢ 0. (26)
This equation defines the desired ** boundary’’ matrix
C~Y2 which relates e=1/2 to h°. Analogously we ob-
tain the ** boundary’” matrix C"z*+1/2 which relates h
to el7+1/2, Proceeding similarly we obtain

hi — e+ g3aavn — @7)
jou
which yieldsthe desired boundary condition. Note that

the resulting equality C~%/2 = C"z+1/2 s an implica-
tion of e=1/2 = gnzt1/2,

B. Inhomogeneous boundary problems

The scheme presented above is not restricted to ho-
mogeneous boundaries. Assume that the dielectric
function outside the dab satisfies the following two
conditions: for z< 0 or z> h; (i) d-¢(x,2) = 0, and
(ii) e(x+L,) = e(x), where L, isthe periodicity length
in the slab. For the fields we have the expansions:

N-1 N-1

E,(%2) = Y, fm Y, emnelt0T%emz  (285)
m=0 n=0
N-1 N-—

H(x2) = Y fm 2 hmnelkntKixghmz  (28h)
m=0 n=0

The constituent terms in these eguations are built
from the eigenvectors and the corresponding eigenval -
ues An, (the propagation constants in z—direction). In
order to compute the desired eigenpairs, we substitute

,(%,2) = z el kntK)xghz (29a)

(%2 = 2 hpel (k+K)xeAz (29b)

into (7) and process the LHS of the equation as de-
scribed in section I11.A. This leads to an algebraic
eigenvalue equation of dimension 2N from which the
desired eigenvalues and vectors can be solved numeri-
caly. Only eigenvalues which lead to decaying fields
should be considered as explained above. This proce-
dureis a generalization of the homogeneous boundary.
In homogeneous case, the ‘‘boundary’’ matrices are
diagonal because each eigenvector has only one non-
zero element. In inhomogeneous case, the eigenvectors
have in general N non-zero elements and the resulting
boundary matrices are full.
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V. SOLVING LINEAR SYSTEMS OF THE EQUATIONS

In the preceding sections we explained the theoret-
ical basis of our method. In the following we will de-
scribe how thistheory can be applied to eigenmode and
excitation problems. In addition wewill explain how to
solvetheinvolved equation systems efficiently using it-
erative solvers.

A. Excitation problems

In this section we consider an elementary excitation
problem, which can be formulated in terms of the fol-
lowing interface condition for the magnetic field:

, ) )
limh, <z°+ E) —h (zo— E) =p,(?). (30)

Here h,(z) denotes the x—directional magnetic field
component and p,, represents a y—directional elemen-
tary current element.
In order to discretize (30), consider a three-point
central difference scheme:
=h, (k+1)4). (31)

(kA)+A{ aahz } 2= (ke 3)a

Next add one point to the system, a position
((k+1)A— 8) where ¢ is an infinitesimally small but
finite number, and insert the dipole source p,, at loca-
tion ((k+ 1A - %) Inview of (30) we can write (31)
as

+p, =y ((k+ 1)),

h (kA)+A{ aahz } (ke 3)a

(32

As a generdization, we can substitute the x-

directional Fourier expansionin place of the scalar vari-

ables above. Evaluating the derivative as in (12a) and
writing the terms using the notation of (21) we obtain

he—h1+B e =P, (33)

Obviously the mere dn‘ference between this equation
and (21b) isthe excitation term at the RHS. In (33) the
excitation has been indexed by (k+ 3) dueto thefinite
resolution in our discretized system: We cannot specify
the position of the dipole source more precisely than
stating that it is located somewhere between the layers
kand (k+1).

From the above discussion it can be concluded that
for solving excitation problems we merely need to re-
place the zero vector at the RHS of (21b) by the Fourier
transform of the current distribution. A similar proce-
dure can be conducted mutatis mutandis for the deter-
mination of electric fields due to magnetic currents.

k+2
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The discretized inhomogeneous system of equations
describing the present excitation problem has the form

A(w,K)x =b(w,K) (34)

where x represents the unknown coefficient vector and
b is the excitation vector. The solution to this problem
can be obtained by using standard techniques, e.g. LU-
decomposition or Gauss elimination, unlessmatrix A is
singular, in which case we recommend to resort to one
of the techniques described below.

Once the solution to (34) has been obtained, we use
(8) to construct thefieldsin real domain. As pointed out
earlier, the expansions of the fields are simply Fourier
transforms with respect to x on various layers z = iA.
Therefore, we can synthesis the fields from the coef-
ficients merely by applying the inverse Fourier trans-
form.

B. Eigenstate problems

1) Theorem: A homogeneouslinear system

Ax=0 (35)

aways has the trivial solution x = 0. Nontrivia solu-

tionexistif and only if rank(A) < n. If rank(A) =r <
n, these solutions, together with x = 0, form a vector
space of dimensionn—r.

Oneway to determinethe rank of amatrix isto count
all its eigenvalues which are equal to zero. The cor-
responding eigenvectors expand the null space of A
among which we can construct all the solutions.

Thisinformation can also be obtained through singu-
lar value decomposition. If n singular values are zero,
then the null space of A has dimension n and the equa-
tion system has a solution of degeneracy n.

A more efficient way to investigate the singularity of
a matrix is to perform an LU-decomposition and cal-
culate its determinant by multiplying the diagonal el-
ements of the upper diagonal matrix. The determinant
itself isgenerally inappropriatefor determining the sin-
gularity of amatrix due to the lack of a uniform scale:
The determinant can be very large even if the matrix is
nearly singular or vice versa. In our case it does not
really matter much since we are aiming at ratios. We
construct the system matrix for consecutive @ values
and compare the associated determinants. For @’s near
asingularity, the value of the determinant drops sharply
and we can iterate towards the resonant frequency. In
the next session we address the details of the iterative
scheme used.

C. lterative solver

For large problems, iterative rather than direct
solvers should be considered since they often signifi-
cantly speed up the computations. Our choice for it-
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erative solver has been the Transpose Free Quasi Min-
imal Residual method (TFQMR), which is a Krylov-
subspace method for non-Hermitian matrices [3]. It is
efficient, tolerant against breakdowns, and handles sin-
gular matrices well.

TFQMR (as many other iterative solvers) only re-
quires products by the matrix to be solved and, thus,
the matrix never actually has to be constructed. All is
needed is a routine that returns the product of the ma-
trix by agiven trial vector.

1) Generating matrix products. The operator in (7a)
has two parts: the gspatial derivatives and a multipli-
cation by a function ¢ in the spatial domain. Deriva-
tives are trivialy simple to compute in the Fourier
domain as they reduce to algebraic multiplication by
the respective Fourier expansion term. On the other
hand, multiplication by & leads to a convolution - or
- in discretized version, to a multiplication by a con-
volution matrix (18). It is known from the theory
of Fourier transforms that convolution in Fourier do-
main corresponds to a multiplication in real domain
and vice versa. Therefore, the convolution can be eval-
uated by inverse Fourier transforming the coefficient
matrix, multiplying by € in thereal domain, and finally
Fourier transforming back. This approach isjustifiable
because multiplication by the (full) convolution matrix
isan O(N?) operationfor N coefficients, but in real do-
main, we multiply spatial fieldswith the corresponding
€, requiring only O(N) operations. Dominating factor,
O(NIn(N)), comes from the FFT.

This approach can not be used in constructing the
system matrix A, it is only amenable to evaluating ma-
trix vector products.

2) Preconditioning: The convergence rate of itera-
tive methods decisively depends on the matrix they are
applied to. Occasionally, they may completely fail to
converge. However, instead of solving Ax = b we can
solve the equivalent form

MT'AMS(Mx) =M1'b (36)

for the new unknown vector y = M,x and the RHS
c=M Ilb. Our expectation is that the solver may con-
verge faster for the new matrix M7AM; ™. The pri-
mary objective is then to find suitable preconditioner
matrices M, and M, such that their inverse can be
computed with areasonable effort, and that they would
transform the matrix into a nearly diagonal one. To
this end various standard techniques have been devel-
oped, eg. partial LU-decomposition, but we decided
to use a problem-specific strategy in which relevant in-
formation from A is used. In our case we use only
one sided preconditioning and set M, = I. The right
preconditioner matrix M., is constructed from three di-
agonals of A. In effect, M, corresponds to a system
matrix of a modified problem in which dxe(x,2) = 0.
The discretized dielectric function for the ‘‘reduced’”’
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problem can be obtained by averaging the original di-
electric function on each z—layer, g = ave(g,), over
one period.

We do not invert M, explicitly. Instead, we solve
Myz=9=>z= M;ly, where § is atrial vector given
by TFQMR. After this, z is multiplied by A as ex-
plained above and the result is returned TFQMR. The
linear system concerning M, can be solved efficiently
using Gauss elimination because there are non-zero el-
ements only on three diagonals. The elements of M,
are computed once for each different A and then reused
in the subsequent iterations.

3) lterative solution of Solving eigenstates: Eigen-
states can also be solved iteratively as will be demon-
strated in section V1. This technique does not involve
matrix factorization directly nor the computation of its
determinant. Consider the following system

A(o,K)x=y (37)

where y is some non-zero vector, while the remain-
ing terms are defined as before. This is an inhomo-
geneous system and can be solved using the iterative
technique described above. If A(w,K) approaches a
singular point, then x approaches an eigenvector of
A(w,K) corresponding to an eigenvalue0, nearly inde-
pendently of y. Furthermore, the norm of the solution
x approachesinfinity. The proof of this statement and
limitations on the choice of y are provided in [4]. This
property can be used as a measure for matrix singular-
ity in place of, e.g. the determinant.

In many instances iterative solutions are preferred
since they require less computer resources than the di-
rect factorization of the matrix, and, at the same time,
givethefield solution.

V1. NUMERICAL RESULTS

We solve dispersion diagrams for two problems and
compare results with those obtained by a planewave
method (PWM) [5]. In addition, we present field solu-
tions for athird problem, which consists of a slab with
Gaussian dielectric profilefunction. We use TFQMR to
find the field solution due to a single dipole excitation.
Our objectiveisto find the singular points of the system
matrix where the solution norm approaches infinity.
Because it is easier to search zeros rather than infini-
tieswe use an “‘inverted’’ form instead. Then our ob-
jective function becomes F (o) = (||A*1(oo)b||2)_l/2
where A() isthe system matrix and b isthe excitation
vector. The minimization takes place in two steps: first
we bracket the minimum between two points and then
we decrease the interval to the desired accuracy. When
bracketing the minimum, we fit a second order poly-
nomial to three points of F(w) in order to estimate the
location of afourth point. This allows us to adapt the
step size according to the derivative and absolute value
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Fig. 2. One unit cell of the test structure 1. The structure is periodic
in x— direction with period P. Above and below the slab, aswell as the
space between the corrugation is free space.

of F(w) and therefore take great leaps away from the
minimum and small stepsin itsvicinity. When the min-
imum has been bracketed, we switch to golden section
search in order to decrease the bracketed interval.

In the planewave method, the problem is assumed
to be periodic in al directions. Therefore, in order to
apply this technique, we need to periodize the struc-
ture artificially by adding sufficiently large free space
in the z—direction. The resulting enlarged unit cell,
i.e. asupercell, is then periodized. This approach is
justifiable if the modes are confined around the slab
in z—direction, such that immediate neighboring su-
percells have negligible interaction. This can be veri-
fied by repetitively solving the problem with larger and
larger supercell until the results converge.

A. A dab with rectangular corrugation

Our first test case is a dab with a periodic and rect-
angular corrugation. The period isL; = P, the height
of the dab h = P and the pitch-to-mark ratio is 0.5
(I = 0.5P). Therelativedielectric constant of thedlabis
& = 13. Aboveand below the dlab, aswell as, the space
between the corrugationisfree space. A schematic pic-
ture of the structure is presented in Fig. 2.

In order to apply the planewave method we have
used asupercell withdimensionsL, = P and L, = 12P.
The computed dispersion diagram is shown in Fig. 3.
Red curves with circular markers are obtained using
our method, while blue lines with cross markers have
been computed using the planewave method. The thick
black line indicates the lightline, above which modes
are radiating. Note that due to the artificial periodiza-
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Fig. 3. Dispersion diagram for a slab with rectangular corrugation.
Red lines with circular markers are computed using our method, while
blue lines with cross markers have been computed using planewave
method. In our method we used 64 planewaves in x—direction and 64
finite differences in z—direction. For the planewave method we used
64 planewaves in a unitcell; i.e. 64x(12x64) planewaves all together.

tion in the planewave method, even unbounded modes
appear guided.

This is an artifact, which is avoided in our method:
For weakly or nonguided modes the interaction be-
tween consecutive supercells is no longer negligible
and, therefore, they appear guided.

B. Adabwith cylindrical corrugation

Our second test case is a similar slab but this time
with a cylindrical corrugation. The slab dimensions,
material, period length and discretization scheme are
as above. However, the corrugation is formed of
y—directiona air cylinders (voids) withr = 0.4P. The
structureis shown in Fig. 4.

Because the discretization is rectangular in both
methods, we have averaged ¢ in the boundary cellsin
order to bring the average closer to its true value. The
computed dispersion diagram is shown in Fig. 5.

C. Field solution in a dlab with Gaussian dielectric
profile

Our third test caseis aslab with thicknessh, = 1 and
x—directional periodicity L, = P = 1. The dielectric
function in the fundamental unit cell of thedab is

0_5,2)2

e(x,2) = 1+98_(%)Ze(_TT (38)

Above and below the dab isfree space. The dispersion
diagram, which shows that this dab supports two TE-
polarized modes, is presented in Fig. 6.

We solved the fiel ds resulting from one y-directional
dipole located at (x,z) = (0.30,0.27) for (K,w) =
(0.4,0.2816). As can be seen from the dispersion di-
agram, this point corresponds to an eigenfrequency of
the system and, therefore, the system matrix is (nearly)
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Fig. 4. One unit cell of the test structure 2. The structure is periodic
in x—direction with period L, = P. Above and below the dlab in
z—direction, we assume free space.
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K (2n/P)

Fig. 5. Dispersion diagram for a slab with circular corrugation.

0.5
o

0.4F

0.3 —o-0-4
g e
§ o°
o2 & o

7
0.1
% 0.‘1 0.2 03 0.4 0.5
K (2r/P)

Fig. 6. Dispersion diagram for aslab with a Gaussian dielectric func-
tion as computed by our method.
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Fig. 7. Real part of eigenmode fi elds for a slab with Gaussian dielec-
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Fig. 8. Fields in a slab with Gaussian dielectric function, computed
for (K, ®) = (0.5,0.2816).
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singular. Field distributions e, and h; presented in Fig.
7 arethetransversal field components obtained directly
by solving (34). Whereas the orthogonal field com-
ponent h; is computed a posteriori using (5b). In the
field patterns there is no trace of the dipole excitation.
This can be understood as follows: A dipole excitation
pumps energy into a resonating system and, therefore,
the energy growswithout bounds, until the excitationis
negligible compared with thefield strength. Mathemat-
ically speaking, the system matrix A has an eigenvalue
0 and, therefore, the solution of (34) is in the space
which is spanned by eigenvectors corresponding to an
eigenvalue 0. A moreformal proof isgivenin [4].

Fields in response to an excitation in the same loca-
tion but obtained for (K, w) = (0.5,0.2816) are shown
inFig. 8. Now the dipole excitation isclearly visiblein
thefield patterns. Moreover, the ratio of field peak val-
ues at eigen frequency and this frequency, as returned
by the iterative solver, is of order 108.

VIIl. DIscUssION OF THE NUMERICAL RESULTS
AND CONCLUSIONS

A. Searching for the minimum

The computational effort needed to solve the eigen-
modes depends on how efficiently the system equation
can be solved and how many times it has to be done.
We have aready addressed how accelerate the solver,
here we discuss how minimize F(w) efficiently for a
given K. Currently we fit a second order polynomial
to three previously computed points in order to esti-
mate the location of the fourth one. When the curve
approaches a minimum we decrease the step size try-
ing to avoid overshooting the minimum. Practice has
shown that it is good to aim at a point that changes the
norm by 10% compared to the previous value. It is
tempting to use bigger steps but then we risk jumping
over a minimum without noticing its occurrence. This
isespecialy crucial for closely spaced modes. Smaller
steps on the other hand are more secure but then we end
up solving thefieldsin unnecessarily many o points. A
typical search patternisshownin Fig. 9.

When the minimum is bracketed, we switch to
golden section search to iterate the minimum to the de-
sired accuracy. The advantage of this procedureis that
golden section search convergesat a predetermided rate
and it does not suffer from lock ups. The disadvan-
tage is that the convergencerate is predetermined even
though we could perform better since we have a good
idea of the curve behavior. Most of the standard min-
imization techniques are not applicable because they
assume parabolic behavior near the minimum. Instead,
we could fit polynomialsto both sides of the minimum
and increase the degree as more points are solved. The
crossing of the two polynomialswould then be the next
search point. However, thismethod is proneto lock ups
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© (2nc/P)

Fig. 9. Field energy function F(w) for the test case with cylindrical
corrugation. The phasing factor is chosen to be K = 0.5 (in Brillouin
zone units). The behavior is very regular allowing effi cient optimiza-
tion techniques in the quest for minima.

0273945 0273946 0273947  0.273948
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Fig. 10. Search pattern in the vicinity of the minimum for the third
order mode with K = 0.5 (in Brillouin zone units) of the slab with
cylindrica corrucation.

and has not been experimented so far. A typical search
pattern in the vicinity of a minimum is shown in Fig.
10.

B. Convergence

1) Convergence of theiterative solver: It is difficult
to make precise statements for the convergence behav-
ior of the iterative solver because it strongly depends
on a variety of parameters. With our preconditioner,
the number of iterations needed usually varies between
2 and 20. Key factors are the dielectric function and the
condition number of the matrix. In addition, the initial
guess has an influence, even though a minor one.

Typically problems with de(x,2)/dx being small
convergefairly quickly. Thisisbecauselargevariations
of € in x—direction create large off-diagonal termsin
the system equation. Thethree-diagonal preconditioner
is capable of directly solving a matrix with only three
diagonals but al off-diagonal terms are left for the it-
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erative solver. Therefore, the bigger the off-diagonal
terms are, the worseis the condition number of the pre-
conditioned matrix and the more iterations are needed
by the iterative solver. It is worth mentioning that if
de(x,2)/dx =0, thereare no elements outside the three
diagonals in the system matrix and only one applica-
tion of the preconditioner solves the problem. No iter-
ations are needed. It should & so be pointed out that be-
cause of the finite difference approach in z—direction,
d€(X,2)/dz has no effect on convergence. All varia-
tions with respect to z are eliminated by the precondi-
tioner.

It appears that the condition number of the matrix is
also a factor in the iterative solver convergence. This
is unfortunate since the eigenmodes of the system are
found exactly in the singular points of the system ma-
trix. The effect is not dramatic; the number of the iter-
ations required for convergence is maybe four fold as
compared to awell behaved point, al other factors be-
ing held equal. Again, it is rather difficult to make pre-
cise statements because other factors often have amore
significant effect. As an example, in the cylindrical-
void dab problem with ny = n, = 64, convergence at
K = 0.5, ® = 0.1 requiresthreeiterations (TFQMR re-
quirestwo matrix productsfor each iteration) and at the
lowest order eigenmode - K = 0.5, ® = 0.195719 - 12
iterations are needed.

The number of discretizations, on the other hand,
does not have a direct effect on convergence. Solving
the above mentioned problem with ny = n, = 384, re-
quiresthree and eleven iterations, respectively.

2) Convergence of eigenfrequencies. Our method
gives precise results with a small number of discretiza-
tion steps. As an example, we anayze the dab prob-
lem with cylindrical corrugation. We have solved the
lowest order eigenfrequency for K = 0.5 with both,
our method, and the planewave method, increasing dis-
cretization until the results converged. The conver-
gence behavior isshown in Fig. 11.

In conclusion we summarize the distinct properties
of our method: The difference between converged fre-
quenciesfor n = 16 and n = 384 is only 0.024%. The
relative difference between converged frequencies as
solved with our method and the planewave method for
n = 384 is 0.00204%.
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Fig. 11. Shows the lowest order eigenfrequency of K = 0.5 point
for the slab with cylindrical corrugation as a function of the num-
ber of discretization points. Red curve with circular markings is the
frequency as solved by our method, and blue with cross markings
obtained by the planewave method. x—axis represents the number
of discretization steps within one unit cell (same in both x— and
z—directions). For the planewave method, the number of planewaves
in z—direction is 12n, compensating the size of the supercell. There-
fore both methods have equally many discretization points within the
unit cell area
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Abstract

We consider a bounded obstacle characterized by
a boundary electromagnetic impedance contained
in the three dimensional real Euclidean space filled
with a homogeneous isotropic medium. When an
incoming electromagnetic field illuminates the ob-
stacle a scattered field is generated. A smart ob-
stacle is an obstacle that in the scattering pro-
cess, circulating a surface electric current density
on its boundary, tries to achieve a given goal. We
consider four possible goals: making the obstacle
undetectable (i.e.: furtivity problem), making the
obstacle to appear with a shape and impedance
different from its actual ones (i.e.: masking prob-
lem), making the obstacle to appear in a loca-
tion different from its actual one eventually with
a shape and impedance different from its actual
ones (i.e.: ghost obstacle problem) and finally one
of the previous goals limited to a given subset of
the frequency space (i.e.: definite band problems).
We consider the problem of determining the op-
timal electric current density to achieve the given
goal. The relevance in many application fields (i.e.

stealth technology, electromagnetic noise control,

etc.) of these problems is well known. The pre-
vious problems are modelled as optimal control
problems for the Maxwell equations. Some nu-
merical results on test problems obtained solving

the optimal control problems proposed are shown.

1. Introduction

In recent years the development of new technolo-
gies has made possible to build a vast class of
“smart” objects. This wave of innovation has
moved from cutting edge military applications to
everyday life objects such as, for example, wash-
ing machines. In this paper we consider the prob-
lem of formulating adequate mathematical mod-
els of smart obstacles in the context of electro-
magnetic scattering. The general mathematical
model that we have in mind to describe the be-
havior of a “smart” object is an optimal control
problem. The problems considered in electromag-
netic obstacle scattering are described by partial
differential equations so that we deal with optimal
control problems for partial differential equations.
Optimal control problems are widely used in engi-

neering as mathematical models. However their
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use is mainly limited to the control of systems
governed by ordinary differential equations and
their use in electromagnetic scattering is rather
uncommon. The development of computer tech-
nology and numerical methods occurred in the last
decades makes possible now to consider optimal
control problems for systems of partial differen-
tial equations such as the Maxwell equations, that
is makes possible the use of optimal control to
model electromagnetic scattering problems. We
consider four examples: furtivity problem (i.e.:
the obstacle wants to be undetectable), masking
problem (i.e.: the obstacle wants to appear with
a shape different from its actual shape eventu-
ally with a boundary impedance different from
its actual one), ghost obstacle problem (i.e.: the
obstacle wants to appear in a location different
from its actual location eventually with a shape
and impedance different from its actual ones) and
finally definite band problems (i.e.: the obsta-
cle pursues one of the previous goals on a given
subset of the frequency space). Recently similar
problems in the context of time dependent acous-
tic and electromagnetic obstacle scattering have
been studied from the point of view of formulating
adequate mathematical models and of developing
highly parallelizable numerical methods to solve
them (see [1], [2], [3], [4], [5] and the websites:
hitp://www.econ.univpm.it /recchioni/we,

hitp:/ /www.econ.univpm.it/recchioni/w8,

hitp:/ /www.econ.univpm.it/recchioni/w9,

hitp:/ /www.econ.univpm.it/recchioni/wl0,

http:/ /www.econ.univpm.it /recchioni/wi1). Note
that in these papers “smart” and “active” obsta-
cles are synonyms. More in detail in [1] the furtiv-
ity problem in acoustic time dependent obstacle
scattering has been modelled as an optimal con-
trol problem and the first order optimality condi-
tions to solve it have been obtained as a system
of coupled partial differential equations, finally a
highly parallelizable numerical solver for this sys-
tem of partial differential equations has been de-
veloped. Later in [2], in [4] and in [5] the mask-

ing problem in acoustics and the furtivity and the
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masking problems in electromagnetics have been
studied and finally in [3] the definite band ghost
obstacle problem in acoustics has been solved.

The practical interest of the mathematical mod-
els of smart obstacles proposed consists in the fact
that these models can be used to design smart
obstacles of practical value. Hence, for example,
in the realization of radar absorbers the approach
proposed can be a way of approaching the design
of phase-switched screens (see for example [6], [7],
[8]). In fact the phase-switched screen is an ob-
ject that does not absorb the incident energy but
shifts it in frequency using phase modulation so
that the reflected energy falls outside the receiver
bandwidth. That is, a phase-switched screen in
our language can be seen as a smart obstacle that
pursues the goal of being furtive in a given subset
of the frequency space.

In Section 2 we formulate the mathematical
models of the electromagnetic smart obstacles
considered. In Section 3 we show some numer-
ical results obtained solving the model proposed
in Section 2 concerning the definite band furtivity

problem.

2. Mathematical models of electromag-
netic smart obstacles

Let us begin introducing some notations. Let
R be the set of real numbers, R> be the
three dimensional real Euclidean space and x =
(71, 22,23)T € R3 be a generic vector, where the
superscript T means transposed. We denote with
(-,+) the Euclidean scalar product in R?, with |- ||
the corresponding Euclidean vector norm and with
[-,-] the usual vector product. Let R3 be filled
with a homogeneous isotropic medium of constant
electric permittivity € > 0, constant magnetic per-
meability v > 0 and zero electric conductivity.
Moreover we assume that there are no free electric
charges or currents. Let us suppose that R? con-
tains an obstacle {2 given by a bounded set with-
out holes and internal cavities, more technically,
a bounded simply connected open set 2, with lo-
cally Lipschitz boundary 0. Let  denote the set
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QUIN and n(x) = (ny1(x),n2(x),n3(x))T € R3,
x € 0f) be the outward unit normal vector to 02
in x € 09. In the following 2 will be the scatterer,
that is the obstacle responsible for the scattering
of the incoming electromagnetic field. We assume
that 2 has a known constant real boundary elec-
tromagnetic impedance x > 0. The limit case of
perfectly insulating obstacles (i.e. x = +00) can
be treated with straightforward modifications of
the material presented here.

We begin modelling the standard direct obstacle
scattering problem that is, the scattering problem
relative to an obstacle that does not pursue any
goal. We refer to this obstacle as a “passive” ob-
stacle.

We consider an incoming electromagnetic field
(E'(x,t), B'(x,1)), (x,t) € R? x R. The electric
vector field E'(x,t) € R3, (x,t) € R® x R and
the magnetic induction vector field B*(x,t) € R?,
(x,t) € R3x R associated to the incoming electro-
magnetic field satisfy the Maxwell equations, that
is equations (1), (2), for (x,t) € R® x R. We use
the M.K.S. unit system to write equations (1), (2)
(see [9], p. 16). When the incoming electromag-
netic field (E*(x, ), B'(x,1)), (x,t) € R xR, hits
the scatterer ) generates a scattered electromag-
netic field (E®(x,t), B*(x,t)), (x,t) € (R*\ Q) x
R, solution of an exterior problem for the Maxwell
equations. That is the scattered electric vec-
tor field E°(x,t) € R3, (x,t) € (R®\Q) x R
and the scattered magnetic induction vector field
B°(x,t) € R3, (x,t) € (R®\ Q) x R satisfy the
following equations,

(curlES + 8£ ) (x,t) =0,
(curlBS - 01288Et) (x,t) =0,
(x,t) € (R*\ Q) x R, (1)

div B*(x,t) = 0,div E*(x,t) = 0,
(x,t) € (R°\ Q) xR, (2)
with the boundary condition,

n(x), E°(x,1)] — ex [n(x), [n(x), B*(x, 1)]] =
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[n(x),b(x,t)] ,(x,t) € 02 x R, (3)
where,

b(x,t) = fEi(x, t) + cx [n(x), Bi(x, t)] ,
(x,t) € 90 x R, (4)

the condition at infinity and the radiation condi-

tion given respectively by,

B (x,0).5] ~ SE'(x.1) = 0 (1) |

r

E’(x,t) =0 <1> , 1 — +oo,t € R, (5)
r

where 0 = (0,0,0)T, ¢ = 1/\/ev, x = x/|x|,
x # 0, r = ||x||, curl - and div- denote respectively
the curl and the divergence of - with respect to
the x variable, 0 - /Ot denotes the time deriva-
tive of -, and o(-), O(+) are the Landau symbols.
When we consider the case x = 400 the bound-
ary condition (3) must be “rewritten”. The two
conditions contained in (5) imply the vanishing
of the magnetic induction vector field at infinity,
that is B®(x,t) = O(1/r), r — 400, t € R. More-
over we assume that the incoming electromagnetic
field vanishes when ¢t — —oo, that is E'(x,t),
B(x,t) — 0, x € R3, t — —oo0, that implies that
the scattered electromagnetic field vanishes when
t — —oo as well, that is E*(x,t), B*(x,t) — O,
xe (R*\Q), t - —cc.

The scattering problem for a “passive” obstacle
Q can be stated as follows:
Scattering Problem (passive obstacle).
Given the incident electromagnetic field (E, BY),
the obstacle 2 and its boundary electromagnetic
impedance Y, solve the time dependent Maxwell
equations (1)-(3), (5) in the unknowns (E°, B?).

Let us study the possibility of transforming the
“passive” obstacle into a “smart” obstacle.
Problem 1. Furtivity Problem. Given the in-
cident electromagnetic field (E*, B"), the obstacle
Q and its boundary electromagnetic impedance y
choose a control vector field (i.e. a surface electric
current density) defined for (x,¢) € 92 x R in a

suitable class of admissible controls, in order to



minimize a cost functional that roughly speaking
measures the “magnitude” of the electromagnetic
field (E*, B®) scattered by €2, x (when the control
vector field is active) when hit by the incoming
field (E*, B') and the “magnitude” of the control
vector field employed.

To obtain a satisfactory formulation of the
furtivity problem we modify the boundary con-

dition (3) as follows,

n(x), E*(x,1)] — ex n(x), n(x), B*(x,1)]] =
n(x), b(x,1)] + (1 + x)[n(x), 2(x,1)],
(x,t) € 00 x R. (6)

The quantity ®(x,t), (x,t) € 92 x R has the di-
mension of an electric field and is related to the
control variable that transforms the obstacle (2
from being passive to being smart. We assume
that lim; 4., ®(x,t) =0, x € 9.

Let us define 9 (x,t) = 22 (x,1), (x,t) € 90xR
and let V' be the space of the admissible controls,
that we leave undetermined in this paper (see [5])
for a definition of V). Note that ¢ = %—‘f has the
dimensions of an electric (surface) current density.
The furtivity problem can be formulated as the

following optimal control problem,

ggg Fru(h), (7)

subject to the constraints (1), (2), (5), (6) and
Fi,u is the following functional,

Fau(tp) = (1+) {Alll [, BT[]+
A1, B + psll o, 9] 17} (8)

The quantity ¢ is a positive dimensional constant
and A > 0, u > 0 are adimensional constants such
that A + 4 = 1. Moreover the norms ||| - ||| ap-
pearing in (8) are norms on a suitable space of
functions defined on 99 x R (see [5]). For exam-
ple the square root of the integral over 92 x R of
the square of the vector norm of - is such a norm.
Note that the solution of problem (7), (1), (2),
(5), (6) when A =0, p =1 1is [n(x),¥(x,t)] = 0,
(x,t) € 00 x R, that is in this case (E°, B®) is
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the electromagnetic field scattered by the passive
obstacle. On the other hand when A =1, p =0
the solution of the same problem gives an obsta-
cle completely undetectable since the minimiza-
tion of (8) in this case gives [n(x), E°(x,t)] = 0,
[n(x), B*(x,t)] = 0, (x,t) € 00 x R that im-
plies E°(x,t) = 0, and B*(x,t) = 0, (x,t) €
(R\ Q) x R. However when A\ = 1, u = 0 the
cost functional (8) does not contain a term that
depends on the control employed ). Note that E*,
B? depends implicitly on 1) through the bound-
ary condition (6). The remaining cases, that is
0 < A < 1, correspond to nontrivial formulations
of the furtivity problem.
Problem 2. Masking Problem. In the cir-
cumstances of Problem 1 given an obstacle D C
Q, and its electromagnetic boundary impedance
XD, choose a control vector field ¥(x,t), (x,t) €
00 x R in a suitable class of admissible controls, in
order to minimize a cost functional that roughly
speaking measures the “magnitude of the differ-
ence” between the electromagnetic field (E*, B*)
scattered by €, x (when the control vector field
is active) and the electromagnetic field (E7,, B},))
scattered by D, xp when hit by the incoming field
(Ei, Bi) and the “magnitude” of the control vec-
tor field employed. The couple D, xp will be
called the “mask”. For simplicity we assume the
mask to be a passive obstacle.

The Masking Problem can be modelled as the
optimal control problem (7), (1), (2), (5), (6) if
the functional F) , that appears in (7) is defined

as follows,

Fau(®p) = 1 +x) (Ml [0, B* — Ep][||*+
A, B = Bp] I + pll| [, ] 17 }€9)

Problem 3. Ghost Obstacle Problem. In the
circumstances of Problem 1 given an obstacle G
such that G # (), G N Q = 0, its electromagnetic
boundary impedance x¢, and a bounded set with-
out holes and internal cavities Q; such that Q, G
are contained in Q; and 0f); is a sufficiently reg-
ular surface, choose a control vector field ¥ (x,t),
(x,t) € 9Q x R in a suitable class of admissible
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controls, in order to minimize a cost functional
that roughly speaking measures in (R*\ Q1) x R
the “magnitude of the difference” between the
electromagnetic field (E®, B®) scattered by €, x
(when the control vector field is active) and the
electromagnetic field (E¢, Bg) scattered by G,
X¢ when hit by the incoming field (E*, B*) and
the “magnitude” of the control vector field em-
ployed. The couple G, xg will be called “ghost
obstacle”. For simplicity we assume the “ghost
obstacle” to be a passive obstacle. The Ghost
Obstacle Problem can be modelled as the opti-
mal control problem (7), (1), (2), (5), (6) if the
functional F , that appears in (7) is defined as

follows,

Fau(®) = 1L+ x) {All 0, B° = Bg] [T+
A, B® = Bg |IF + pll [, ] 17}, (10)

where || - ||1 is a norm on a suitable space of func-
tions defined on 92; x R.

Finally we formulate the so called Definite Band
Problems.

Let K C R be an assigned set of the frequency

space that we assume to be an open interval sym-
metric with respect to the origin, let fK(t), teR
be the inverse Fourier transform of the character-
istic function of the set K and let us denote with
f * g the convolution product with respect to the
time variable of the functions f and g. The set K
is the definite band in the frequency space where
the smart obstacle pursues its goal.
Problem 4. Definite Band Furtivity Prob-
lem. In the circumstances of Problem 1 given
K choose a control vector field ¥(x,t), (x,t) €
JQ) x R in a suitable class of admissible controls,
in order to minimize a cost functional that roughly
speaking measures the “magnitude” in the fre-
quency band K (K C R) of the electromagnetic
field (E®, B?) scattered by €, x (when the control
vector field is active) when hit by the incoming
field (E*, B') and the “magnitude” of the control
vector field employed.

The Definite Band Furtivity Problem can be
modelled as the optimal control problem (7), (1),
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(2), (5), (6) if the functional F) , that appears in
(7) is defined as follows,

Fau) =1+ x) {All Lrc * [, B |*+
A i [, B + sl [, 46 17} - (11)

Similarly we can consider the remaining goals on
a definite band:

Problem 5. Definite Band Masking Prob-
lem. In the circumstances of Problem 1 given
K, an obstacle D C €2, and its electromagnetic
boundary impedance xp, choose a control vec-
tor field ¥ (x,t), (x,t) € 90 x R in a suitable
class of admissible controls, in order to mini-
mize a cost functional that roughly speaking mea-
sures the “magnitude of the difference” in the fre-
quency band K between the electromagnetic field
(E®, B?) scattered by €, x (when the control vec-
tor field is active) and the electromagnetic field
(E%, B}) scattered by D, xp when hit by the in-
coming field (E*, B") and the “magnitude” of the
control vector field employed.

The Definite Band Masking Problem can be
modelled as the optimal control problem (7), (1),
(2), (5), (6) if the functional Fy , that appears in
(7) is defined as follows,

Faup) =1+ ){A Ik + 0, B* — Ep]|*+
AT * [, B* = Bp]II* + psllln, )12} - (12)

Problem 6. Definite Band Ghost Obsta-
cle Problem. In the circumstances of Problem 1
given K, an obstacle G such that G # (), GNQ =
(), its electromagnetic boundary impedance xgq,
and a bounded set without holes and internal
cavities ©; such that Q, G C Q, and 09, is
sufficiently regular choose a control vector field
P(x,t), (x,t) € 02 x R in a suitable class of ad-
missible controls, in order to minimize a cost func-
tional that roughly speaking measures the “mag-
nitude of the difference” in the frequency band K
between the electromagnetic field (E°, B®) scat-
tered by Q, x (when the control vector field is ac-
tive) and the electromagnetic field (E¢, B¢) scat-
tered by G, xg when hit by the incoming field



(E', B") and the “magnitude” of the control vec-
tor field employed.

The Definite Band Ghost Obstacle Problem can
be modelled as the optimal control problem (7),
(1), (2), (5), (6) if the functional F) , that appears
in (7) is defined as follows,

Fau) =1 +x){Al Ix * [0, B* = Eg] |1+
A I * [0, B* = Bg] I +psl [, 9] |2} -(13)

Note that the Definite Band Problems formu-
lated, that is Problems 4, 5, 6, are generaliza-
tions of Problems 1, 2, 3. In fact when we choose
K = R the Definite Band Furtivity, Masking and
Ghost Obstacle Problems reduce respectively to
the Furtivity, Masking and Ghost Obstacle Prob-
lems. The advantage of solving the Definite Band
Problems rather than the corresponding problems
on the entire frequency space is that the “price” to
be paid in term of the control variable employed
is smaller when the Definite Band Problems are
considered. In fact as shown in [10] in the acous-
tic case in the Definite Band Furtivity and Ghost
Obstacle Problems the “quantity” of the control
variable, measured by the norm used in the cost
functional, required to get a given furtivity effect
(or to get a given “ghost” effect) in the frequency
band K is smaller than the “quantity” of the con-
trol variable needed to get the same effect on the
entire frequency space (i.e. when K = R).

A straightforward mode to solve the six control
problems formulated here is the use of an opti-
mization routine and a numerical solver for the
Maxwell equations. This approach is computa-
tionally very expansive since it implies the solu-
tion of the Maxwell equations (several times due
to the necessity of estimating gradient and eventu-
ally “Hessian” of the cost functionals involved in
the control problems) at each iteration of the op-
timization procedure. A computationally cheaper
approach can be obtained using the Pontryagin
maximum principle. In fact under some hypothe-
ses using the Pontryagin maximum principle it is
possible to write the first order optimality condi-

tions corresponding to these control problems as
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a system of partial differential equations with the
necessary boundary, initial and final conditions.
Highly parallelizable numerical methods can be
developed to solve these systems of partial differ-
ential equation. For brevity we refer the inter-
ested reader to [4], and [5], [3], [10]. The numer-
ical results obtained in Section 3 have been ob-
tained using the Pontryagin maximum principle.
In fact, we have derived the first order optimality
conditions, i.e. a system of partial of differential
equations for Problem 1 and a similar system for
Problem 6 and then we have solved these systems
developing suitable solvers based on the operator
expansion method presented in [5] and [11].

3. Some numerical results

We present some numerical results relative to two
experiments involving smart obstacles. In both
experiments we choose ¢ = 1, ¢ = 1 and the fol-
lowing electromagnetic incoming field,

E'(x,1) = (1,0,0)Te" =1,
B'(x,1) = (0,1,0) e s~
(x,t) € R® x R. (14)

The smart obstacle of the first experiment is a
sphere of center the origin and radius 2 (Figure
la)) with boundary impedance xy = 2 that pur-
sues the goal of being undetectable (i.e. Furtivity
Problem, Problem 1).

Figure 1. Obstacles.

The smart obstacle of the second experiment is
a perfectly conducting (i.e. x = 0) double cone
(see Figure 1b)) that pursues the goal of being
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undetectable in the subset K = (—1,1) of the fre-
quency space (Definite Band Furtivity Problem,
Problem 4). The double cone consists of two cones
of the same height 1.2 and base (a circle having
center the origin and radius 1.2) one upon the
other through their bases.

The numerical results relative to the first exper-
iment are shown in Table I. Let us describe these
results. Let Bg,, ¢ = 1,2, 3 be spheres having cen-
ter the origin and radii R; = 2.0 + (¢ — 1) * 0.5,
t1=1,2,3and let t, = —2+v, v =1,2,3 be three
time values such that the incident field is begin-
ning to hit the scatterer (¢t = t; = —1), is going
through the body of the scatterer (¢t = to = 0)
and is leaving the scatterer (¢ = t3 = 1) respec-
tively. Note that the spheres Bg,, ¢+ = 1,2, 3 con-
tain or coincide with the smart obstacle, 2 C Bpg,,
i=1,2,3. Let E, and E} denote the electric field
generated by the smart obstacle when the optimal
surface electric current density is used, and by the
same obstacle considered as a passive obstacle re-
spectively. For i =1,2,3, v = 1,2, 3 we define the
following quantities,

- 1172
= /a Bt Pdso,, (0|
R; |
(15)
- q11/2
& = /6 B )P dson,, ()|
R; i
(16)
and
p a,\
A . |€E,R,i,u - €E,R,i,y| .
€E7Ri :VI:nll’IZI’B |E% N V| , U= 17 27 37
(17)

where dspp r, 1S the surface measure on 0Bpg,,
i =1,2,3. Note that the quantity 6%:\1%1,1/7 % R
1=1,2,3, v =1,2,3 are a sample of the “magni-
tude” of the electric fields generated by the smart
obstacle and by the passive obstacle respectively.
The quantity Eg’Ri, 1 =1,2,3 is a measure of how
the electric field generated by the smart obstacles
is small when compared with the electric field gen-
erated by a passive obstacle that is, is a measure of
the furtivity effect achieved. The results obtained
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Table I . Furtivity Effect

A=01, p=09

R v n %n on
2.0 1 1.651 2.323 0.287
2.5 1 1.082 1.421 0.238
3.0 1 0.753 0.911 0.173
A=05 p=05
X
Ri v E(;;’ R; 6%,& 5% R;
20 1 0.808 2.323 0.652
2.5 1 0.525 1.421 0.630
3.0 1 0.367 0.911 0.597

A=09, p=0.1

Ri v €g R; 6%,& 5% R;
20 1 0.191 2.323 0.918
2.5 1 0.123 1.421 0.913
3.0 1 0.085 0.911 0.906

are satisfactory when e%_ R, 1s close to one, in fact

a,\ _ A _
when €z, =0 we have e p. = 1.

Note that the column denoted with v in Table I
contains the minimizer of formula (17). Results
similar to those shown in Table I have been ob-

tained for the magnetic induction vector field (see
[5] for further details).

Note that the furtivity effect increases when A
increases and that it ranges from 17% when A =
0.1 to 90% when A = 0.9 (see Table I).

Finally Figures 2, 3 show the numerical results
relative to the second experiment. In this experi-
ment we choose A = 0.9, p = 0.1, K = (—1,1). As
above, let E7, B;; and E;, B) be the electric vec-
tor field and the magnetic induction vector field
scattered by the smart double cone when the op-
timal surface electric current density is employed
and by the passive double cone respectively. Fig-
ure 2 shows from left to right in the colour scale
shown the Euclidean norms of the convolution
products I * E?, Ik * E;, Ik * B?, Ik * B‘;
on the sphere Bp, as a function of the polar an-
gles (0, ¢), for three different values of the time
variables that is, ¢ = 0, t = 2, ¢ = 3. Note that
2 C Bp, and that the norms of the vector fields
I + ES, I + BS are negligible compared to the



corresponding norms Ix * E,, Ix * B,

0, 0, 0, 0,
% 2 4 6 % 2 4 6 % 2 4 6 © 2 4 6
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K
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Figure 2. Furtivity effect in the frequency band
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Figure 3. Furtivity effect outside the frequency
band K.

Similarly Figure 3 shows from left to right in the
colour scale shown the norms of the convolution
products fR\K xE° fR\K *Ep, fR\K * B fR\K *
Bf, on the sphere Bp, as a function of the polar
angles (0, ¢) for t =0, t = 2, t = 3. Note that the
norms of the vector fields fR\K *E° fR\K +* B} are
similar to the corresponding norms of fR\ KX E;,
fR\K * B;. That is, outside of the frequency band
Note that the

colour scales used in Figures 2 and 3 to represent

K no furtivity effect is present.

the data are the same.
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4. Conclusions

In this paper we have shown how mathematical
models, such as optimal control problems, can be
used profitably to design smart objects able to
pursue non trivial goals. The main advantage of
the mathematical formulation of the electromag-
netic scattering problem involving smart obstacles
proposed in this paper is that it allows to reduce
the solution of the scattering problem to the so-
lution of an optimal control problem whose op-
timal solution can be determined as the solution
of a suitable system of coupled partial differen-
tial equations. This fact guarantees a great com-
putational efficiency. In fact the most standard
approaches solve the optimal control problem it-
eratively. That is at each step of the iterative pro-
cedure a system of partial differential equations
must to be solved.
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Performing 3-D FDTD Simulations in less than 3 Seconds on a Personal
Computer and its Application to Genetic Algorithm Antenna Optimization
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ECE Department, University of Utah
50 S. Campus Drive, MEB 3280
Salt Lake City, UT 84112
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Abstract — FDTD simulations generally require
significant computational resources and time. This
paper systematically reduces the number of time steps
and the grid size to determine the shortest simulation
time that returns results with tolerable error for
microstrip antenna simulations and their optimization of
insertion loss with the genetic algorithm. Although the
error would generally be unacceptable for traditional
antenna simulations, it is sufficiently small to optimize
their design. Simulations in less than 3 seconds on a P4
2.8 GHz processor were shown to be usable, with error
approximately equal to manufacturing tolerances. A
dual band ‘waffle’ antenna is designed that has better
performance than the traditional dual band “F” antenna.

I. Introduction

The finite difference time domain (FDTD)
method [1], has become a mainstay of electromagnetic
computation. It has been applied to a seemingly
endless array of applications, with little limitation of
geometry, frequency band, materials, etc. FDTD has an
advantage over the method of moments which is also
commonly used to model antennas [2], because it can
simulate a fully heterogeneous antenna or antenna
environment, however this does come at a significant
cost. Computer simulation time and memory
requirements are inherently large in heterogeneous
simulations of this type, and FDTD is no exception.
This computational cost has a serious impact on the
numerical optimization of antennas, such as is often
done using the genetic algorithm (GA) [3]. The GA
will create a “population” of many (in our case 16)
antennas, run their simulations (an individual FDTD
simulation for each antenna), reject the poor
performers, mutate/cross-over the good performers, and
repeat this for many (50-100) generations resulting in
800-1600 FDTD simulations. A simple pioneering
FDTD simulation with a grid size of 20x20x40 took
over 38 minutes to run 600 time steps [4]. Since that
time, much larger simulations have been run requiring
days and even weeks [5].

This paper focuses on ways to reduce the
overall time required by reducing the time for each
FDTD simulation. Many efforts have been made to
reduce the time required to run FDTD simulations.

Methods to make FDTD run faster include: subdividing
the problem and running on multiple computers or
processors in parallel [5-10], using an initially smaller
grid that expands with time [11], efficient processing of
fields to extract useful information [12], using variable
cell sizes [13], and exploiting symmetry to reduce the
model size [14, 15 and others] to name a few.
Dedicated hardware has also been developed
specifically for FDTD to circumvent the limitation of
general purpose processors [16]. A single FDTD
simulation can now readily be done for most if not all
field analysis applications of interest. When multiple
simulations are required, however, the computational
requirements can become prohibitive.

Researchers have used the GA to optimize
antennas, but have generally relied on methods other
than FDTD [2, 17]. Some researchers have used GA-
FDTD schemes, but found computational constraints to
be a limiting factor [18, 19]. They have limited the GA
search to a small set of parameters, thereby limiting its
usefulness as an optimization method. This paper
shows that with the proper selection parameters, FDTD
simulations can be run quickly enough on a personal
computer to be used to design a dual band antenna
using the GA in a very short period of time. Unlike
typical numerical solutions where we need excellent
accuracy and precision, it was found that relatively
“sloppy” FDTD simulations, while not perfectly
accurate, can yield results that are sufficient to
determine the relative performance of similar antennas,
and hence the design of optimal antennas.

Section II describes a traditional dual band
monopole antenna that is used for comparison and
simulation purposes.  Section II also introduces
QFDTD, an FDTD program well suited to use with
genetic algorithms.  Section III analyzes the how
reducing the run time of the FDTD algorithm affects
accuracy. The number of time steps is reduced, and the
FDTD grid is reduced in a systematic manner while
error is measured. Section IV applies the results from
Section III to the design of a dual band antenna using
the genetic algorithm. Section V gives instructions on
how to apply these methods generally, and Section VI
draws conclusions from the results.

1054-4887 © 2005 ACES
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10 20 30

Fig. 1. Model of dual band 2.4/5.2 GHz “F” antenna as
created by the authors. AX = 0.762 mm, AY=AZ=
1.423 mm. A ground plane on the back of the substrate
extends from Z=1 to the end of the 50 ohm feed at
7=19.

II. Antenna Model and FDTD

In [20], a dual band monopole “F” antenna is
designed on a microwave substrate at 2.4/5.2 GHz. In
this paper, we optimize the design of a similar antenna
structure shown in Fig. 1. The antenna is designed to
have low insertion loss at 2.4 and 5.2 GHz as shown in
Fig. 2. The FDTD model cell size is 0.762 x 1.423 x
1.423 mm’. The microwave substrate is 0.060 inches
(1.524 mm) thick and has a relative dielectric constant
of 2.6. The cell dimension X is chosen to be half the
substrate thickness, and the Y-Z dimension is chosen to
simulate a 50 Q microstrip feed. This antenna model is
used in section IV to determine key FDTD simulation
parameters.

FDTD models Maxwell’s equations in a
spatial grid consisting of electric and magnetic field
components, which are alternately computed as the
algorithm steps through time. Each cell in the grid
contains six orthogonal electric and magnetic field
components. Because the cells in the grid must be a

minimum of A/10 for numeric accuracy and are

typically A/20 toA/60, the grid can be very large
for many structures, including antennas. As an
example, a 100x100x100 grid that can model roughly a

A’ antenna has six million field components that need
to be updated with each of about 2000 time steps.

The major sources of error in FDTD
calculations are due to numerical dispersion, reflections
due to imperfect absorbing boundary conditions
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Fig. 2. Insertion loss of “F” antenna with 50 ohm feed.

Note that the “F” antenna is frequency shifted at 5.2

GHz due to the course grid requirements of FDTD.

(ABCs), and poor modeling because of a discrete
rectangular grid. Numerical dispersion can be
minimized by reducing the cell size. When the grid
sampling density is 10 points per free-space
wavelength, the numerical dispersion is approximately
1%, which is considered the minimum special sampling
rate for accurate simulations [21]. By increasing the
grid sampling density to 20 points per wavelength, the
dispersion is reduced to 0.2% (and the grid size
increases by a factor of 8). This paper uses a spatial
sampling frequency of about 35 points per wavelength
to accurately model the feed, reducing dispersion errors
to negligible levels.

An in depth review of analytical boundary
operators are covered by [22]. This review explains that
the approximations used to create ABCs cause them to
be imperfect. Waves traveling normal to the 2nd order
Mur boundary are absorbed well. As the angle of
incidence increases, the reflection coefficient increases.
By increasing the grid size (and the computation time),
the maximum angle of incidence is reduced, reducing
reflections. Also, fewer waves will reflect back onto the
antenna, because the antenna is located further from the
boundary.

For fast FDTD simulations, care needs to be
taken to ensure accurate simulations, while keeping the
grid to a minimal size. In addition, the boundary
conditions need to be computationally efficient. The
commercial software package QFDTD uses simple
update equations that assume a non-dispersive media.
It also uses the computationally efficient Mur 2™ order
boundary condition. It is written in FORTRANO90,
allowing the user to modify it and port it to any desired
platform. Additionally, it uses text files for all input-
output operations, allowing the GA to easily create new
models and access output data [23]. QFDTD runs two
simulations to analyze a structure. The first simulation
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Fig. 3. Voltage on microstrip feed versus time.

measures the incident signal at the microstrip feed. The
second simulation measures the total signal. By
subtracting the incident signal from the total signal, the
scattering parameters are calculated over a wide
frequency range. This two-simulation setup can be
exploited with GA optimization. If the feed doesn’t
change, the first simulation results can be used for all
subsequent simulations, and its contribution to overall
computation time is negligible.

III. Simulations Speed and Accuracy

Well known ways to reduce FDTD simulation
time include reducing the number of operations by
reducing the model size and/or running fewer time
steps. However, there are fundamental limits on how
much reduction in size and time can be done before
inaccuracies are introduced. This section of the paper
assesses the impact of each time reduction method on
the accuracy and speed of the program.

A. Run for fewer time steps

Perhaps the most obvious method to speed up
the FDTD simulation is to reduce the total number of
time steps in the simulation. The “F” antenna model
was simulated for a long time, to determine the
minimum number of time steps needed for transients to
die down to a sufficient level as shown in Fig. 3. Then
S,; is calculated from 1-6 GHz in 0.1 GHz increments.
The simulation is then repeated many times stopping at
300 to 1500 time steps. S;; is calculated for each
simulation, and the change in reflected power is
computed at each frequency increment. The maximum
and average change in reflected power is given in Fig.
4. Simulations show that S;; changes very little after
1500 time steps. Fig. 4 shows that if the number of
time steps is reduced to 900, the error is relatively
small, but the computation time is almost cut in half.
Reducing the number of time steps below 600 creates
significant errors, especially in the higher frequencies.
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Fig. 4. Difference in insertion loss power over 1-6 GHz
frequency band when number of time steps is reduced,
compared to a simulation running 5000 time steps.

The number of time steps required is also
dependent on the size of the discrete time step.
Generally, At should be the maximum value that meets
the Courant stability criterion unless lossy or active
components are embedded into the FDTD grid [23].
Using the highest stable value of At will avoid
unnecessary time steps. QFDTD and other commercial
FDTD programs used by the authors automatically
calculate the correct value for At.

B. Reduce grid size

Reducing the grid size can have an even
greater effect on simulation time than the number of
time steps. If the dimensions of a 3-D grid are halved
in each direction, the number of cells is reduced by a
factor of eight, but the grid size reduction effectively
brings the outer boundary closer and causes reflections
at the boundary to increase. To determine how much
grid size affects S;;, the “F” antenna model was
simulated on a grid with 37x48 cells in the YxZ
direction and a variable number of cells in the X
direction. It is first simulated on a 100x37x48 grid for
comparison. After the comparison simulation is run,
the X grid is reduced to 10 and expanded in the X
direction with each simulation, while the antenna is
held at the center of the grid. Fig. 5a shows that as the
grid expands in the X dimension, the change in
reflected S;; power is reduced.

The next test enlarged the grid in all three
dimensions and compared the results to a 100x100x100
cell grid. As can be seen from Fig. 5b the difference in
S1; continued to decrease as the grid is enlarged, but the
results have not fully converged, even when the grid is
a 100x100x100 cell. Expanding the grid beyond
100x100x100 cells to reduce reflections proved
unreasonable. Rather a smaller grid would be
implemented with a more effective, but
computationally costlier, boundary condition. Thus a
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Fig. 5. Change in S;; power when grid size is changed.
(a) YZ dimensions are 37 and 48. X dimension vary
from 10-100 cells. (b) XYZ dimensions vary from 40-
100 cells.

100x100x100 grid for these simulations could be
considered large enough when using the Mur 2™ order
boundary condition. Getting the fastest execution time
precludes the use of high cost boundary conditions even
for small simulations.

It is significant to note that reducing the grid
size caused more error in the lower frequency part of
the 1 to 6 GHz range. Reducing the grid size moves the
outer boundary closer to the antenna model. Because
distance to the outer boundary is relative to the
wavelength, lower frequencies will be closer to the
boundary than higher frequencies. It was also observed
that reducing the number of time steps produced more
error in the higher frequency part of the 1 to 6 GHz
simulations (although we can't explain why and it may
be model-dependent). From these observations we can
conclude that a relatively narrow band design can be
run faster. A low frequency design can run for fewer
time steps, and a high frequency design can simulate on
a smaller grid, while maintaining simulation accuracy.

C. Other execution speed factors

The FDTD executable needs to be optimized
for speed. The authors found that different compilers
and compiler settings can affect execution speed by
more than 300%. Also, storing more information than
necessary increase the simulation time and memory
usage.

Each speed increase factor is multiplied by the
next factor. Implementing all speedup factors results in
a dramatic decrease in FDTD run time. This speedup
makes FDTD a viable simulator for running hundreds
or even thousands of simulations needed by the GA
optimizer.
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Fig. 6. Cost (or fitness) of antennas at each generation

of the GA. The cost is the percentage of reflection loss

over the frequency range of 2.2 — 2.6 GHz, and 5.0-5.5

GHz.

IV. Application Example-Design of GA
Antenna

To show that high speed FDTD simulations
can produce useful results, the authors remove the
branches from the “F” antenna model to produce a
simple monopole. This simple monopole is then placed
in a 25x30x42 cell grid to be simulated for 900 time
steps. A rectangle with either non-metal or metal
covered cells is placed over the top of the monopole
model. The cells with and without metal correspond
directly to the “Is” and “0s” in a binary chromosome
that is controlled by the GA.

The GA creates a population of 16 antennas,
and simulates them for 100 generations. Each antenna
is given a cost which is based on how much insertion
loss it generates over the frequency bands 2.2-2.6 GHz
and 5.0-5.5 GHz. Single point crossover is used, and
population decimation is used as the selection criteria.
The mutation method randomly picks bits in each
chromosome and replaces the previous value with a
random bit. This mutation method is different than
standard mutation schemes, but is necessary because it
may be desirable to have a higher percentage of "1"
bits. Fig. 6 shows that the GA is able to evolve an
antenna with low return loss after 60 generations. Fig.
7 shows the optimized antenna model. After the GA
completes optimization, the final model is simulated for
1500 time steps on a larger 100x100x100 grid for
comparison.

Fig. 8 shows that the smaller model didn’t
produce the most accurate results, but the optimized
antenna performance is still very good. In addition, the
change in S;; from the small to the large model is
comparable to manufacturing tolerances found by
previous GA antenna designers [16, 17]. The larger
comparison simulation shows that the GA antenna has a



Fig. 7. Antenna design created by GA using structure
similar to “F” antenna design in Fig. 1. The GA
created a population of 16 structures and evolved them
for 100 generations to create this final design found in
the 91" generation. The substrate dimensions are
17x34 cells or 24.19mm x 48.38mm. The substrate is
1.524 mm thick.

-10 dB insertion loss bandwidth from 2 to 2.6 GHz and
5.1 to 5.7 GHz. This is better than the results obtained
by the authors and [20] for the “F” antenna. It is true
that the GA design shown isn't much better than the
"standard" design. The point of this paper is that it can
quickly be designed using the GA if a small FDTD
model is used. We purposely used a simple dual band
design because we are emphasizing FDTD. Once the
simulation time is reduced, very wide or multiband
designs can be quickly produced that would be nearly
impossible to produce using conventional design
techniques. We have obtained better results using
smaller cells, but we wanted to step to the limits in this
paper.

Our first optimization simulations took over 17
minutes. To run 1600 simulations would take 19 days,
and we often had to make changes in our model starting
the process over again. Using the techniques described
in this paper (along with faster processors) has reduced
simulation time to less than 3 seconds for the models
presented here. With faster simulation times, several
designs can be produced in a single day.

The entire optimization presented took only 82
minutes and ran 1600 FDTD simulations.  That
corresponds to 3.06 seconds for the GA to create each
model, run the FDTD simulation, and evaluate its cost.
The simulation was run on a Pentium 4 running at 2.8
GHz. The FDTD executable was created using the Intel
FORTRAN Compiler Version 8.0 for Linux.
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Fig. 8. Optimized S;; results as calculated on small
grid (25x30x42 cells) for GA optimization, and large
grid (100x100x100 cells) for comparison with “F”
antenna. Even though the small grid introduces
simulation error, the -10 dB bandwidth is very close on
both simulations, justifying the use of the small grid for
fast optimization.

V. General Application of Speed Increase
Methods

Carefully choosing the cell and grid size is
essential to fast and accurate FDTD simulations.
Minimizing the grid size and number of time steps can
reduce simulation time 1-2 orders of magnitude
compared to poorly chosen parameters.

As explained in the introduction, the cell size
should be chosen to accurately model the structures
dimensions, and meet the minimum of 10 cells per
wavelength at the lowest frequency. A general
guideline for choosing the grid size is to have at least
1/4 wavelength between the structure and the outer
boundary at the lowest frequency of interest. For the
example given, the wavelength at 2.2 GHz is 136 mm
and 1/4 wavelength is 34 mm. The cell size in the X
direction is 0.762 mm or about 45 cells. These are
similar to the dimensions used for the 100x100x100 cell
grid (about 45 cells above and below the model). The
problem with this approach is that each simulation takes
approximately 94 seconds or almost 42 hours for a
1600 simulation GA optimization. By reducing the grid
size, additional error will be introduced into the
simulation. The plots in Fig. 5 give the reader a general
guide to how much error is introduced, and the grid size
should be chosen based on how much error can be
tolerated. Again, more error will be introduced at the
lower frequencies as shown in Fig. 8.

Correctly choosing the number of time steps is
also critical to a fast, accurate simulation. In the
example shown, a modulated Gaussian pulse is used.
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After 900 time steps the reflected signal at the feed is
reduced to 0.5% of the pulses maximum amplitude.
For fast simulations, the reflected signal should decay
to between 0.5% and 1.0%. After 1500 time steps,
negligible error was introduced, and the reflected signal
was 0.1% of the maximum incident pulse. Note that
highly resonant structures may require much longer
simulation times.

Advanced absorbing boundaries such as PML
have lower reflections, but a much higher
computational cost. It should therefore be possible to
reduce the grid size without inducing as much error as
when reducing the grid size using the Mur boundary.
Optimizing using the GA on a larger grid after it has
been optimized on a small grid is an excellent way to
apply the results of the small grid optimization. When
only a few variables are present, a hybrid GA that
consists of a GA and local optimizer works extremely
well and will outperform the GA alone [24]. However,
a local optimizer wouldn't be appropriate in this
situation because each cell is considered a variable, and
local optimizers are not efficient for a large number of
variables.

Several antenna prototypes have been
successfully built using photo-etching techniques, and
measured data has matched well with simulations [25].
Using these techniques, broad and multiband designs
have been created that minimize size requirements
while achieving extremely low return loss.

VI. Conclusions

FDTD is a viable solution for the GA
simulator on a PC if FDTD parameters are chosen for
quick simulation. Even though individual simulation
results may not be extremely accurate, their relative
values are sufficient for the GA to find a good solution.
When the FDTD simulation is optimized for speed by
running for a minimum number of time steps, using a
minimal FDTD grid, and storing only necessary
information, it can be fast enough to compete with other
simulation techniques such as method of moments.
Simulation time is no longer the limiting factor with the
GA-FDTD combination, allowing for more complex
designs to be generated than previously possible,
including the 2.4 GHz and 5.2 GHz dual band antenna
described in this paper.
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Abstract — In this paper we address an inverse
scattering problem whose aim is to determine the
geometrical as well as the physical properties of a
perfectly conducting cylindrical body buried in a half-
space. We wuse cubic-spline method instead of
trigonometric series to describe our shape and
reformulated into an optimization problem and solved
by the genetic algorithm. The genetic algorithm is
employed to find out the global extreme solution of the
object function. As a result, the shape of the scatterer,
which is described by using cubic-spline, can be
reconstructed. In such a case, fourier series expansion
will fail. Even when the initial guess is far away from
the exact one, the cubic-spline description and genetic
algorithm can avoid the local extreme and converge to
a global extreme solution. Numerical results are given
to show that the shape description using cubic-spline
method is much better than the Fourier series.

Index Terms — Inverse Problem, Cubic-spline,
Fourier series.

I. INTRODUCTION

Due to large domain of applications such as
non-destructive problem, geophysical prospecting and
determination of underground tunnels and pipelines,
etc., the inverse scattering problems related to the
buried bodies has a particular importance in the
scattering theory. In the past 20 years, many rigorous
methods have been developed to solve the exact
equations [1]-[9]. However, inverse problems of this
type are difficult to solve because they are ill-posed
and nonlinear [10]. As a result, many inverse problems
are reformulated into optimization ones and then
numerically solved by different iterative methods such
as the Newton-Kantorovitch method [1]-[5], the
Levenberg-Marquardt algorithm [6]-[8], and the
successive-overrelaxation method [9]. Most of these
approaches employ the gradient-based searching
scheme to find the extreme of the cost function, which
are highly dependent on the initial guess and usually
get trapped in the local extreme. The genetic algorithm
(GA) [11] is an evolutionary algorithm that uses the
stochastic mechanism to search through the parameter

space. As compared to the gradient-based searching
techniques, the genetic algorithm is less prone to
converge to a local extreme. This renders it an ideal
candidate  for global optimization. Recently,
researchers have applied GA together with
electromagnetic solver to attack the inverse scattering
problem mainly in two ways. One is surface
reconstruction approach; the other is volume
reconstruction approach. Chiu [12] first applied the
GA for the inversion of a perfectly conducing cylinder
with the geometry described by a Fourier series
(surface reconstruction approach), while Takenaka
[13], Meng [14] and Zhou [15] used the concept of
local shape function to describe the conducting objects
(volume reconstruction approach). Alternatively,
Chien [16], Zhou [17] and Qing [18] used b-splines to
describe the geometry of a perfect conducting cylinder.
The 2-d perfectly conducting cylinders are denoted by
local shape functions p=F(0) with respect to their

local origins, which can be continuous or discrete.
However, to the best of our knowledge, there are still
no numerical results, which compared the cubic-spline
and Fourier series, shape description with the genetic
algorithm for the buried conducting scatterers. In this
paper, we present a computational method based on the
genetic algorithm to recover the shape of a buried
cylinder. In Section II, a theoretical formulation for the
inverse scattering is presented. The general principles
of genetic algorithms and the way we applied them to
the inverse problem are described. Numerical results
for reconstructing objects of different shapes are given
in Section III. Finally, some conclusions are drawn in
Section IV.

II. THEORETICAL FORMULATION

Let us consider a perfectly conducting cylinder
buried in a lossy homogeneous half-space, as shown in
Fig 1. The media in regions 1 and 2 are characterized
by the permittivity and conductivity (¢, ¢,) and (¢,,0,).

respectively, while the permeability 4, is used for each

region, i.e., only non-magnetic media are concerned
here. The cross-section of the cylinder is described by
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polar coordinates in the xy plane through the shape

function p = F(6). The cylinder is illuminated by a
plane wave with time dependence exp(jwr), of which

the electric field is assumed parallel to the z -axis (i.e.,
transverse magnetic or TM polarization). Let E™
denote the incident E -field from region 1 to region 2
with incident angle g, . Owing to the interface between

region 1 and region 2, the incident plane wave would
generate two waves in the absence of the conducting
object: the reflected wave (for y<—4 ) and the

transmitted wave (for y >—q ). Thus the unperturbed

field is given by
E(F)=E,(x,y)? ey
with
E (x y) _ e—jkl[xsingkl+(y+a)cos¢l]
1)) =
Ei (x’ y) _ +Rle—jkl[xsin;ﬁ]—(y+a)cos¢]]’y <—a
Ez(x, y) _ Te—(sz[xsin¢z+()7+a)cos¢2] ,y>—a
where
1- 2

]_7’ =
1+n 1+n

"= cosg, |&— jo,/@
cosd \j & —jo, /o
kysing, =k, sing,
kl =&’ uy — jouyo;s i=12 Im(k)<0-
Note that each point can be expressed by (x, y) in
Cartesian coordinates or (r, 49) in polar coordinates.

As the buried object is present, the scattered field can
be expressed by

E,(x.y) =[] G(x.y:F(6).0)(0)d0" @
with
F=(x,1),J(0) = jou~F(0)+ F*(0)J (0)

G, (xx,)) Jy<a
Gy~ | 3)
G, (), V)=G, (X, 4G, (6x.)),y>a

where
1 J Jy Oma) —jy, (v'+a) —jer(x=x)

G, (%%X',y5——f_e e e da (3a)
277y,

' ] (2), 2 2

G (xyx\y) =;HO kA (=) +(r—)'] (3b)
L J %A v o

G e y)—[ == e (3¢)
2777,y

yi=k'—a’,i=12,Im(y)<0,y'>a.
Here, J (0) is the induced surface current density,

which is proportional to the normal derivative of the
electric field on the conductor surface. G(x, y;x', ")

is the Green’s function which can be obtained by
Fourier transform [3]. Note that we might face some
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difficulties in calculating the Green’s function, since
the Green’s function given by (3) takes the form of an
improper integral that must be evaluated numerically.
However, the integral converges very slowly when (x,
y) and (x’, y’) approach the interface, for which the
acceleration of converging speed is possible by
rewriting the Green’s function as a closed-form term
plus a rapidly converging integral (see Appendix). In
(3b), H? is the Hankel function of the second kind of

order zero. The boundary condition for a perfectly
conducting object is

AxE=0 “4)
where 71 is the outward unit vector normal to the
surface of the scatterer. The boundary condition at the
surface of the scatterer given by (4) leads to an integral
equation for J (0):

£,(FO)0)-[ G, (FO):FlO)oVoNe - )
The total field £* in region 1 is given by
E*()=E(r)~ [ G (r:F(6).0)J(0)d6' (y<-a) - (©)

The direct problem is to compute the total field in
region 1 when the shape function F'(#) is given. This

can be achieved by first solving for J from equation

(5) and then calculating £ by equation (6).

For numerical calculation of the direct problem,
the contour is first divided into sufficient small
segments so that the induced surface current can be
considered constant over each segment. Then the
moment method is used to solve equations (5) and (6)
with a pulse basis function for current expansion and
the Dirac delta function for testing [19].

Let us consider the following inverse problem,
given the scattered electric field £ measured outside

the scatterer, and determine the shape F(0) of the

object.
(A) Using Fourier-series to describe the shape:

Assume the approximate center of the scatterer,
which in fact can be any point inside the scatterer, is
known. Then the shape function F (9) can be

expanded as:
N

C,sin(n0) )

D1=

F(0)= gBHCOS(nep

where B, and c, . are real coefficients to be

3
I

determined, and N +1 is the number of expanded
terms.
(B) Using Cubic-spline to describe the shape:

The geometry of the cubic-spline is shown in
Fig. 2. First, we separate the boundary of the shape
with N pieces and we have N +1 separated points.
We denote the separated points by polarized-coordinate

1054-4887 © 2005 ACES



(P:0) o (20
where (0° < 6 <360°), i=0...N, 6, =0°, 6, =360°,
and 6, <6 <..

expression (p,,0,)

<@, p, is the distance from point

(p,,6) to the center point (x,,,).

%
.......

regionl (g,0,)

region2 (g,,0,)

Y
Fig. 1. Geometry of the problem in (x,y) plane.
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(8’,\,4 ’prl)

Fig. 2. Geometry of the cubic-spline.

Note that the discretization number of j(g) for

the inverse problem must be different from that for the
direct problem. Since it is crucial that the synthetic data
generated by a direct solver are not like those obtained
by the inverse solver, the discretization number for the
direct problem is twice of that for the inverse problem
in this study. For the inversion procedure, the genetic
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algorithm is employed to maximize the following
objective function:

A%>{z F)-EF)

x=1

-2
2+ﬁP@Y}
(8)

is the total number of measured points.

Z‘E“p ;

where X,
E® () and E“(7) are the measured scattered field and
scattered field,

6)‘2 can, to a certain extent, be

the calculated respectively. The

minimization of ,B‘ F'(
interpreted as the smoothness requirement for the
boundary of F (49) Therefore, the maximization of

SF can be interpreted as the minimization of the least-
square error between the measured and the calculated
fields with the constraint of smooth boundary. Typical
values of B range from 0.00001 to 10. The optimal

value of g depends mostly on the dimensions of the

geometry. One can always choose a large enough value
to ensure the convergence, although overestimation
would result in a very smooth reconstructed image.
Technically, we can let the value of B decrease

gradually during the course of convergence [4].

Genetic algorithms are the global optimization
methods based on the genetic recombination and
evolution in nature [11]. They use the iterative
optimization procedures that start with a randomly
generated population of potential solutions, and then
gradually evolve toward a better solution through the
application of the genetic operators. Genetic algorithms
typically operate on a discretized and coded
representation of the parameters rather than on the
parameters themselves. These representations are
considered as the “chromosomes”, while the elements
that constitute the chromosome are called “genes”.
Simple but often very effective chromosome
representations for optimization problem involving
several continuous parameters can be obtained through
the juxtaposition of discretized binary representations
of the individual parameters. In our problem,
parameters B, , C,, and p; are given by the following
equation. As an example p is shown

P~ Prin Z b 9)

Bn:pmin 2L_1
i=0

5
where b,", b/

of the binary representation of B, , and P,;, and P,
are the minimum and the maximum values admissible
for B,. Similar expressions exist for the parameters C,
and p; and are omitted here for brevity. Here, P,,;, and
P,. can be determined by prior knowledge of the
object. Also, the finite resolution with B, (C, or p; ) can
be tuned in practice by changing the number of bits

..and pPr (gene) are the L-bit string
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assigned to it. The basic GA for which a flowchart is
shown in Fig. 3 starts with a large population
containing a total of X candidates. Each candidate is
described by a chromosome. Then, the initial
population can simply be created by taking X random
chromosomes. Then, the GA iteratively generates a
new population that offspring from the previous
population through the application of the reproduction,
crossover, and mutation operators.

The new population contains increasingly better
chromosomes and will eventually converge to a
population that consists of the optimal chromosomes.
As soon as the cost function (cF) changes by <1% in
two successive generations or exceeds 1000
generations, the genetic algorithm will be terminated
and the final solution is then obtained.

parameters
encoding

generate X random
chromosomes

h 4

decoding of all
chrotnnanimes

CIOSs-0er L 4

cost function
caloulations

stop
criterion

Fig. 3. The flowchart of GA.

III. NUMERICAL RESULT
Let us consider a perfectly conducting cylinder
buried in a lossless half-space (o-] =0,=0 ). The

permittivities in region 1 and region 2 are characterized
by g =g, and g, =2.56¢, , respectively. A TM

polarized plane wave of unit amplitude is incident from
region 1 upon the object in region 2 as shown in Fig. 1.
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The frequency of the incident wave is chosen to be
3GHz, of which the wavelength ﬂo in free space is

0.Im. The object is buried at a depth a = A and the

scattered fields are measured on a probing line along
the interface between region 1 and region 2. Our
purpose is using the Fourier-series and cubic-spline
shape expressions to reconstruct the shape and
comparing which is better in the inverse problem. The
object is illuminated by three incident waves from
different directions, while 20 measurement points at
equal spacing are used along the interface y=_4 for

each incident angle. There are 60 measurement points
in each simulation. The measurement is taken from
X =0 to 0.2m for incident angle @, =-60°, from X =-

0.1 to 0.1m for incident angle ¢ =0°, and from X =-0.2

to Om for incident angle ¢ =60°. To save computing

time, the number of unknowns is set to be 7, and the
population size is chosen as 300 (i.e. X =300). The
binary string length of the unknown coefficient, B, (C,
and p; ), is set to 20 bit (i.e., L=20). The search range
for the unknown coefficient of the shape function is
chosen to be from 0 to 0.1. The extreme values of the
coefficients of the shape function can be determined by
some priori knowledge of the objects. Here, the prior
knowledge means that we can get the approximate
position and the size of the buried cylinder by first
using tomography technique, and then get the exact
solution by the genetic algorithm. The crossover
probability p. and mutation probability p,, are set to be
0.8 and 0.1, respectively. The value of £ in equation

(6) is chosen to be 0.001.
In the first example, the shape function is given by
F(0)=(0.03+0.015cos360) m and we use Fourier-

series and cubic-spline expressions to recover it. The
reconstructed shape function for the best population
member (chromosome) is plotted in Fig. 4(a),
respectively, with the error shown in Fig. 4(b). Here,
DR, which is called shape function discrepancies, is
defined as

& .
DR={ﬁZ[F‘“'(Q,)—F(Q,)]Z/FZ(QI,)}”2 (10)
i=1

where N' is set to 60. The quantities DR provide
measures of how well g @) approximates g(g). From

Fig. 4, it is clear that reconstruction of the shape
function is quite good for both Fourier-series and
cubic-spline expressions. To investigate the sensitivity
of the imaging algorithm against random noise, two
independent Gaussian noises with zero mean have been
added to the real and imaginary parts of the simulated
scattered fields. Normalized standard deviations of

10°, 10*, 10°, 107, and 10" are used in the



simulations. The normalized standard deviation
mentioned earlier is defined as the standard deviation
of the Gaussian noise divided by the rms value of the
scattered fields. Here, the signal-to-noise ratio (SNR) is
inversely proportional to the normalized standard
deviation. The numerical result for this example is
plotted in Fig. 4(b).

In the second example, we selected cubic-spline

to describe the shape p, =0.02 m, p, :0.02\/5 m,
p,=0.0243 m, p, =002 m p, =002/3 m,
P, = 0.02\/3 m. We can see that the 7-terms Fourier-

series expression cannot recover the shape. The
purpose of this example is to show that cubic-spline
method is able to reconstruct a scatter while the
Fourier-series fails. Both the shape results are shown in
Fig. 5(a) and the relative error of Cubic-spline expand
is shown in Fig. 5(b).

0.06 ' ¥ FOURIER EXACT
FOURIER FINAL
004 gewstey |~ SPLINE FINAL
E .
+ 002t % % ]
- t"* ‘t@
S 0 j} v
8 . /**
© *ﬁ wﬁ***«f***
[s)
£ -0.02} E . |
5 i 7
> ’i; )
-0.04} i T 1
-0.06 :

-0.06 -0.04 -0.02 0 0.02 0.04 0.06
horizontal co-ordinate,m

Fig. 4(a). Shape function for example 1. The star curve
represents the exact shape by the Fourier-
series, while the curve of short imaginary line
is calculated shape by the Fourier-series and
the curve of long imaginary line represents
calculated shape by the cubic-spline in final
result.

In the third example, the shape and conductivity
function are selected to be
F(8)=(0.03+0.005cos & + 0.005cos 26 + 0.005 cos 30)

m. Note that the shape function is not symmetrical
about either x-axis or y-axis. Both Fourier-series and
cubic-spline expressions can recover it. Refer to Fig.
6(a) and Fig. 6(b) for details.

In the fourth example, we selected cubic-spline
to describe the shape py = 0.03 m, p; = 0.02 m, p, =
0.01 m, p; = 0.0l m, p; = 0.01 m, ps = 0.03 m, and
slope is 5. Again 7-terms Fourier series expression
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cannot recover the shape. Both the shape results are
shown in Fig. 7(a) and the relative error of Cubic-spline
expand is shown in Fig. 7(b).
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noise level (log)

Fig. 4(b). Shape function error in each represented
method. The F-F means that the shape
functions both in direct and inverse
problems are described by the Fourier-
series. The F-S means that the shape
function in the direct problem is described
by the Fourier-series and in the inverse
problem is described by the cubic-spline.
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Fig. 5(a). Shape function for example 2. The star curve
represents the exact shape by the Fourier-
series, while the curve of short imaginary
line is calculated shape by the Fourier-series
and the curve of long imaginary line
represents calculated shape by the cubic-
spline in final result.
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Fig. 5(b). Shape function error in each represented

vertical co-ordinate,m

method. The S-S means that the
shapefunctions both in the direct and inverse
problem are described by the cubic-spline.
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Fig. 6(a). Shape function for example 3. The star curve

represents the exact shape by the cubic-
spline, while the curve of short imaginary
line is calculated shape by the Fourier-series
and the curve of long imaginary line
represents calculated shape by the cubic-
spline in final result.
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Fig. 6(b). Shape function error in each represented
method. The F-F means that the shape
functions both in the direct and inverse
problems are described by the Fourier-series.
The F-S means that the shape function in the
direct problem is described by the Fourier-
series and in the inverse problem is described
by the cubic-spline.
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Fig. 7(a). Shape function for example 4. The star curve

represents the Fourier-series exact shape,
while the curve of short imaginary line is the
Fourier-series calculated shape and the
curve of long imaginary line is represents
the cubic-spline calculated shape in final
result.
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Fig. 7(b). Shape function error in each represented
method. The S-S means that the shape
functions both in the direct and inverse
problems are described by the cubic-spline.

IV. CONCLUSION

We have presented a study of applying the
genetic algorithm to reconstruct the shape of a buried
metallic object through the measurements of scattered
E fields. Based on the boundary condition and the
measured scattered fields, we have derived a set of
nonlinear integral equations and reformulated the
imaging problem into an optimization one. The
contours of the cylinders are denoted by cubic-spline
local shape functions in local polar coordinate instead
of trigonometric series local functions to guarantee the
nonnegative definiteness. Experiment results show that
the variable searching ability of GA has its limitation,
and Fourier-series expression cannot recover the
arbitrary shape in finite terms. In our numerical results,
it is shown that using cubic-spline expand to describe
the shape in the half-space inverse problem is more
suitable than Fourier-series expression.
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APPENDIX

To calculate the Green’s function, we can use the
following formula,

[t cos g = %(ﬂ 1 ja) Tl (B + jo]+ %(ﬂ —ja) T (B - jou)
for Re g > [Im | (A1)
where 1y, 7) = Jme”t”"dt

I' is the incomplete Gamma function that satisfies

_ =D’ S P
[(-n,z)= . {F(O,Z)—e ;(—1) Zmﬂ}
r(0,2)=—y—Inz— ;(—1)" (ni m largz)| < 7]

(A2)
y is Euler’s constant, i.e., ¥ =0.5772156649. Let us
consider the following integral
e
2 Ty +y,
:LJ'* J e/}/'(Jw)e*J}/l(\"ﬂr)cosa(x_x,)da
7 ’ 7/ 1 + 7/ 2
where y’ =k’ -a’,i=1,2,3 Im(y,)<0, y'>-a.

G em()’Ht)e*jn(y'+ﬂ)e*fa(-¥<*")da

1

The integral G; may be rewritten as follows

G, =i'|.:7j /7‘(M)eﬁy>(r‘w)cosa(x—x')da
Yy,
+LJ”C le_a(y‘_v)cosaz(x—x‘)afoc
2ra.a
L = l ~a(y'-y)

Al
-x')d
Py cosa(x x) a
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In general, we choose oy >> |kj|, i = 1, 2. From Eq. (A1),
we get

L leﬂl(}H)COS(Jc(ﬁc—x‘)doc

2z e a
-~ Ar[oLo=s =0 Ja Jer[0[ - -0)]e ]}

Using the above relation, we obtain

Glzirij ’7‘(”")67/7}”“)cosa(x—x')da
yrY
+LI ie « 7‘)cosa(x—x')da
2ra.a

——i{r[o,[w—y‘)+f<x—x‘)]a0]+r[0,[(y—y'>—./(x—x‘)]aoj}.

(A3)

Now, the integral G, is written as a rapidly converging

integral plus a dominant integral, which can be easily

calculated by means of Simpson’s rule. Similarly, we
have

Ve J YTV | iy eren) —jaler)
G, =7 ['ZJe v e da

A AVAY S
1= j - iy (y+2asy"
,L J [7/2 ylje iy o+ )cosa(x—x')da
R AVAS2
2 2
- o 1 _a(ye2ary
—M —e b2 )cosa(x—x')da
87 Aoy

[(y+2a+y")+j(x-x")] Tx
+M [—2,[()/+2a+y')+j(x—x')]a0]+

167 [(y+2a+y")—j(x-x)] Tx
[—2,[(y+2a+y')—j(x—x')]a0] ]
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Abstract—Error estimates for the moment method have been
obtained in terms of Sobolev norms of the current solution.
Motivated by the historical origins of Sobolev spaces as energy
spaces, we show that the Sobolev norm used in these estimates
is related to the forward scattering amplitude, for the case of 2D
scattering from a PEC circular cylinder and for 3D scattering
from a PEC sphere. These results provide a physical meaning
for solution error estimates in terms of the power radiated by
the error in the current solution. We further show that bounds
on the Sobolev norm of the current error imply a bound on the
error in the computed backscattering amplitude.

Index Terms— Sobolev space, error analysis, method of mo-
ments

I. INTRODUCTION

Since the introduction of the method of moments for solv-
ing electromagnetic radiation and scattering problems, error
analysis of numerical methods has received much attention in
the mathematics literature. This effort has led to fundamental
results on the convergence of the method of moments. Typical
of this work are proofs that under various assumptions about
the algorithm and scattering problem, as the mesh is refined or
the number of degrees of freedom of the approximate solution
increases, numerical solutions converge to exact solutions.
Theorems of this kind have been obtained for 2D smooth
closed curves and screens [1], dielectric polygons [2], and have
been verified by numerical studies [3]. For smooth screens
in 3D, similar results are available for scalar fields [2], [4],
[5]. These results are of great importance because they place
the algorithms of computational electromagnetics on solid
theoretical ground.

The approach taken in this work by the numerical analysis
community is to place the integral operators of radiation and
scattering in a Sobolev space setting. This leads to asymptotic
solution error estimates of the form

|Aullye < CH7 (1)

where the norm is defined on the Sobolev space H®, with
s = —1/2 for the TM polarization and s = 1/2 for TE [6].
Au is the difference between the exact current solution and
a numerical solution, and h is the mesh element width or
discretization length. The convergence rate r is typically 1/2

for low order basis functions. All dependence on the physical
problem and implementation details of the numerical method,
including the incident field, frequency, scatterer geometry, and
choice of basis functions, is lumped into the unknown constant
C.

While the estimate (1) shows in an abstract sense that
a numerical solution converges as the discretization length
becomes small, it cannot be used to determine the error in a
specific numerical solution because the Sobolev norm || - ||
can be difficult to compute [7] and the constant C' is unknown.
Furthermore, it is not obvious how the Sobolev norm may
relate to a directly measurable, physical quantity.

Motivated by the historical origin of Sobolev spaces as
energy spaces, we show in this paper that the Sobolev norm in
Eq. (1) is related to a readily computable, physical quantity:
the power supplied by a surface current to its surroundings.
Heuristically, a Sobolev space for fields in a volumetric
region consists of those functions which have finite energy,
where the energy measure is induced by a particular partial
differential equation. Sobolev spaces of surface currents are
defined slightly differently, as they consist of functions on
the surface that radiate finite energy [7]. This definition is
motivated by Poynting’s theorem,

w
2

/E*~Jsd8:—/ e\E|2—M|H\2dV—7§ S* . pdV
S |4 ov

where the terms are defined as is usual in electromagnetic
theory. The Sobolev space of fields E and H is essentially
defined by requiring that the volume integral on the right-hand
side be finite. In order to obtain consistent function spaces for
fields and surface currents, at least nonrigorously, the Sobolev
space of surface currents should include all functions on .S
for which the left-hand side is finite. If the surface current
is produced by an incident field illuminating a PEC scatterer,
then the left-hand side of Poynting’s theorem with a suitable
normalization becomes the forward scattering amplitude of
the scatterer. This suggests a connection between the Sobolev
norm in (1) and the forward scattering amplitude.

Based on this connection, we derive a direct relationship
between the forward scattering amplitude and the Sobolev
norm || - ||3=. Proofs of the result are given for the specific

1054-4887 © 2005 ACES
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cases of the circular cylinder and sphere, and we conjecture
that similar relationships hold for more general geometries.
This relationship between the Sobolev norm and the forward
scattering amplitude is used to provide a physical interpreta-
tion for error estimates of the form of (1). We further show that
the bound (1) implies a bound on the error in the computed
backscattering amplitude solution. These results provide a
link between abstract results of numerical analysis and the
physical quantities that are the desired results of practical CEM
simulations. Some of the results in this paper for the 2D case
were presented in [8].

II. PEC INFINITE CIRCULAR CYLINDER

For a plane wave incident in the —z direction on a PEC
circular cylinder, the induced current v may be written as
a Fourier series, u = (27)~!/2 > U,e'?, where ¢ is the
azimuthal angle and the Fourier coefficients are given by

U _\/5 2 it
T Vornka g (ka)

for the TM case, and the TE case is identical by replacing the
Hankel function Hé,l)(k;a) with its derivative. Here, 7 is the
characteristic impedance of free space, k is the wavenumber,
and a is the cylinder radius.

In general, the currents induced on 2D PEC scatterers lie
in fractional order Sobolev spaces, where the order s is —1/2
for the TM polarization and 1/2 for the TE polarization. For
closed surfaces, the Sobolev norm is computable and is given
by [9], [10] as

luli3e = D 10> (1 +0%)"
q

2)

3)

When s is an integer, the Sobolev norm (3) reduces to the
more usual definition in terms of the L? norm of the current
and its derivatives up to order s. For example, for s = 0,
[ull* = 3=, |Uq|*, which by Parseval’s relation is the L* norm
of the current. The relationship between Eq. (3) for fractional
s and a physical quantity is not immediately apparent.
Extrapolating the foundational relationship between Sobolev
spaces and physical energy, we will show that the Sobolev
norm (3) is equivalent to the forward scattering amplitude,
which is given by
“)

Pu) = f% E¥udl = % / (Lu)*udl,
c

c
where E° is the tangential component of the scattered field and
L is the EFIE operator so that Lu = E°. Note that P is the
left-hand side of Poynting’s theorem (2) scaled by —kn/4. If
E' is a plane wave, P is the power scattered in the direction of
the plane wave. Otherwise, it may be viewed as a generalized
forward scattering amplitude. It will be convenient to express
the forward scattering amplitude in series form. This may be
done for an arbitrary current v by decomposing the Green’s
function in £ as a sum over Bessel functions [11]:

2 27 ) ,
E :aq*/ u(¢')elq(¢_¢)d¢/ (5)
0
q

Lu wkan
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where the coefficients are given by
(kan)? { Jo(ka)H? (ka) TM
g = ——"— X

6
Ji(ka)H{" (ka) TE ' (©

8
and J,(ka) is the usual Bessel function. Substituting Eq. (5)
into Eq. (4) yields

P(U):Zaq‘UqF- (7
q

To establish a rigorous relationship between the Sobolev
norm and the forward scattering amplitude, we will use the
notion of equivalent norms. If two norms are equivalent, then
if £ — 0 in either norm, then it will vanish in both norms.
Formally, two norms || -|| and || - ||’, defined for the same space
X, are said to be equivalent if there exists constants c1,co > 0
such that

cllzll <zl < eall2|

®)

for every x € X. We will also need the definition of a
quasinorm. A quasinorm is a functional with the following
properties:

1) ||z|| > 0 with equality iff « is everywhere 0.

2) ||az|| = ||||x|| for all « € C.

3) ||z1 + z2|| < K(||z1]] + ||z2||) for all z1, 22 € X and

for some K > 1.
A quasinorm differs from a norm in that for a norm, we have
K = 1. We will prove that the quantity || - ||p = /| P(-)| is a
quasinorm and is equivalent to the Sobolev norm (extending
the notion of equivalency to include quasinorms).

To prove that ||| p is a quasinorm, all three properties above
must be shown. Property (1) is satisfied by further stipulating
that there are no internal resonant modes, i.e., g # 0O for all g.
This is equivalent to saying that the interior Dirichlet (TM) or
Neumann (TE) problem does not have a non-trivial solution.
Satisfaction of property (2) is seen by substituting aU, in for
U, in the scattering amplitude expression (7). Since ||u||-= is
a norm, it satisfies property (3) above with K = 1. Using this
with the equivalency statement (8) yields the inequality

€))

C2
lr +uzllp < (lwllp + llulle)

This proves property (3) and || - || p is a quasinorm. If £ were
self-adjoint, then ||-|| » would be a norm. This is a minor point,
since this paper relies on the equivalency relationship (8) to
relate the Sobolev norm to a physical quantity, particularly in
the sense as the Sobolev norm of an error current vanishes.
The properties of norms and quasinorms are not used, except
to couch the problem in a more familiar framework.

It remains to find constants c; and cs that satisfy Eq. (8)
with |- || = || - |lp and || - ||" = || - ||#=. The constant ¢; is
found by directly comparing the || - || p norm with the Sobolev
norm (3) term by term. This yields

—1/2 25
o1 = {maxlﬁq] ~ == (ka) /6, (10)
q n
where 3, = a,(1 + ¢?)°. The approximation was made

analytically using results of [12] for the TM case (s = 1/2)



and extended numerically to the TE case (s = —1/2), where
estimating max, |G,| is more difficult.

A constant co satisfying Eq. (8) can be derived by first
classifying as low order modes those terms in (7) for which
lg] < go, where qq is a positive integer to be specified. Splitting
the sum in the scattering amplitude (7) into high and low order
modes and also into real and imaginary parts, we define

R = Z Re(aq)|Uq\2 I = Z Im(aq)|Uq|2
lal<qo lal<ao
Ry, = Z Re(aq)|Uq\2 I = Z Im(“q)|Uq|2
lal=q0 la|>q0
.(11)
We then rewrite the forward scattering amplitude (7) as
P(u) =R+ R +i(Il; + Iy). (12)

To compare the forward scattering amplitude to the Sobolev
norm term by term, we will compare the low order terms of
the Sobolev norm (3) with R; since it allows us to guarantee
that ¢, is finite except at resonance frequencies. We obtain the
following relationship:

Rl =m0 Y (U P+ ),

7:|q1<qo

13)

where 7; ming|q|<q, Re(3,). We can compare the high
order terms of the Sobolev norm to I}, since they both fall off
at the same rate in ¢. Asymptotic expansions of Im(cy,) show
that the integer ¢y can be chosen sufficiently large such that
the o, have the same sign for all |g| > go. This allows us to
bring the absolute value operator inside the summation in the
definition of I;, and derive the relationship

nl = Y m(ag)|U* Zin Y UL +46%)°, (14)

lg|>q0 lg]>q0

where i;, = ming.|q>4, |Im(3,)|. Since R; and I; are ex-
traneous, we will discard them. By the definition of oy, R;
and Rj have the same sign and R, can be immediately
eliminated from P(u) to give the lower bound |P(u)| >
|R; +i(I; + Ir)|. We can remove I; by noting that

Im(f,)
I;| < max LR < MRy, (15)
L] B | Re(By) | By | Ry
where M is a constant given by
Im(,) )
M =max | 1, max . (16)
( q:191<qo Re(ﬁq)

We have defined M to guarantee that it satisfies M > 1. This
allows us to apply inequality (43) from the appendix, yielding
1
P >
P)| 2 57
Substituting in the term by term comparisons (13) and (14)
yields

(1Bi| + [1n]) - (17)

3M[P(u)] > min(r,in) Y [Ug*(14¢%)".

q

(18)
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Simplifying and taking the square root of each side, gives
lullxs < callullp, where

3M
Co =\ 7~
\/ min (ry,ip)

Note that c, depends only on ka and not on the current
u, as required. It can be proved from the definition of the
oy that ¢y is finite, except at resonance frequencies. This is
consistent with Eq. (8) where, as ka approaches a resonance,
|lu||p vanishes if u is a resonant mode, but ||u||ss does not.
Thus, if ||ul|= < collu||p is to be maintained, we must have
co — oo at these frequencies. We have thus obtained

19)

allullp <lullrs < cofluflp (20)

which relates the Sobolev norm of a current to the forward
scattering amplitude, a physically meaningful quantity.

III. PEC SPHERE

We now derive a similar relationship between a 3D Sobolev
norm and the forward scattering amplitude for scattering
from a PEC sphere. In general, any function tangential to a
surface may be expressed in terms of its surface Helmholtz
decomposition

J=J%+J% 1)

where J/ is curl-free (irrotational) and J¥ is divergence-free
(solenoidal). In [7], it is shown that J °f and J¥ on a sphere
can be expanded as

Jo = vt Z Z dL2uef PlI™l(cos §)e™?

n=1m=-—n

(22)

and

JY — 7 x vt Z Z d2u® PI™l(cos9)e™?,  (23)

n=lm=-n
where the normalizing factor is

(n—|m|)! (2n+1)
(n+ |m|)! 4rn(n + 1)

dimn = (24)
Here, the P,llml(-) is the associated Legendre function of the
first kind V' is the surface gradient. A Sobolev space for
currents on 3D bodies is denoted by H d_li/ % and for a sphere
the norm is given by

o0

||J||i1—1/2 = Z [Uflf(l +n2)1/2 + Ugf(l + n2)71/2:| :
div -1
’ (25)
where
U= D0 b P U = Y0 il @6

m=—n m=—n

Using the orthogonality relationships in [7, Sec. VIII], it can
be shown that the forward scattering amplitude decomposes
as

P(J) = PY(J7) + PY (), 27)
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where

Pl =3 "adlugs , PU = "ol Ul (28)

n=1 n=1

Here, P¢/ is the forward scattering amplitude due to the curl-
free component of the current and P¥ is similarly defined for
the divergence-free component. Note the similarity of Eq. (28)
to the 2D expression (7). In these expressions,

C10\2

off = " (k) o D (ha)) @)
YEIRY)

of = W ha)]lka A (ha),

where j,(ka) and hg)(k:a) are the usual spherical Bessel and
spherical Hankel functions, respectively. Performing the same
term by term comparison as was done for the circular cylinder,

we obtain
APVIPI] < T ] e, (30)
3D c dy]1—1/2
where ¢} = [max(cl,cl)] and

¢§ = max |af (14 n?)"1/2|, 31)
n:n>1

The constant ¢¢ is defined similarly, replacing o with ad
and —1/2 with 1/2 in the exponent. Numerically, c;° =
4.5/(kn) (ka)~2/3. As in the two-dimensional problem, Eq.
(30) implies that if the current J vanishes in the Sobolev norm,
then the forward scattering amplitude must also vanish. For
scattering from a circular cylinder, we proved a stronger equiv-
alency relationship. Because of possible cancellation between
radiation from curl-free and divergence-free modes, a constant
analogous to ¢y cannot be obtained for the sphere. Fortunately,
this stronger equivalency is not essential to provide a physical
interpretation of the Sobolev norm in error estimates, as will
be seen.

IV. NUMERICAL EXAMPLES

To illustrate the relationship between current measures in
2D, we consider two example TM currents. The current u(!)
is induced by an incident plane wave and u(?) is a single mode
€'7'9 that is nearest to resonance (|| < |oyg|, |g] < qo) for a
given value of ka. The corresponding Fourier coefficients are
given by Eq. (2) for u(!) and by UéQ = \/270,y, Where 8y
is the Kronecker delta. Figure 1 shows the ratio || - || /] - || p
for u(™) and u(? as a function of electrical size ka. We plot on
the same axes c; and cy. The ratio of norms is always bounded
below by c; and above by c», as proved. Near resonances, the
bound ¢y becomes large, but away from resonances it is on
the order of 0.01.

Similarly, define a current J on a sphere that is induced
by a plane wave of unit amplitude, X polarized and traveling
in the negative z direction. In this circumstance, the current
coefficients can be obtained using results of [13] and are given
by

ucf _ \/El-fnfl V2n+1

nm ey ka h;l)(ka) (1 = o)

(32)
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o il
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Electrical size ka

Fig. 1. Illustration of norm equivalence for two different test currents (TM
polarization). The constants ¢; and ¢z always bound the ratio || - ||#s /|| - || P,
which ratio is shown for the current induced by a plane wave (u'")) and a
nearest-to-resonance, single-mode current (2 Similar results are obtained
for the TE polarization.

and

v2n+1
(ka h'P (ka)]’
Figure 2 verifies the bound (30) for this surface current. Note
that the ratio || J|| ,1/2|P(J)|~*/? is always greater than ¢iP,
diy
as predicted by Eq. (30). We also see from Figs. (1) and (2)
that away from resonances

udf _ \/%Z‘fnfl

= — Om.—1+ 0m.1).
nm k?77 ( ,—1 + 71)

(33)

1 1
fule = e o VPO = 5l 39

10
Electrical size ka

Fig. 2. Ratio of the Sobolev norm to the square root of the magnitude of
the forward scattering amplitude for a plane wave induced current on a PEC
sphere. The ratio is always bounded below by c‘I’D, as proved.

V. APPLICATION TO ERROR ANALYSIS

The equivalency statement (8) provides a physical inter-
pretation for the Sobolev norm of the current solution error
in the estimate (1). Suppose a moment method solution @ to



Lu = E' on a PEC circular cylinder is generated, with current
error defined by Au = u — 4. The Sobolev norm of the error
is approximately proportional within a range specified by the
constants ¢; and ¢y to the total power radiated by the error
current Aw if it were impressed on the scatterer contour C.
This transforms (1) into an error estimate for a physically
meaningful quantity:

|P(Au)| < e ?||Aull3. < (Cler)® b, (35)

which implies that the forward scattering amplitude or total
supplied power associated with the current error Au must
decay at least as quickly as h2".

The quantity ||Aul|% = |P(Au)| in Eq. (35) is the forward
scattering amplitude of the error current, which is not the
error in the forward scattering amplitude as computed from the
numerical current solution @. In terms of the EFIE operator
L, we have for the forward scattering amplitude of the error
current

k
| Aulfp = |P(aw)] = 2 /(EAu)*Au ds|,  (36)
s
whereas the error in the computed scattering amplitude is
AS(¢1, %) = |5 — §] = / E¥Auds|.  (37)
s

To relate the Sobolev norm to a direct error quantity requires
the scattering error to be put in a form containing two Au
terms. This may be done by defining an adjoint equation,
Ly = E*, where L% is the adjoint of £. Assuming that
the adjoint equation is solved using the same procedure as the
EFIE, but exchanging the roles of testing and basis functions,
the following result is obtained [14]-[18]

85(6'. %) = | [ (c8w (A

@)* s (38)

where Au® = u® — 4%. Because L is not self-adjoint, Au
is not simply related to Au® for an arbitrary scattered field
and Eq. (38) does not behave like an induced norm for Auw.
However, in the backscatter direction E° = E™, u®
and assuming that u® and 4 are expanded in the same basis
(Galerkin testing), we also have 4® = u*. This yields

kn
4

Note that |[AS(¢%, ¢%)| (39) differs from ||Au||% (36) only by
a conjugate on the LAw term. For a circular cylinder, AS in
the backscattering direction is therefore similar to Eq. (7) and

is given by
Za (AU,)

where we have used the fact that AU_, = AU,. The
derivation of the lower constant c¢; applies equally well to the
series (40) as it does to the series (7), therefore the inequality
(35) is valid replacing |P(Au)| with |AS(¢?, ¢%)|, giving
finally

= U*,

|AS(¢, ¢")| = (£Au) Auds|. (39)

S(¢'.¢") = (40)

[AS(¢",0")] < || Aull3e < (Clex)? R (41)
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This is a new bound on the backscattering error, subject to
the Galerkin testing condition. It shows that the error in the
backscattering amplitude must decay at least as quickly as h2".

The curves in Fig. 3 were computed by generating a moment
method solution for the EFIE and computing the coefficients
AU, numerically. A triangle (piecewise linear) expansion was
chosen to avoid the Gibbs phenomenon associated with the
Fourier coefficients of discontinuous functions. We see that
the inequalities (35) and (41) are evident in the figure because
both |AS(¢%, ¢")| and ||u|% are both less than 1/c7 ||Aul|?,..
Further, we see that the error measures ||Aul%,., |lu||%, and
|AS] converge asymptotically at the same rate as the mesh is
refined. While this is required of the first two error measures
by the equivalency statement (8), (¢, ¢%)| may actually
converge faster than the Sobolev measure ||Aul|%,. without
violating any inequality derived in this paper. We also note
that all three error measures converge as h®, which rate is
proved for |AS| analytically in [12]. This is much faster than
the 2r = 1 rate predicted by the Sobolev bound (1), implying
that these bounds are not tight. To achieve this convergence
rate required a quadrature rule that combined lin-log Gaussian
quadrature [19] with a Gauss-Legendre rule.

10
-0 48]
2
— A
2
10 "+ 2 2
1/62|Aul?s
£ 107 1
w
107 1
-8
10 ‘ ‘ ‘
10° 10' 10° 10° 10*

Unknowns per wavelength

Fig. 3. Three different error measures for a moment method, TM polarized
current solution, ka = 7 /4. The horizontal axis is A\/h. The backscattering
amplitude error |AS| (circles) is computed from an MoM solution for
Lu = E* with triangle expansion functions and Galerkin testing. The forward
scattering amplitude of the current error, ||Aul||p (dots) is equivalent in
the rigorous sense to the Sobolev measure ||Aull4s (pluses). These error
measures are related by Eqs. (35) and (41). For this particular value of ka,
we have ¢1 =~ 0.006.

We have given numerical examples of moment method error
measures for scattering from a circular cylinder. Since the
variational expression (38) applies also in three dimensions,
we have

[AS] < (?) P IAT (G2 (42)

Here, AS is the error in the backscattering amplitude for mo-
ment method solutions to scattering from a sphere. (To the au-
thors’ knowledge, there are no bounds analogous to Eq. (1) for
3D PEC scattering problems, although [2], [4] give Sobolev-
type bounds for 3D scalar problems.) To give a numerical
example similar to Fig. 3, computing the Sobolev measure

|AT ||i,1 ,» would require computing the inner products of AJ
div
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with Legendre polynomials and complex exponentials. Since
this is tedious, we omit it. The impracticality of computing
the Sobolev norm of error currents is one reason a physically
meaningful alternative to the Sobolev norm is desirable.

VI. CONCLUSIONS

We have related the abstract Sobolev norm of an arbitrary
current on an infinite, PEC circular cylinder to the forward
scattering amplitude associated with that current. A slightly
weaker result was derived for 3D currents on a PEC sphere.
This equivalency was used to show that a small error current
measured in the Sobolev norm implies that the error current
radiates little energy. Therefore, Sobolev error estimates prove
that moment method solutions converge in the sense that the
energy radiated by the current error vanishes as the mesh is
refined.

Further, a direct relationship was derived between the
Sobolev norm of the current error to the error in the com-
puted backscattering amplitude solution. This provides a link
between error estimates in the Sobolev literature to physical
quantities in practical CEM simulations. We conjecture that
these observations hold for more general scatterers.

APPENDIX
INEQUALITY FOR COMPUTING cg

Let a,b, ¢ be real numbers with |b| < M|a| and M > 1.
Then we have the inequality

la+i(b+c)| 2%. 43)
Proof: Assume that |b| > |c|. Then we have
atito+ ) > fof = 2 4 2 (44a)
> % + % (44b)
> % + % (44c)
> |‘1‘3;M|C|' (44d)

The second step (44b) follows from the given |b] < M]al
and (44c) from the case statement |b| > |c|. The fourth line
(44d) follows from the given M > 1. Now assume instead
that |b] < |¢|. It can be shown that

V20a+i(b+e)| > lal + [b+c| > lal + e[ — [ol,  @45)

where we have used the triangle inequality and |b] < |¢|.
Claiming that

|

2M
inequality (43) immediately follows. We can prove claim (46)
by contradiction. Suppose that

lal + ||
)

la| +|c| —[b] > (46)

la] + ]

— b <
Jal + lel = bl < L

(47)
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is true. Then the following inequalities are implied

2M — 1)(Ja| + |¢]) < 2M|b| (48a)
(2M — 1)(|b|/M + |c|) < 2M|b] (48b)
2M 1

For M > 1, the expression 2M/(2M — 1) —1/M is less than
one. This implies that |¢| < |b|, a contradiction to the case
statement |b| < |c|. Thus, the assumption (47) must be false
and Eq. (46) must hold, completing the proof.
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Abstract:  This paper provides one-dimensional
simulation results of the induced currents on constantly
moving and vibrating perfect conductors under the
normal illumination of plane Gaussian electromagnetic
pulses. The characteristic-based algorithm is employed
for the solutions of time-dependent Maxwell curl
equations. In the numerical model, the size of the
computational cell adjacent to the moving boundary, and
its corresponding numerical time step become time-
dependent since the boundary is not stationary. By
comparing the computational results with the theoretical
Doppler shift values, we show that the present method
successfully predicts the induced currents on the perfect
conductor surface. The computed electric and magnetic

field intensities and induced currents are demonstrated as

well.

Introduction:

The effects on electromagnetic waves caused by
uniformly traveling or oscillating targets are usually
neglected if the velocity of movement or the resultant
instantaneous speed of vibration is relatively small. The
study of these topics becomes important wherever
researchers have to deal with them. Several analytic
studies can be found and the following remarks can be
drawn: perfect conductors undergoing translational
motion result in the well-known Doppler shift in the
reflected fields; an oscillating target changes not only the
phase but also the magnitude of the scattered fields [1-3].

A variety of computational techniques are
developed for the solutions of the electromagnetic
scattering problems for the past half century. The two
most commonly approaches for solving electromagnetic

problems are the method of moments (MoM) and the

finite-difference time-domain (FDTD) technique. A
recently proposed method applied to the solution of
various electromagnetic problems is the characteristic-
based algorithm that numerically approximates the
time-dependent Maxwell curl equations. Whitfield and
Janus applied this characteristic-based algorithm to the
solutions of the Navier-Stokes equations for the fluid
dynamic problems in the early 80s [4]. A decade later,
Shang employed this method to solve the time-domain
Maxwell’s equations [5] through the application of
explicit  central-difference scheme. The implicit
formulation was developed for the same purpose and its
results were found to agree with data produced by FDTD
[6]. Unlike MoM and FDTD, all field quantities are
placed in the center of grid cell in the characteristic-
based approach. It directly solves Maxwell’s equations by
balancing the net flux across all cell faces within each
computational cell. The present numerical method is then
considered a better approach over MoM and FDTD for

problems involved with time varying cells, such as cases

where object is moving or vibrating.

Governing Equations:
The governing equations for electromagnetic
problems in source-free region are the time-dependent

Maxwell curl equations:

B L VxE=0 (1)
ot
a—D—VXH:O. (2)
ot

Since one-dimensional models are used, we can only
consider a two-dimensional numerical formulation. To
begin with, the characteristic-based algorithm requires

the transformation of the governing equations from the

1054-4887 © 2005 ACES



Cartesian coordinate system (t, x, y) into the body-fitted
coordinate system (1, &, ). We rewrite (1) and (2) as
R, F &G _,

or 0& On )

where
Q=Jq “)
F=J(&f+&e) (5)
G=J(f+nyg) (6)

and
_foxay_axay| o
0§ on  on g

The symbol J in above equations stands for the Jacobian
of the inverse transformation, and the three variable

vectors are respectively given by

q=[B,,By,D,]" (8)
f=[0,-E,,-H,]" ©
g=[E,,0, H,]" (10)

Shown as in (3) is called the Maxwell’s equations
in form of the Euler equation. The numerical procedure

is formulated by applying the central difference operator

O(®) = (Plss — (P )

to (3). Then it becomes
$ + i—g + SAJ—: =0 12)
In (11) the half-integer index represents the interface
between two adjacent computational cells where flux is
evaluated. The superscripts “n” and “n+1” on variable
vector Q in (12) are two consecutive time levels. The

numerical method approximates Maxwell’s curl equation

in curvilinear coordinate system by solving for the flux

change for each grid cell within each numerical time step.

The flux vector splitting technique and the Newton
iterative method are also applied followed by the
lower-upper approximate factorization scheme for the

solution of the system of linear equations.

Boundary Conditions:

The boundary conditions (BC’s) used in the present

HO: INDUCED CURRENTS ON A MOVING AND VIBRATING PERFECT PLANE

method are derived from the concepts of characteristic
variable (CV) boundary conditions and the relativistic
boundary conditions. According to the definition, every
CV associates with one particular eigenvalue and is
defined as the product of the instantaneous variable
vector and the eigenvector corresponding to that
particular eigenvalues [4]. Since every eigenvalue
indicates the direction and velocity of the information
propagating across the cell face, the use of CV for the
evaluation of boundary variables should increase the
accuracy of scheme. In order to incorporate the
relativistic effects on the perfectly conducting surface, we
combine the characteristic variable boundary conditions
and the relativistic relation to evaluate the boundary
values of variables. The relativistic boundary conditions
are given by

AxE® =(A-v)B® (13)
where v and n are the velocity and unit vector normal
of the perfectly conducting surface, respectively. The
superscript “b” stands for the boundary values of the
electric and magnetic field variables evaluated right on
the perfectly conducting surface. By definition, the CV

arriving on the boundary is given by

CVP =AxB+n, D (14)
with 1, being the impedance of free space and B and
D are variables of the cell next to the boundary. Note
that, this CV® is tangential to the perfectly conducting
surface and contains information propagating from the
adjacent cell as indicated by the corresponding

eigenvalue.

The Problem:

The incident electromagnetic pulse used in the
simulation is specified as follows. It is a Gaussian-
windowed plane electromagnetic pulse with a cutoff level
of 100 dB from the peak value, initially propagates in the
positive x-direction in source-free region, and normally
illuminates upon a perfect plane that is either at rest or in
motion. This Gaussian electromagnetic pulse with its

electric intensity being normalized to unity has a width of
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about 1.902 ns measured from the center to e *°.

For a motionless boundary, the grid system is
stationary where the cell number and cell dimension are
constant and uniform as shown in Figure 1(a). In the
present simulation, due to the motion of boundary, both
cell number and cell size are changing as time advances.
As shown in Figures 1(b) and 1(c), provided that the cell
immediate next to the moving boundary is the cell N,
portion of the N™ cell may be truncated by the boundary
at certain instance of time; and a moment later an extra
fractional cell, the (N+1)™, may be introduced into the
grid system. The number of cells eliminated from or
added into the grid system may be multiple and subjects
to the oscillation amplitude and the grid density. These
variations must be taken into account by updating the
effective cell area and the resultant numerical time step to

maintain decent accuracy of scheme.

(a) b « © -

veo|N-1| N .o |N-1| N veo|N-1| N [N+1
Perfect
plane <« —

Figure 1. Computational cell indexing: (a) stationary grid
system, (b) the N® cell is truncated, (c) the

(N+1)! cell is introduced.

In order to easily observe the effects of the moving
object on the induced currents, we make the following
arrangements. The perfectly conducting surfaces are set
to constantly move at a velocity of 10 percent of the
speed of light (C = 3 x 10® m/s), and/or vibrate with a
constant frequency and a constant amplitude so that the
extreme instantaneous velocity equal to £ 0.1 C. The
vibration frequency and amplitude are set to be 1 GHz
(an impractical high value) and 4.775 mm to result in an
extreme speed of 0.1 C near the equilibrium position. The
resulting velocities of conductor are illustrated in Figure

2 where they are superposed if conductor moves and
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vibrates simultaneously. The two ratios of the

translational velocity and oscillatory instantaneous
velocity to the light speed are B, and B,, respectively.
Since the latter ranges from —0.1 C to +0.1 C, symbol
|By | is used for the magnitude. The value of B, and f, is
positive if conductor and the incident pulse move in the
same direction and negative if they approach each other.
The numerical setups are as follows: the numerical
electromagnetic pulse is plane and only has the
components E, and B,. The excitation pulse is three
meters in spatial span from the peak to the cutoff point;
the number of grid cell for a six meters span is 800 points;
the numerical time step is set so that the numerical
electromagnetic pulse takes forty steps for one grid cell.
Note that, for an oscillation amplitude as previously
stated the moving boundary covers 1.273 cells peak-

to-peak.

Instantaneous Velocity
021

b T ———
4 ————

-
b

0.1
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P o
19
<

e

1
1
1
1
=. 118,
' B =+0.1;]B |=0
1
0 =0; B l=01
==0.1;[B [=0.1
=+0.1;(B [=0.1

ns

Figure 2. Instantaneous velocities of moving and/or

vibrating conductors.

The induced currents are computed by taking the
cross product of the unit vector normal and the magnetic
field intensity where the latter is the resultant boundary
values. Another field quantity sampled at the same
location is the electric field intensity. If conductor is
stationary the electric field is always zero in magnitude.
Yet, the electric field is no longer vanished if conductor
moves so that the relativistic effects cannot be dismissed.
Under such circumstances, if the resultant velocity of

conductor is V , the boundary values of the field



components can be solved directly from equations (13)

and (14) and are respectively given

Bb -1 _cyb (15)
v—1

Eb =Y cvb. (16)
v—1

To obtain above expressions, we take the convenience
that both unit vector normal of the surface and velocity
are along the x-axis. Note also that v used in (15) and
(16) is the combined velocity of conductor and that the
sign of this velocity is dependent upon the relativistic
motion between the electromagnetic pulse and conductor
as previously mentioned. The induced current flows in
the positive z-direction can be computed as

jz =haxH (17)
where H® is the magnetic field intensity evaluated on

the boundary.

Results:

To illustrate the interaction between the
electromagnetic pulse and the moving/vibrating perfect
conductor, two time sequences of the electric field
intensity are given in Figure 3. It is observed that on the
perfectly conducting surface the electric fields are not
always zero in strength due to the application of the
relativistic boundary conditions. Plotted in Figures 4 and
5 are the boundary values of the electric and magnetic
fields computed through (15) and (16). Note that all field
quantities are normalized to unity henceforward and that
the induced currents are similar to those of Figure 4 since
it can be obtained by (17). If we take the difference
between (15) and (16), we expect by the mathematical
expression that the oscillatory behaviors of the fields
would be cancelled out. The computational results are
calculated and shown in Figure 6.

The Doppler effects on the induced current can be
investigated on both magnitude and pulse width. The

magnitude of the induced current is predictable by the

relation and the resulted pulse width by

2
1+(Be +By)
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1-
/—1 E L where the oscillatory behavior is ignored for
+ T

easy estimation. Listed in Tables 1 and 2 are the
calculated maximum shifts in magnitude along with the
theoretical values. For instance, if the boundary moves
and vibrates at the same time, when the maximum
instantaneous velocity is —0.2 C, the corresponding
magnitude is equal to 2.5; the pulse width is 1.2247 times
that of the incident pulse, which is 1.7208. It is noted that
the computational results are in good agreement with the

analytical calculations.

P

Figure 3. Interaction of electromagnetic pulse with
moving perfect planes: (a) Vibrating and
approaching, (b) Vibrating and receding
(only electric fields are shown).
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Figure 4. Calculated electric field using equation (3).
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Table 1: Doppler shifts in pulse width.

Velocities From center to ¢ *°
Be | By | Calculated | Theoretical
0 0.0 1.9028 1.9024
-0.1 0.0 1.7294 1.7208
+0.1 0.0 2.1153 2.1032

Table 2: Doppler shifts in the induced current.

Velocities Maximum | J, |

B: | By | Calculated | Theoretical

0 0.0 1.9999 2.0000
-0.1 0.0 2.2223 22222
+0.1 0.0 1.8176 1.8182

0 0.1 2.2220 2.2222
-0.1 0.1 2.5001 2.5000
+0.1 0.1 1.9908 2.0000
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Conclusion:

This paper has shown that the characteristic-based
algorithm successfully simulates the induced currents on
the surface of moving and/or vibrating perfect conductors
in one dimension. The computational results of the
induced current magnitudes and pulse widths as
consequences of the moving conductors are compared
with the theoretical values. They are in good agreement.
It is our future work to develop the existing code to
problems with objects of finite dimension and problems

involved with moving medium.

References

[1] R. E. Kleinman, R. B. Mack, “Scattering by linearly
vibrating  objects,” IEEE  Trans. Antennas
Propagation, vol. AP-27, no. 3, pp. 344-352, May
1979.

[2] J. Cooper, “Scattering of electromagnetic fields by a
moving boundary: the one-dimensional case,” IEEE
Trans. Antennas Propagation, vol. AP-28, no. 6, pp.
791-795, November 1980.

[3] F. Harfoush, A. Taflove, and G. Kriegsmann, “A
numerical technique for analyzing electromagnetic
wave scattering from moving surfaces in one and
two dimensions,” IEEE Trans. Antennas Propagation,
vol. 37, pp. 55-63, January 1989.

[4] D. L. Whitfield and J. M. Janus, “Three-dimensional
unsteady Euler equations solution using flux
splitting,” ATAA Paper, no. 84-1552, June 1984.

[5] J. S. Shang, “A characteristic-based algorithm for
solving 3-d time-domain Maxwell equations,”
Electromagnetics, vol. 10, pp. 127, 1990.

[6] J. P. Donohoe, J. H. Beggs, and M. Ho, “Comparison
of finite-difference time-domain results for scattered
electromagnetic fields: Yee algorithm vs. a
characteristic ~ based algorithm,” 27th IEEE
Southeastern Symposium on System Theory, pp.
325-328, March 1995.



HO: INDUCED CURRENTS ON A MOVING AND VIBRATING PERFECT PLANE 156

Mingtsu (Mark) Ho was
born in Chia Yi City, Taiwan,
R.O.C. in 1958. He received
the B.S. degree in Physics in
1983 from the National

Cheng Kung University,
Tainan, Taiwan, R.O.C., the

2 M.S. degrees in Physics and

Electrical Engineering from the Mississippi State
University, U.S.A., and the Ph.D. degree in Electrical
Engineering from the Mississippi State University,
U.S.A., in 1997.

He was a senior engineer in the R&D department, TECO
Electric and Machinery Co., Ltd. from March 1998 till
August 1999. Since then he has been an assistant
professor in the Department of Electronic Engineering,
Waufeng Institute of Technology, Chia Yi, Taiwan, R.O.C.
His research interests include the wuse of the
characteristic-based method for numerical simulations of
the following problems: scattering of EM waves from
moving/vibrating objects, EM interferences among strips,
and the propagation of EM waves/pulses inside media

having complex higher-order susceptibilities.



AUSTRALIAN DEFENCE LIBRARY
Northcott Drive
Campbell, A.C.T. 2600 AUSTRALIA

BEIJING BOOK COMPANY, INC
701 E Lindon Ave.
Linden, NJ 07036-2495

DARMSTADT U. OF TECHNOLOGY
Schlossgartenstrasse 8

Darmstadt, Hessen

GERMANY D-64289

DARTMOUTH COLL-FELDBERG LIB
6193 Murdough Center
Hanover, NH 03755-3560

DEFENCE RESEARCH ESTAB. LIB.
3701 Carling Avenue
Ottowa, ON, K1A 024 CANADA

DPS/LIBRARY (EABV)
Alion Science & Technology
185 Admiral Cochrane Drive
Annapolis, MD 214017307

DSTO-DSTORL EDINBURGH
Jets AU/33851-99, PO Box 562
Milsons Point, NSW
AUSTRALIA 1565

DTIC-OCP/LIBRARY
8725 John J. Kingman Rd. Ste 0944
Ft. Belvoir, VA 22060-6218

ELSEVIER

Bibliographic Databases

PO Box 2227

Amsterdam, Netherlands 1000 CE

ENGINEERING INFORMATION, INC
PO Box 543
Amsterdam, Netherlands 1000 Am

ETSE TELECOMUNICACION
Biblioteca, Campus Lagoas
Vigo, 36200 SPAIN

FLORIDA INTERNATIONAL UNIV.
ECE Dept./EAS-3983

10555 W. Flagler St

Miami, FL 33174

GEORGIA TECH LIBRARY
225 North Avenue, NW
Atlanta, GA 30332-0001

2005 INSTITUTIONAL MEMBERS

HRL LABS, RESEARCH LIBRARY
3011 Malibu Canyon
Malibu, CA 90265

IEE INSPEC/Acquisitions Section
Michael Faraday House

6 Hills Way

Stevenage, Herts UK SG1 2AY

IND CANTABRIA
PO Box 830470
Birmingham, AL 35283

INSTITUTE FOR SCIENTIFIC INFO.
Publication Processing Dept.

3501 Market St.

Philadelphia, PA 19104-3302

LIBRARY of CONGRESS
Reg. Of Copyrights

Attn: 40T Deposits
Washington DC, 20559

LINDA HALL LIBRARY
5109 Cherry Street
Kansas City, MO 64110-2498

MISSISSIPPI STATE UNIV LIBRARY
PO Box 9570
Mississippi State, MS 39762

MIT LINCOLN LABORATORY
Periodicals Library

244 Wood Street

Lexington, MA 02420

NA KANSAI KINOKUNNA CO.
Attn: M. MIYOSHI

PO Box 36 (NDLA KANSAI)
Hongo, Tokyo, JAPAN 113-8688

NAVAL POSTGRADUATE SCHOOL
Attn:J. Rozdal/411 Dyer Rd./ Rm 111
Monterey, CA 93943-5101

NAVAL RESEARCH LABORATORY
C. Office, 4555 Overlook Avenue, SW
Washington, DC 20375

OHIO STATE UNIVERSITY
1320 Kinnear Road
Columbus, OH 43212

PAIKNAM ACAD. INFO CTR LIB.
Hanyang U/17 Haengdang-Dong
Seongdong-ki, Seoul, S Korea 133-
791

PENN STATE UNIVERSITY
126 Paterno Library
University Park, PA 16802-1808

RENTON TECH LIBRARY/BOEING
PO BOX 3707
SEATTLE, WA 98124-2207

SOUTHWEST RESEARCH INST.
6220 Culebra Road
San Antonio, TX 78238

SWETS INFORMATION SERVICES
160 Ninth Avenue, Suite A
Runnemede, NJ 08078

SYRACUSE UNIVERSITY
EECS, 121 Link Hall
Syracuse, NY 13244

TECHNISCHE UNIV. DELFT
Mekelweg 4, Delft, Holland, 2628 CD
NETHERLANDS

TIB & UNIV. BIB. HANNOVER
DE/5100/G1/0001
Welfengarten 1B

Hannover, GERMANY 30167

TOKYO KOKA UNIVERSITY
1404-1 Katakura-Cho
Hachioji, Tokyo, JAPAN 192-0914

UNIV OF CENTRAL FLORIDA LIB.
4000 Central Florida Boulevard
Orlando, FL 32816-8005

UNIV OF COLORADO LIBRARY
Campus Box 184
Boulder, CO 80309-0184

UNIVERSITY OF MISSISSIPPI
John Davis Williams Library
PO Box 1848

University, MS 38677-1848

UNIV OF MISSOURI-ROLLA LIB.
1870 Miner Circle
Rolla, MO 65409-0001

USAE ENG. RES. & DEV. CENTER
Attn: Library/Journals

72 Lyme Road

Hanover, NH 03755-1290



ACES COPYRIGHT FORM

This form is intended for original, previously unpublished manuscripts submitted to ACES periodicals and conference publications. The signed form,
appropriately completed, MUST ACCOMPANY any paper in order to be published by ACES. PLEASE READ REVERSE SIDE OF THIS FORM FOR
FURTHER DETAILS.

TITLE OF PAPER: RETURN FORM TO:

Dr. Atef Z. Elsherbeni

University of Mississippi

Dept. of Electrical Engineering
AUTHORS(S) Anderson Hall Box 13
PUBLICATION TITLE/DATE: University, MS 38677 USA

PART A - COPYRIGHT TRANSFER FORM
(NOTE: Company or other forms may not be substituted for this form. U.S. Government employees whose work is not subject to copyright may so certify
by signing Part B below. Authors whose work is subject to Crown Copyright may sign Part C overleaf).

The undersigned, desiring to publish the above paper in a publication of ACES, hereby transfer their copyrights in the above paper to The Applied
Computational Electromagnetics Society (ACES). The undersigned hereby represents and warrants that the paper is original and that he/she is the author
of the paper or otherwise has the power and authority to make and execute this assignment.

Returned Rights: In return for these rights, ACES hereby grants to the above authors, and the employers for whom the work was performed, royalty-free
permission to:

1. Retain all proprietary rights other than copyright, such as patent rights.

2. Reuse all or portions of the above paper in other works.

3. Reproduce, or have reproduced, the above paper for the author’s personal use or for internal company use provided that (a) the source and
ACES copyright are indicated, (b) the copies are not used in a way that implies ACES endorsement of a product or service of an employer, and (c) the
copies per se are not offered for sale.

4. Make limited distribution of all or portions of the above paper prior to publication.

5. Inthe case of work performed under U.S. Government contract, ACES grants the U.S. Government royalty-free permission to reproduce all
or portions of the above paper, and to authorize others to do so, for U.S. Government purposes only.

ACES Obligations: In exercising its rights under copyright, ACES will make all reasonable efforts to act in the interests of the authors and employers as
well as in its own interest. In particular, ACES REQUIRES that:

1. The consent of the first-named author be sought as a condition in granting re-publication permission to others.

2. The consent of the undersigned employer be obtained as a condition in granting permission to others to reuse all or portions of the paper for promotion
or marketing purposes.

In the event the above paper is not accepted and published by ACES or is withdrawn by the author(s) before acceptance by ACES, this agreement becomes
null and void.

AUTHORIZED SIGNATURE TITLE (IF NOT AUTHOR)

EMPLOYER FOR WHOM WORK WAS PERFORMED DATE FORM SIGNED
Part B - U.S. GOVERNMENT EMPLOYEE CERTIFICATION

(NOTE: if your work was performed under Government contract but you are not a Government employee, sign transfer form above and see item 5 under
Returned Rights).

This certifies that all authors of the above paper are employees of the U.S. Government and performed this work as part of their employment and that the
paper is therefor not subject to U.S. copyright protection.

AUTHORIZED SIGNATURE TITLE (IF NOT AUTHOR)

NAME OF GOVERNMENT ORGANIZATION DATE FORM SIGNED



PART C - CROWN COPYRIGHT

(NOTE: ACES recognizes and will honor Crown Copyright as it does U.S. Copyright. It is understood that, in asserting Crown Copyright, ACES in no
way diminishes its rights as publisher. Sign only if ALL authors are subject to Crown Copyright).

This certifies that all authors of the above Paper are subject to Crown Copyright. (Appropriate documentation and instructions regarding form of Crown
Copyright notice may be attached).

AUTHORIZED SIGNATURE TITLE OF SIGNEE

NAME OF GOVERNMENT BRANCH DATE FORM SIGNED
Information to Authors
ACES POLICY

ACES distributes its technical publications throughout the world, and it may be necessary to translate and abstract its publications, and articles contained
therein, for inclusion in various compendiums and similar publications, etc. When an article is submitted for publication by ACES, acceptance of the
article implies that ACES has the rights to do all of the things it normally does with such an article.

In connection with its publishing activities, it is the policy of ACES to own the copyrights in its technical publications, and to the contributions contained
therein, in order to protect the interests of ACES, its authors and their employers, and at the same time to facilitate the appropriate re-use of this material
by others.

The new United States copyright law requires that the transfer of copyrights in each contribution from the author to ACES be confirmed in writing. Itis
therefore necessary that you execute either Part A-Copyright Transfer Form or Part B-U.S. Government Employee Certification or Part C-Crown
Copyright on this sheet and return it to the Managing Editor (or person who supplied this sheet) as promptly as possible.

CLEARANCE OF PAPERS

ACES must of necessity assume that materials presented at its meetings or submitted to its publications is properly available for general dissemination to
the audiences these activities are organized to serve. It is the responsibility of the authors, not ACES, to determine whether disclosure of their material
requires the prior consent of other parties and if so, to obtain it. Furthermore, ACES must assume that, if an author uses within his/her article previously
published and/or copyrighted material that permission has been obtained for such use and that any required credit lines, copyright notices, etc. are duly
noted.

AUTHOR/COMPANY RIGHTS
If you are employed and you prepared your paper as a part of your job, the rights to your paper initially rest with your employer. In that case, when you
sign the copyright form, we assume you are authorized to do so by your employer and that your employer has consented to all of the terms and conditions
of this form. If not, it should be signed by someone so authorized.

NOTE RE RETURNED RIGHTS: Just as ACES now requires a signed copyright transfer form in order to do “business as usual”, it is the
intent of this form to return rights to the author and employer so that they too may do “business as usual”. If further clarification is required, please
contact: The Managing Editor, R. W. Adler, Naval Postgraduate School, Code EC/AB, Monterey, CA, 93943, USA (408)656-2352.

Please note that, although authors are permitted to re-use all or portions of their ACES copyrighted material in other works, this does not include granting
third party requests for reprinting, republishing, or other types of re-use.

JOINT AUTHORSHIP
For jointly authored papers, only one signature is required, but we assume all authors have been advised and have consented to the terms of this form.
U.S. GOVERNMENT EMPLOYEES

Authors who are U.S. Government employees are not required to sign the Copyright Transfer Form (Part A), but any co-authors outside the Government
are.

Part B of the form is to be used instead of Part A only if all authors are U.S. Government employees and prepared the paper as part of their job.

NOTE RE GOVERNMENT CONTRACT WORK: Authors whose work was performed under a U.S. Government contract but who are not
Government employees are required so sign Part A-Copyright Transfer Form. However, item 5 of the form returns reproduction rights to the U. S.
Government when required, even though ACES copyright policy is in effect with respect to the reuse of material by the general public.

January 2002



APPLIED COMPUTATIONAL ELECTROMAGNETICS SOCIETY JOURNAL
http://aces.ee.olemiss.edu

INFORMATION FOR AUTHORS

PUBLICATION CRITERIA

Each paper is required to manifest some relation to applied
computational electromagnetics.  Papers may address
general issues in applied computational electromagnetics,
or they may focus on specific applications, techniques,
codes, or computational issues. While the following list is
not exhaustive, each paper will generally relate to at least one
of these areas:

1. Code validation. This is done using internal checks or
experimental, analytical or other computational data.
Measured data of potential utility to code validation
efforts will also be considered for publication.

2. Code performance analysis. This usually involves
identification of numerical accuracy or other limitations,
solution convergence, numerical and physical modeling
error, and parameter tradeoffs. However, it is also
permissible to address issues such as ease-of-use, set-up
time, run time, special outputs, or other special features.

3. Computational studies of basic physics. This involves
using a code, algorithm, or computational technique to
simulate reality in such a way that better, or new
physical insight or understanding, is achieved.

4. New computational techniques, or new applications for
existing computational techniques or codes.

5. “Tricks of the trade” in selecting and applying codes
and techniques.

6. New codes, algorithms, code enhancement, and code
fixes. This category is self-explanatory, but includes
significant changes to existing codes, such as
applicability extensions, algorithm optimization, problem
correction, limitation removal, or other performance
improvement. Note: Code (or algorithm) capability
descriptions are not acceptable, unless they contain
sufficient technical material to justify consideration.

7. Code input/output issues. This normally involves
innovations in input (such as input geometry
standardization, automatic mesh generation, or
computer-aided design) or in output (whether it be
tabular, graphical, statistical, Fourier-transformed, or
otherwise signal-processed).  Material dealing with
input/output database management, output interpretation,
or other input/output issues will also be considered for
publication.

8. Computer hardware issues. This is the category for
analysis of hardware capabilities and limitations of
various types of electromagnetics computational
requirements. Vector and parallel computational
techniques and implementation are of particular interest.

Applications of interest include, but are not limited to,
antennas (and their electromagnetic environments), networks,
static fields, radar cross section, shielding, radiation hazards,
biological  effects, electromagnetic  pulse  (EMP),
electromagnetic  interference  (EMI),  electromagnetic
compatibility (EMC), power transmission, charge transport,
dielectric, magnetic and nonlinear materials, microwave
components, MEMS technology, MMIC technology, remote
sensing and geometrical and physical optics, radar and
communications systems, fiber optics, plasmas, particle
accelerators, generators and motors, electromagnetic wave
propagation, non-destructive evaluation, eddy currents, and
inverse scattering.

Techniques of interest include frequency-domain and time-
domain techniques, integral equation and differential equation
techniques, diffraction theories, physical optics, moment
methods, finite differences and finite element techniques,
modal expansions, perturbation methods, and hybrid methods.
This list is not exhaustive.

A unique feature of the Journal is the publication of
unsuccessful efforts in applied computational
electromagnetics. Publication of such material provides a
means to discuss problem areas in electromagnetic modeling.
Material representing an unsuccessful application or negative
results in computational electromgnetics will be considered
for publication only if a reasonable expectation of success
(and a reasonable effort) are reflected. Moreover, such
material must represent a problem area of potential interest to
the ACES membership.

Where possible and appropriate, authors are required to
provide statements of quantitative accuracy for measured
and/or computed data. This issue is discussed in “Accuracy
& Publication: Requiring, quantitative accuracy statements to
accompany data,” by E. K. Miller, ACES Newsletter, Vol. 9,
No. 3, pp. 23-29, 1994, ISBN 1056-9170.

EDITORIAL REVIEW

In order to ensure an appropriate level of quality control,
papers are peer reviewed. They are reviewed both for
technical correctness and for adherence to the listed
guidelines regarding information content.

JOURNAL CAMERA-READY SUBMISSION DATES
March issue

July issue
November issue

deadline 8 January
deadline 20 May
deadline 20 September

Uploading an acceptable camera-ready article after the
deadlines will result in a delay in publishing this article.



STYLE FOR CAMERA-READY COPY

The ACES Journal is flexible, within reason, in regard to
style. However, certain requirements are in effect:

1. The paper title should NOT be placed on a separate page.
The title, author(s), abstract, and (space permitting)
beginning of the paper itself should all be on the first
page. The title, author(s), and author affiliations should
be centered (center-justified) on the first page.

2. An abstract is REQUIRED. The abstract should be a
brief summary of the work described in the paper. It
should state the computer codes, computational
techniques, and applications discussed in the paper (as
applicable) and should otherwise be usable by technical
abstracting and indexing services.

3. Either British English or American English spellings
may be used, provided that each word is spelled
consistently throughout the paper.

4.  Any commonly-accepted format for referencing is
permitted, provided that internal consistency of format is
maintained. As a guideline for authors who have no
other preference, we recommend that references be given
by author(s) name and year in the body of the paper
(with alphabetical listing of all references at the end of
the paper). Titles of Journals, monographs, and similar
publications should be in italic font or should be
underlined. Titles of papers or articles should be in
quotation marks.

5. Internal consistency shall also be maintained for other
elements of style, such as equation numbering. As a
guideline for authors who have no other preference, we
suggest that equation numbers be placed in parentheses
at the right column margin.

6. The intent and meaning of all text must be clear. For
authors who are NOT masters of the English language,
the ACES Editorial Staff will provide assistance with
grammar (subject to clarity of intent and meaning).

7. Unused space should be minimized. Sections and
subsections should not normally begin on a new page.

PAPER FORMAT

The preferred format for initial submission and camera-ready
manuscripts is 12 point Times Roman font, single line spacing
and double column format, similar to that used here, with top,
bottom, left, and right 1 inch margins. Manuscripts should be
prepared on standard 8.5x11 inch paper.

Only camera-ready electronic files are accepted for
publication. The term *“camera-ready” means that the
material is neat, legible, and reproducible. Full details can
be found on ACES site, Journal section.

ACES reserves the right to edit any uploaded material,
however, this is not generally done. It is the author(s)

responsibility to provide acceptable camera-ready pdf files.
Incompatible or incomplete pdf files will not be processed,
and authors will be requested to re-upload a revised
acceptable version.

SUBMITTAL PROCEDURE

All submissions should be uploaded to ACES server through
ACES web site (http://aces.ee.olemiss.edu) by using the
upload button, journal section. Only pdf files are accepted for
submission. The file size should not be larger than 5MB,
otherwise permission from the Editor-in-Chief should be
obtained first. The Editor-in-Chief will acknowledge the
electronic submission after the upload process is successfully
completed.

COPYRIGHTS AND RELEASES

Each primary author must sign a copyright form and obtain a
release from his/her organization vesting the copyright with
ACES. Copyright forms are available at ACES, web site
(http://aces.ee.olemiss.edu). To shorten the review process
time, the executed copyright form should be forwarded to the
Editor-in-Chief immediately after the completion of the
upload (electronic submission) process. Both the author and
his/her organization are allowed to use the copyrighted
material freely for their own private purposes.

Permission is granted to quote short passages and reproduce
figures and tables from and ACES Journal issue provided the
source is cited. Copies of ACES Journal articles may be
made in accordance with usage permitted by Sections 107 or
108 of the U.S. Copyright Law. This consent does not extend
to other kinds of copying, such as for general distribution, for
advertising or promotional purposes, for creating new
collective works, or for resale. The reproduction of multiple
copies and the use of articles or extracts for commercial
purposes require the consent of the author and specific
permission from ACES. Institutional members are allowed to
copy any ACES Journal issue for their internal distribution
only.

PUBLICATION CHARGES

ACES members are allowed 12 printed pages per paper
without charge; non-members are allowed 8 printed pages per
paper without charge. Mandatory page charges of $75 a page
apply to all pages in excess of 12 for members or 8 for non-
members. Voluntary page charges are requested for the free
(12 or 8) pages, but are NOT mandatory or required for
publication. A priority courtesy guideline, which favors
members, applies to paper backlogs. Authors are entitled to
15 free reprints of their articles and must request these from
the Managing Editor. Additional reprints are available to
authors, and reprints available to non-authors, for a nominal
fee.

ACES Journal is abstracted in INSPEC, in Engineering
Index, and in DTIC.



	Editors_March_2005.pdf
	Yasushi Kanai
	John B. Schneider

	1-Todd_200503005cr.pdf
	ABSTRACT
	I. INTRODUCTION
	II. FORMULATIONS
	The Hybrid FEM/MoM Using the Combined Formulation
	Application of FEM and ABC as a Preconditioner

	III. SAMPLE PROBLEMS
	Problem 1: Perfectly Conducting Sphere
	Problem 2: Dielectric-Coated PEC Sphere
	Problem 3: Dielectric Sphere
	Problem 4: Power Bus Structure
	Discretization of Sample Structures

	IV. PRECONDITIONING TECHNIQUES
	Reducing the Number of Fill-ins During ILU by Reordering
	Iterative Solver Behavior
	Reducing the Number of Fill-ins by Decoupling FEM and ABC

	V. CONCLUSIONS
	Todd_200503005cr_Mohamed_05-06-051.pdf
	ABSTRACT
	I. INTRODUCTION
	II. FORMULATIONS
	The Hybrid FEM/MoM Using the Combined Formulation
	Application of FEM and ABC as a Preconditioner

	III. SAMPLE PROBLEMS
	Problem 1: Perfectly Conducting Sphere
	Problem 2: Dielectric-Coated PEC Sphere
	Problem 3: Dielectric Sphere
	Problem 4: Power Bus Structure
	Discretization of Sample Structures

	IV. PRECONDITIONING TECHNIQUES
	Reducing the Number of Fill-ins During ILU by Reordering
	Iterative Solver Behavior
	Reducing the Number of Fill-ins by Decoupling FEM and ABC

	V. CONCLUSIONS

	Todd_200503005cr_Mohamed_05-06-051_check_1.pdf
	ABSTRACT
	I. INTRODUCTION
	II. FORMULATIONS
	The Hybrid FEM/MoM Using the Combined Formulation
	Application of FEM and ABC as a Preconditioner

	III. SAMPLE PROBLEMS
	Problem 1: Perfectly Conducting Sphere
	Problem 2: Dielectric-Coated PEC Sphere
	Problem 3: Dielectric Sphere
	Problem 4: Power Bus Structure
	Discretization of Sample Structures

	IV. PRECONDITIONING TECHNIQUES
	Reducing the Number of Fill-ins During ILU by Reordering
	Iterative Solver Behavior
	Reducing the Number of Fill-ins by Decoupling FEM and ABC

	V. CONCLUSIONS


	4-Furse_200501005.pdf
	L.A. Griffiths, and C.M. Furse
	
	
	
	Introduction
	Simulations Speed and Accuracy


	A.  Run for fewer time steps
	B.  Reduce grid size
	C. Other execution speed factors
	
	References






	5-Chien_200503001.pdf
	Cubic-Spline Expansion with GA for Half-Space Inverse Problems
	Abstract  — In this paper we address an inverse s
	Index Terms  — Inverse Problem, Cubic-spline, Fou
	I.   introduction
	Due to large domain of applications such as non-destructive problem, geophysical prospecting and determination of underground tunnels and pipelines, etc., the inverse scattering problems related to the buried bodies has a particular importance in the sca
	II. THEORETICAL FORMULATION
	III.   NUMERICAL RESULT
	IV. CONCLUSION
	Acknowledgement
	C. C. Chiu and y. W. Kiang, “inverse scattering o
	C. C. Chiu and y. W. Kiang, “microwave imaging of

	BackCover_ACESJ.pdf
	PAPER FORMAT




