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Abstract—We consider a double-periodic slab which is char-
acterized by two lattice vectors a and & on the (x,y)—plane,
the thickness h, and a three-dimensional scalar function
£(x,Y, 2) specifying the dielectric constitution of the slab. Above

or, dielectrically or magnetically open, or, a combination

of both. In the case of open boundaries we require that
the cladding media satisfy the following conditions: a) the

dielectric media are independent of thecoordinate; i.e.

and below the slab is free space. These assumptions imply that d€(X,y,2z)/d; = 0, and b) the media possess the same peri-

the z—direction is special in this problem. Therefore, follow-

odicity properties as in the slab along the lattice vector di-

ing a general scheme we diagonalize the Maxwell’'s equations rections.

with respect to this direction. The periodicity in two direc-

The periodicity property in two directions suggests the

tions suggests the use of spatially harmonic functions as a ba- use of spatially harmonic basis functions in the transversal

sis. We exploit this property; however, contrary to the tradi-

(x,y)—plane. Obviously the—direction in our slab prob-

tional schemes, we propose an expansion of the fields in the lem, suggests the diagonalization of the Maxwell's equa-

form W(r,z) = 3, fa(z) exp(jkn - r) allowing fn(2) to be a fairly
general function of the z-coordinate, rather than an exponen-
tial function. In this expression r is the position vector in the
(x,y—) transversal plane. To guarantee maximum flexibility we
discretize f in terms of finite differences. We demonstrate the
superiority of our method by discussing the following proper-
ties: i) Diagonalization only involves the transversal field com-
ponents, ii) Diagonalization allows us easily to construct and
implement various boundary conditions at the bounding sur-
facesz =0 and z = hy, iii) The resulting discretized system is
extraordinarily stable and robust, and facilitates fast compu-
tations; from the computational performance point of view it
compares well with existing methods, while it by far applies to
larger class of problemsijv) It allows to use both the radian fre-
quency w and the wavevector K as input parameters. There-
fore, the resulting discrete system can be solved at individual
(w,K)-points of interest, v) Finally, the method is applicable to
both the eigenstate end the excitation problems.

I. INTRODUCTION

tions with respect to this “normal” direction. We ex-
ploit these properties and expand the fields in terms of a
sum of products of separable functions in the fo#n=
Snfa(2 exp(jkn-r). In order to determine various func-
tions fn(z), we discretize them in terms of finite differences
(FD) which leads to a simple yet powerful implementation.
Standard FD techniques involve all the three components
of the electric fieldE and the magnetic fieletH. On con-
trary, in the proposed diagonalized form only an optimized
subset of field components are involved: It turns out that
only those field components which enter the interface- and
boundary conditions on= constplanes have to included in
our formalism. In the next section it is shown that, once the
transversal field componengs= (e1,e2) andh = (hy,hy)

are known on & = constplane, the remaining components
in the normal (diagonalization) direction can be derived eas-
ily, straightforwardly and inexpensively.

II. PLANEWAVE FD IN 3D

A. Constructing the diagonalized operator

We consider a doubly-periodic slab which is character- The curl operator can be written in the form

ized by a dielectric functior(x,y,z) satisfying the condi-
tion € (r + may + nap,z) = £(r, ) for arbitrary negative or
positive whole numbersn andn. Herer is the position
vector andy; anday are lattice vectors in théc y)—plane.

Above and below the slab, which is bounded by the planes
z= 0 andz = h,, various boundary conditions can be ac-
commodated, e.g. electrically or magnetically conducting,

Ox = 0Ny + dyN2 + 9;N3, Q)
where
0O 0 O
No=|0 0 -1 |, (2a)
01 O
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0 0 1
No=| 0 O O], (2b) the aforementioned relationships just simply by inspection.
| -1 0 0] We have
[0 -1 0] 0 €3 hy
| 0 0 0] & —e hs
Adopting this notation the Maxwell’s equations are NG
pung q -6, & |, (5a)
(8«N1 + N2+ 3;N3) E = jwpH, (3a) 0
(0XN1+(9yN2—|-02N3)H = —jweE. (3b) 0 hs e
ok| —hs | +4 0 + jwe
In what follows we describe a simple recipe for the diago- X h 3 Y _h : ©2
. , - . . 2 1 €3
nalization of Maxwell’'s equations as written in (3). Thereby,
we arbitrarily choose any of the directiorsy, or z. How- —hy
ever, we reference to our discussion in the introduction and =—0;| (5b)
select thez—direction as our diagonalization direction. To 0
this Qnd,_ we Conside_r the decomposition of 3he3 identity Due to the properties of the Maxwell's equations' (5b)
matrix | in the following form can be obtained from (5a) simply by the replaceménts
"1 0 g (i=1,2,3) ande «» —u. Therefore, it is sufficient to
0 1 8 8 8 8 restrict our manipulations only to one set of these equations.
I= 00 0 + 00 1 (4a) We consider (5a). Obviously these equations split into the
L equations
0 10 0 -1 0 & 0 h e
= -1 00 1 0 O 0)({ :|+0y|: }ﬁ—jwu[ 2 }—02{ },(6)
0o 000 0 O 0 & —h €2
[0 0 0 and 1 1
+(0 0O 4b hs = ——dver — ——adyer. @)
P (4b) jopu " jou ™
- The counterpart of (7) is
v 1 1
_NT - _ il
= N3Nz +Us, (4c) &= e okhp +- (e dyhy. (8)

where the matrixtJs in (4b) has been introduced in the ob-Substitutinges from (8) into (6) we obtain
vious manner. The superscriptdenotes transposition. h

Recognizing the form afi N3 (Egs. (4)) and the orthog- d{ hl ] = dz[ . ] , 9
onality property ofN3 andUs, and thusNg andUs, the di- 2 €2
agonalization procedure amounts to the following steps: (Where
Multiply (3a), from the left, successively uyg andUs, (i) AL a
multiply (3b), from the left, successively By} andUs. (i) [ XJwe ™Y
It is immediately seen that the equations obtained from the
Us—multiplication allow us to express the transversal field
componenty, €, hy andhy in terms of the normal field performing the aforementioned replacements we obtain the
componentss, hs. Furthermore, it can be seen that thesgorresponding counterpart
equations do not involve argr-derivatives at all. Substitut-
ing the resulting matrix equation in the combined systems of B { €1 } =0, { ot ] ’ (11)
equations, obtained from the multiplicationéf, results in € hy
the desired diagonalized form. In the following we providgyhere
examples by discussing several special cases. 1

In the present case, considering isotropic media only, the _axwdy
equations (3) are extraordinarily simple: Once the equations B = . (12
are written out explicitly the reader can easily recognize all — Oy Oy + jwe By e O

—dxj-ﬁdx +jou
(10)

®ﬁ§®4¢wu f@ﬁ§@

dxﬁdx—jwe
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Therefore, we have transformed the Maxwell's curl equafor a discreteM x N set of reciprocal lattice. The expansion
tions into the following two sets of equations coefficientsfmn(2) are generally functions a-coordinate.
e The next section is devoted to the discretization of the fields
€1 in thez—direction, followed by a thorough discussion of the
0 W & & - N -
=0 (13) specifics of the numerical implementation.
A 0 hy . ) :
The choice of the harmonic dependence in the
ha hy S _
- (x,y)—plane has been inspired by two reasong:opera-
and tors.«Z and# only involve derivatives with respect toand
1 1 — y which can be evaluated efficiently arig) the implemen-
0 0 Toe % 7J'Wax & tation of the Bloch periodic boundaries is straightforward.
h 2) Discretization in the orthogonalization directioAc-
L 1 5 0 0 1 . . o -
jou joou 9% I cording to our diagonalization formula, the application of
the matrix operator, as defined in (10), to the transversal
= [ ? } ) (14) magnetich-field on a certain plane = 7y = const, results
3 in the normal derivative of the transversal eleckifield on
Equation (13) is the desired diagonalized form with théhe same plane. This property can be utilized in establishing
aforementioned properties: This equation only involvea relationship between fields which are defined on consecu-
variables which enter into thimterface conditiondf we tive z= constlayers. In this section we develop the general
cross az = z = constplane at a pointx,Vi,z) in the idea and briefly address issues concerning the accuracy of
z—direction. This property implies that if we are giventhe numerical results. In the next section we will focus on
the field distribution on the —plane, we obtain the rate of procedural details.
change of the field distribution in tre-direction by apply- To communicate the basic idea, we start with probably
ing the matrix operator at the LHS of (13). Consequentlythe simplest assumption: Assume taat= 0 andh; = 0and
by having the information about the field distribution on thethath; is given on the plane= 0. Our goal is to establish a
z—plane, and its rate of change we can approximate ttrelationship betweeg; on planez = —-A/2andz=A/2to
field distribution on a neighboring plare= zo+=A. We hy on the planez = 0. Using Taylor's series expansion we
would like to point out that by repeated application of thecan write
matrix operator at the LHS of (13) to this equation, and us-

ing (13), we obtain higher-order derivatives of the field vec- e (A) =e(0)+ A { (del) (oﬂ}
tor in (13). Having computed higher-order derivatives, and 22 , 2 0z
using Taylor series expansions we can construct approxima- A J<e; 3
tions to the fields to any order of accuracy desired. tg { (dzz) (O+)} +0%(4), (172)
We wish to conclude this section with the following com-
ment: TheNormal componentss andhs can be computed
from the transversal field distribution by using operators A A Jde; _
and material parameters which only depend onxtend & (_2> =e(0) - 2 { (dz) (0 )}
y transversal coordinates as seen in (14). A2 02e,
5 { (aZZ) (0)} +03%(1), (17b)

B. Discretization

1) Field expansionsThe periodicity in two dimensions where the symbols- and —, respectively, indicate that the

suggests the following expansion for the fields z—derivatives have to be computed®t- & and0 — ¢ for
Wix V.2 = S f(z)elkmnT 15 arbitrarily gmall but positive. The _denvatlves can be .cal—
xy.2) mzn mn(2) ’ (15) culated using (9) and the information about the functign

. on thez= 0 plane. Subtracting (17b) from (17a), and keep-
whereW represents any of the transversal field componenFﬁg the first order terms only, we obtain

andr is the position vector on a= constplane. The re-
ciprocal vectorky,n denotes a certain lattice vector super- <A) ( A)
€1 —€

2

imposed by a Bloch phasing vectér= K;k; + Kxk, which 2

can be conveniently written in the following form A (/e dey
_2) (%) o+ €1\ o
Kmn = (M+Kp)ka+ (n+Kz)kz, (16) 2 {( ﬁz) (07)+ ( dz) (© )}' (18)
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In view of the operatox7 in (10) we recognize that if the unknowns into one vectdrand all multipliers into one ma-
material parameters on the two sides of the- 0)—plane trix M leads to
are the same, the involved derivatives are equal to an ar- Mf = 0. (21)
bitrary order. In present case the second order derivatives
cancel out and the error term in this expression i€dn
term in A. If the material parameters on the two sides o
the (z= 0)—plane are different, then they have to be aver- .
aged, leading to an accuracy of only or@in A. Similar C- Boundary conditions
results can be obtained for the remaining three transversaloyr goal is to interrelate the electric- and magnetic fields

field components. on the lowest- and most upper bounding planes.

3) Construction of the system matriba our formula-  various boundary conditions can arise in the applica-
tion we have adopted the following notation: Assume a baions: In the case of electrically- or magnetically conducting
sis consisting oM x N plane waves. Leg andho, re-  poundaries, e.g. we merely need to require that the electric
spectively, be2 x M x N coefficient vectors representing or the magnetic field, respectively, vanishes. In this paper
the electric and magnetic fields, which are defined on thge address a slightly more complex problem with mixed-
z= oA—plane. (Note thaM x N coefficients are required type boundary conditions by assuming free space above
for each of thex— andy—directions.) Letth@ xM x Nby  (z> h,) and beneathz(< 0) our slab. Generally speaking
2x M x N sub-matrixAo, be the discrete version of , mul-  our formulation is valid whenever the following conditions
tiplied by A, and evaluated on the plaze= oA. Similarly,  are met: () d£(x,y,z)/d, = 0for z< 0 andz > h,. (Material
let B, represent. Using this notation we can establish re-is homogeneous in thedirection). (i) The materials above
lationships between the electric fields on the plamesl/2  and below the slab share the lattice periodicity with the slab.

ando+1/2, and the magnetic field on the interleaved plane These conditions suggest slightly different field expan-
0. Likewise we can establish relationships between the magions for the fields in regions outside the slab:

netic fields on the planesando—+ 1, and the electric field on

The efficient solution of this homogeneous equation will
Pe discussed below.

the interleaved plane+1/2. Keeping first order expansion Pxy.z)= ) o fnn,o€'0%elkmaT, (22)
terms only, we obtain the result given in (19), mn,o
An Here A, represents the complex-valued propagation con-
eo—% - eo+% +Aoho =0, (19a) stant inz—direction associated with one of tdex M x N
ho_ho+1+Bo+%eo+% —0. (19b) €igenvectors, andmno is the corresponding coefficient.

Substituting (22) into (13) and utilizing the orthogonal prop-

We recognize that the equation in (19) comprise a finite dif"ty of the basis functions involved results in the eigenvalue

ference implementation. However, in contrast to the staffduationin (23),

dard formulations, the present formulation is based on a 0 o e

finite difference discretization of the Fourier coefficients, { Z 0 ] [ h ] =A { h } : (23)
rather than of the fields in the spatial domain [1].

The dielectric function characterizing the slab is defined For e varying in the &, y)-plane, we need to solve the sys-
between layerf), OA], whereO is the index of the last layer. tem numerically fodd x M x N eigenpairs. Restricting our-
Furthermore, in order to incorporate the boundary conditioselves to constart, the generaft x M x N eigenvalue sys-
equations in our system of equations, we need to define them decouples intM x N (analytically solvable) eigenvalue
electric fields on two layers;0.5A and(O+ 0.5)A, outside  systems of dimension 4. For constanthe system has two
the slab doubly degenerate eigenvalues for egmom| pair

CD| €5 — hO = 07 (20a)

— — 2 2 W
ho+ ®ueo105 = 0. (20b) Amn = £Wmn = i\/dx(m, n)+dg(mn) —wep, (24)

The following section is devoted to the construction of thes\évherew.IS the magnitude of th_e eigenvalue. The _symbol
(M, n) is related to the numerical value of the basis func-

equations. . R , .
The general system equation can be created by formulatlltc—)n derivative as defined in (25).

ing equations (19) for each of tle-layer in the slab and 0 kot Kt
incorporating the boundary conditions (20). Collecting all E M= jdx(m, n)eltrm (25)
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A similar definition holds fordy(m,n). These values de- which describe the boundary conditions
pend on the reciprocal lattice geometry and will considered

in more detail later. (M) 058w u(mn) @)
Lu(Mn) = ————————
The corresponding eigenvectors can also be solved ana- Wi u(m, n) o
lytically, which are summarized below dyx(m, n)dy(m,n) —d2(m,n) + w?e yu
X
[jod ] [ e T dZ(m,n) — w?e; —dy(m, n)dy(m, n)
WwE J WWE
5 Here the subindicet and u, respectively, indicate the
L 02— w?ep - ddy . L .
e > Woos lower and the upper semispaces. We can obtain discretized
Yiw= v Wlw= ) versions of this equation by replacing the matrix entries by
1 0 diagonal submatrices, whose elements individually corre-
spond to differentrf, n)-pairs. For semispaces with non-
i 0 ] i 1 i constante, these submatrices will become dense since the
(26a) eigenvectors of (23) will in general havex M x N non-
zero elements.
i —] didy ] i i d2—oPep ]
wee wooe D. Solving the equation system
L 02— w?ep . dydy L . . .
1 o T ) Weor Ordinarily system matrices for three dimensional prob-
wl — W2 — -
w » Tw lems can be prohibitively large. Therefore, we recom-
-1 0 mend the use of iterative solvers. Most solvers operate only
on matrix vector products which frees us from construct-
L 0 | | -1 ] ing the matrix; only a routine constructing vector prod-

(26b) ucts is needed. Our choise for iterative solver has been
the transpose free quasi minimal residual method (TFQMR)
[2], which is efficient, handles non-symmetric and non-
Since eigenvectors are known up to a constant multipligdermitian matrices well, and even manages to solve nearly
the normalization of the eigenvectors is arbitrary. Here weingular matrices.
have chosen a multiplier which producels-field with unity 1) Numerical evaluation of operatordhe operators in
length as depicted in (20). our problem generally involve derivatives and spatial func-

A few remarks are in placei) If w becomes complex- tions appearing in multiplicative form. We discretize the
valued for anym, n pair, then the corresponding eigenmode2quations by treating the derivatives in Fourier domain and
radiates energy away from the slab into infinity, preventinghe spatial functions in real domain. To perform the cal-
the formation of bounded modes) Forz > h, we have to culations we Fourier transform the trial vectors back and
discard half of the eigenvectors which correspond to posforth from spatial domain to spectral domain and vice versa.
tive eigenvalues in order to satisfy the Sommerfeld’s radiThis is justified because derivation in Fourier domain, and
ation condition (Inclusion of the fields with finite energy.).multiplication by a function, i.e.¢, in real domain are both

Similarly we have to discard eigenvectors corresponding t@(N) operations for a trial vector witN elements. The pro-
A < 0inthez< 0Oregion. hibitive factor is the FFT, which is a@(NIn(N)) operation.

Alternatively, we could operate exclusively in Fourier do-
main, by treating multiplications by by means of discrete
convolution, which is a costl(N®) operation.

We illustrate the aforementioned ideas by an example:
The application of the operatio® {1/ (jwe(x,y))}dy to a
H@I vectorf consists of the following steps:

Finally, it should be pointed out that in our finite differ-
ence implementation we have defined ¢higelds at discrete
z= (0+ 0.5)A—layers, while theh— fields have been de-
fined atz = oA—layers. We should be aware of this fact
whenever a shift of the fields by a distan@®A becomes
necessary, e.g. in establishing a relationship between t
field components. In present case this relationship can be es- . s . '
tablished fairly easily since we know tzedirectional prop- * lmultlply f by ay—derivative matrix, to be defined be-
agation constant of the eigenvectors. oW,

Taking into account these details we obtain the matrices e inverse Fourier transform the result,
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e multiply the result by a sampled version ofThe Bloch vectolK and angular frequencg are written
1/ (jwe(x,y)), explicitly in (32) to emphasize their role as input parameters.
It should be pointed out that using the Bloch-wave basis
not only we can solve phased-periodic excitation problems,
e perform thex—derivative. but also we can tackle elementary excitation problems: The
latter are defined as elementary non-periodic excitations of
The computation of derivatives is fairly straightforward.geometrically periodic structures.
Once the reciprocal lattice vectoks and k, have been 3) Solving eigenproblemEquation (21) is a homoge-
chosen, differentiation with respect)tecoordinates y|E|dS neous system and has non trivial solutions if and onM if
multiplication by a diagonal matrix with elements being s singular. Therefore, the eigenmodes of the system for a
ORI KK - (R Ko K 2 g|ven|§ can be fognd by'deflnlng a swtaple measure for the
M+ Kokt +(A+ K)leg, (28) detection of the singularity dfl as a function otv. A pos-
me [O,M—1],ne[0,N-1], sible measure for singularity is, e.g. the magnitude of the

wherek; andK; are Bloch phasing factors akfiandk are determinant. However, solving determinants iteratively is
projections of reciprocal lattice vectors on theaxis. The Ccomputationally costly and complicated. Instead, we pro-

e Fourier transform, and, finally,

whole numbefiis defined as follows pose a method which is more physics-based: We assume a
current distribution to excite the system under consideration,
m 0<m< % and compute the square norm of the resulting field coeffi-
m= . (29) cients. FoM near the singularity, the norm grows - ideally
m—M % <m<M-1 - without bounds. Furthermore, the solution approaches the

eigenvector corresponding to the eigenvaduérhe formal

B oo ' fyctonfor s aproach s g i 3]t we i
9 e important steps here:

the set of basis functions in order to make it complete. The Consider the following svstem of equations
ordering of harmonics is irrelevant, however, this choice is gsy g
implemented in most FFT algorithms. The matrix for the Ay =b. (33)
—derivative can be obtained from (28) by replacing the pro-
Jyections onx—axis with projections E)ryzaiis.p gmhep Both sides of this equation can be expanded in terms of the
2) Solving excitation problem&he interface condition eigenvectors; of A as
for the magnetic field can be written as follows Z ajAjv; = Z Bv;. (34)
] ]

. o o
(ls'Tth <ZO+ 2> —hx (ZO 2> =p(@).  (30) Herea; is the coefficient set foy and ;| is the eigenvalue
of A corresponding to eigenvectwgy. Due to the linear in-

wherehy(z) is thex—directional magnetic field component dependence of the eigenvectors, we can write

and py is ay—directional current element. Consider (19b)
and insert a new layer, designatedlidy ,, at the location
z=(0+1)A— d whered represents an infinitesimally small
distance.

Assume that there is a horizontal current filamgrgo- Frqm this form it is easy to see thgt. if one of th_e e?genvalues
sitioned at plang = (0+ 1)A — % Using the above infor- Aj is close to zero, the only significant contribution to the

mation and (30) we can rewrite (19b) in order to include th&0lution comes from the corresponding eigenveejofur-
assumed excitation, thermore, as\; approaches zero, the norm of the solution

vector approaches infinity.
€0+ = "Poti- (31) This behaviour can be understood from physical reason-
ing as well: If the system is in resonance with the excitation,
We specify the excitation bty+% since it is inserted be- the energy in the system grows indefinitely as time elapses
tween the layers ando+ 1. The incorporation of this con- rendering the eigensolution an infinite energy.
dition into the system equation (21) can be achieved by sim- Instead of seeking the maximum of the solution norm, we
ply replacing the RHS zero vector by the Fourier transfornalternatively, seek the minimum of its inverse
of the assumed excitation current function 1

M (w)fk (@) = px (). (32) VI (@),

y=§xﬁy (35)

ho - ho+1 + B;+%

Gk (w) = (36)
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wherefk is the solution to (32). The introduction of the Comments:
square root is to smoothen out the curve. We have a great
flexibility in choosing the current distribution for eigenmode
computations but practise has shown that with a few ran-
domly placed and oriented dipoles the functioGdiehaves
smoothly between the singular points. One should be aware
of the fact if < vj,b >=0in (33), thenB; = 0 and the solu-

tion norm does not grow evenAf; = 0. As an example, this
happens if the system is excited with a singledirectional

dipole positioned exactly at a nodetgffor the correspond- o proposition: Let p be a rotation oRN. We define
ing eigenmode. Numerically this means tadoes not nec- pf(x) = f(p(x)). Then we have the formulaﬁ _

e Invariance and symmetry properties of the Fourier
transform: A significant part of the utility of the
Fourier transform is due to the fact that it has natural
invariance properties under the actions of rotations, di-
lations, and translations. In particular, a rotation is an
orthogonal matrix with determinaf(a special orthog-
onal matrix).

essarily possess a minimum eveMifis singular for a given 0 F
.
4) Preconditioning:Typically, iterative solvers converge Proof: Remember thap is orthogonal and has deter-

poorly for non-preconditioned systems, and very often they ~Minantl. We then have

even completely fail to converge. Therefore, the implemen- o _te

tation of a good preconditioner is a prerequisite for perfor- pi(&) = /dt(pf) (te (38a)

mance enhancement. Instead of solving (32), we suggest B _te

solving the modified system in (37) o /dtf (p(t)e (38D)
- —ip ()€

Py IMP, 1 (Pof) = P lp, (37) - / dsf(s)e " ¢ (38¢)

_ —isp(&

for the new unknown vectoy = P,f. The problem is to = /dsf(s)e (&) (38d)

find suitable preconditioner matricBg andP, such that the _ fA(PE) (38¢)

solver converges faster for the new matéix= P; *MP; . 7

It can be shown that the convergence is quické i§ near =pf(&). (38f)

diagonal.

In the above we have used the variable substitution
s=p(t), and the fact thap—! = p' for an orthogonal
matrix, with the superscript denoting the transposi-
tion.

We construcP; out of submatrices which we encounter
in the main block diagonal of the matri. More precisely,
we discretize the matrix operator elememt$ o, o ¢,
PBewo and Be ¢ defined in (10) and (12) for alt—layers
in the system, from which we can construct a block diago- We now are in a position to continue with our example.
nal matrix. In place of boundary condition matricesMn  Consider a rectangular lattice with reciprocal lattice vec-
we use diagonal unity matrices . Due to the block di- tors k; = kyux andkz = kouy. The projections ok, and
agonal propertyP; is fairly easy to invert, as each block k», respectively, onto the—axis arek; x = k1 andkyx = 0.
can be inverted individually. However, it should be notedAssuming for the components of the Bloch phasing factor
that in practiceP; is never actually constructed nor inverted:K; = 0 and K, # 0 results in a zero element in (28) for
Instead we first invert the operators analytically in a sens@ = 0. A simple yet very effective solution to this problem
that.#~1(Zf) = f for a suitably chosen test functioh  can be obtained by rotating the original y)—coordinate
and then carry out their discretized versions as outlined eagystem around the—axis about an anglé. Denote the
lier. As an example, the inverse 8f{1/ (jweo(x,y))} dyis  new coordinate system bk y,7). Projections ofk; and
ly(jwes(x,y)) I1x wherel s denotes integration with respectk,, respectively, onto th&—axis arek; x = kicog—6) and
to &. In Fourier domain, integrals can be computed by thk, s = kocog /2 — 6) # 0. The angled can easily be se-
application of the inverse of the derivative matrix (28). lected in such a manner that there are no zero elements in

It should be noted that (28) may contain zero elementsither of the derivative matrices. The solution to the prob-
and, therefore, prevent inversion. However, there is a sinem remains unaltered as the choice of the coordinate system
ple remedy to circumvent this problenselect a suitable is arbitrary.
orientation for the lattice vector relative to the coordinate It should be noted that there is still the pol[it, K] =
system We illustrate this idea with an example. However|0,0] at which the singularity cannot be removed by chang-
before doing so, we summarize a few facts from the theorng the coordinate system. (The polt= 0 corresponds to
of Fourier analysis which will be of help to our discussion. strictly periodic field distributions without any phase change
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in two consecutive cells. The field is static and no wave
propagation takes place.) Therefafe= 0 does not cause a
serious problem: All bounded fields in the slab have- 0

at this point.

Additional improvements can be achieved by appropri-
ately choosing the matriR,. Our approach is to use the ©4|
system matrix for a simpler auxiliary problem for which 5 A
OxE(X,Y,2) = dye(X,Y,2) =0, and, & = ave&(X,y)) where 30-3; 7 ) OC)”:)CCCC/DCQ\J\, Dhg %
ave means averaging in tlie y)—plane over one unit cell. el
Since¥€y is constant in our auxiliary problem, the resulting 0.2
system matrixV will have nonzero elements only on five
diagonals. This matrix can be constructed explicitly. Our o.1
goal is thatP,* diagonalizes®;'M as closely as possible.
Therefore, we set 0 w w

0.5F

P, = diagP; )M, (39)

where “diag (q)” means the main diagona| . Instead Fig. 1. Shows the dispersion diagram for a triangular lattice of cylindri-

St ; _ P cal holes (voids) in a dielectric slab. Curves marked with ‘0’ have been
of epr|C|tIy invertingP; we perform an LU decomposmon computed with our method, and those marked with with ‘+’ have been

?—nd use the.resulting coefficients tO. ?0}‘/@: I32]:-_ Inlour computed with the planewave method. The thick black line represents the
implementation of the LU-decomposition we omit pivoting.light-line along which the modes become guided in free space. Modes lo-

This omission enables us to store the coefficients in loc&ated above this line are not guided by the slab, and are artifacts due to
tions of nonzero elements of the original matrix, instead Ozsrrtificial periodization of the structure required by the planewave method.
occupying a general banded matrix. Fortunately, it appears
as if pivoting is not necessary in first place: In our sys-
tematic and comprehensive testings we never encounterefinewave method is not fully adapted to slab problems, be-
a vanishingly small pivot element. cause it assumes the structure to be periodic in all spatial
In summary, the application &, *MP,* to a certain test directions. It can be used though, by introducing a long lat-
vectorf consists of the following steps} Computez = Pgl? tice vector inz—direction. This extended unit cell, a super-
by solvingf = P,z using the LU-coefficientsij) compute Cell, is first filled with the background material and the slab
x = Mz, and, finally,iii) apply P; * to x. Once the iterative is then inserted i|_’1to it. This approach is justified as long
solver reports convergence, the non-preconditioned soluti@$ the modes of interest are well confined around the slab
can be obtained frorh= pgl?_ in z—direction, and thus the interaction between neighbour-

We conclude this section with the following remarky: ing supercells can be assumed to be negligibly small. If the
SettingP; = | andP, = M is sufficient to solve the system. modes are not well localized, the solutions will interfere,
However, defining®; as described above seems to improvémd we can expect a significant deterioration of the results.
the iterative procedure by a significant factor in most probEurthermore, modes that are not guided by the slab, will ap-
lems and not worsen it in any problems we have solved R£ar guided due to this artificial periodization. Results can
far. i) We also experimented with a diagonal preconditiong® Verified by increasing tie-directional lattice vector un-
in which P; = | andP, = diag’/M). However, the results til convergence is reached.
were not satisfying. For most problems the system did not
converge f"‘t a.I.I_, and.even if it did, thousand_s of lterationg Dispersion diagram of equilateral triangular lattices
were requirediii) Typically, convergence requird®— 300
iterations, depending on the specific value&aindw, and Our first test case is an equilateral triangular lattice of

the functione(x,y, z), and the singularity oi. cylindrical air holes (voids) in a dielectric slab. The thick-
ness of the slab iB, = 0.4, and the dielectric constant is
I11. NUMERICAL RESULTS € = 12. The radius of the air holes is= 0.38, and the

lattice constana= 1.0. The cladding material above and
We have computed a variety of test examples with oupelow the slab is free space.
method and compared them, whenever possible, to the cor-Dispersion diagram computed with our method and with
responding results obtained by the planewave method [4he planewave method is shown in Fig. (1).
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Fig. 2. Convergence as a function of grid size for the lowest order mode s ' e
K = [0, 0.5]. Relative error compared to the result obtained wifrgrid 0.8~ : - ‘
points in all directions. The curve with marker ‘+' is computed with the
planewave method, while the curve with marker ‘o’ with our method. It car 0.6
be seen that our method provides accurate results with comparatively f
grid points. The difference between the two methods at finest discretizatic N 04

is 0.0205%
0.2
0
In both methods we use8? planewaves in both lattice
vector directions. In our method, we usg8 electric field 0z
layers and24 magnetic field layers iz—direction. In the 0.4
planewave method we used a super-cell with the periodi
ity length in z— direction beingl10a, with a denoting the 1
lattice constant. Thereby, we employ884 planewaves. 1
This results in15.36 planewaves for a slab with the thick- 0.5
nessh, = 0.4.
Quite often the lowest bands are the most significar y 0 o N

ones; therefore, we conducted a convergence analysis iu

the first mode at th&!—point (K = [0, 0.5]) (see Fig. (1)).

We So_lved .the_ problem utilizing both methods with S€VFEig. 3. Geometry of test case 2. Spheres with 0.45 are positioned

eral discretizations and compared the results as shown dna dielectric substrate with a rectangular lattice specified byl. The

Fig. (2). Problem parameters were as above except that weheres, having the dielectric constaginere= 12, are immersed in free

used the same number of grid points in all directions |§pace- The dielectric constant of the substra®,jgsrate= 5. Fields are
i . " plotted on the plane marked wish= 0.5.

the planewave method this means uslfig0.4 = 25 times

more planewaves in—direction in order to compensate for

the larger super-cell size.

B. Fields in an array of dielectric spheres

Our second test case consists of a rectangular lattice of
dielectric spheres positioned on a dielectric substrate. The
structure is shown in Fig. (3).

The fields shown in Figs. (4) and (5) are solved for the
lowest order eigenmode, at the frequenay= 0.2982c)
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and the poinfKy,Kz] = [0.5,0.5]. The eigenfrequency has
been determined iteratively using the technique described
in Section 3); when the result converged, we Fourier trans-
formed the solution to get the real space fields.

In the solution we used8 planewaves irk—direction,
and48 planewaves iry—direction. Inz—direction we used
48 and 47 layers for the electric and magnetic fields, re-
spectively. The electromagnetic field outside the stab
and z > 0.9) has been computed using the eigenpairs for
Maxwell's equations in free space. Note that we already
have constructed these eigenpairs for the implementation
of boundary conditions. Note also that having imposed e
the interface- and boundary conditions the unknowns in our v X
problem, and, therefore, field distributions in the slab as well
as in free space are uniquely determined. Finally, note that
while the transversal fields;, e, h; andh, have been ob-
tained from the solution of (37), the orthogonal field compo-
nentses andhs are computed as a postprocessing step using
(14).
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