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Abstract — Voltage sources are modeled with constant
resistive internal impedances when simulated in the
finite-difference time-domain (FDTD) method in most
of the applications. However, some applications, such as
an RFID tag antenna in radiation mode, require modeling
of voltage sources with frequency dependent complex
impedances. If the frequency dependent behavior of the
complex impedance of a voltage source follows that of
an RLC circuit, the voltage source can be modeled with
an RLC internal impedance in the FDTD method for
wide-band simulations. This paper presents FDTD
formulations to model a voltage source with an RLC
impedance for the cases where the RLC circuit is a series
or a parallel connected RL, RC, or an RLC configuration.

Index Terms — Finite-difference time-domain method,
impedance modeling, source modeling.

I. INTRODUCTION

Integration of complex behavior of lumped
components and sources into the finite-difference time-
domain (FDTD) [1, 2] simulations has been an active
research area during the past decades. Though there are
various types of local sources that can be used as the
excitation of an FDTD simulation, voltage source is the
most common one and several formulations are available
in the literature to integrate a resistive voltage source into
the FDTD method [3-8]. However, in some applications
the input impedance of a voltage source needs to be
modeled as a reactive impedance. For instance, a radio-
frequency identification (RFID) chip can be modeled as
an equivalent of a voltage source together with an RLC
circuit in the radiation mode [9]. For such applications
where reactive impedances need to be considered, the
reactive nature of the voltage source impedance needs to
be modeled by appropriate formulations in the FDTD
method to achieve wide-band time domain analyses.
This paper presents formulations for the cases where the
impedance of a voltage source is an equivalent of an
RLC circuit; updating equations for series or parallel
connected RL, RC, and RLC configurations are presented
here.
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When a lumped component is modeled in the FDTD
method, the updating equation is developed assuming
that the lumped component lies along an edge of a Yee
cell. A voltage source with a complex impedance can be
simulated by placing the source component of the
voltage source along an edge of a Yee cell while placing
the impedance component along the edge of the
neighboring Yee cell to form a series connection, thus
occupying two cells length of space in the FDTD grid.
The goal here is to formulate the updating equation such
that both the source and the impedance components are
placed along a single edge of a Yee cell.

Various methods have been presented in the
literature to incorporate arbitrary lumped devices and
networks into the FDTD method [10-16]. It should be
mentioned that modeling a voltage source can be
considered as an extension to modeling a load, as will be
discussed in the following section, therefore, some of
these general load modeling methods can be extended to
model voltage sources as well where the load is
considered as the impedance of the voltage source.

Here, we present development of FDTD updating
equations for each of the RLC configurations based on
the auxiliary differential equation (ADE) method [17-
21], one of the well-established methods to model
dispersive materials in the FDTD method. Next section
presents development of updating equations for
configurations in consideration. The following section
discusses the validity and accuracy of the presented
formulations.

I1. UPDATING EQUATIONS FOR
VOLTAGE SOURCE MODELING
Following the procedure in [3], we utilize the
impressed current density J in Maxwell’s magnetic
field curl equation:
VxH = josE+J, 1)
to model a voltage source in FDTD. Figure 1 illustrates
model of a voltage source and its impedance Z4 along

an edge of a Yee cell oriented in the z direction. For the
voltage source, we can express the impressed current
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density as:
IS
= , 2
L AxAy @)
where the current is,
AV +V.
ls =——=. ©)
ZS

Here, Vg is the source voltage and AV is the voltage
induced along the cell edge, which can be expressed in
terms of the electric field as:

AV =E,Az 4)
We can therefore express the current density in terms of
the source voltage and the electric field as:
Az 1 1 1

E, +

Caayzs ez O
- (i, 7. k+1)
T [S
2
AV
+ Vi
+ (i..4.k)

Fig. 1. A voltage source with an internal impedance of
ZS .

A. Modeling a voltage source with a series RLC
impedance
For a series RLC circuit, the impedance is:

_ joCR-’CL+1

Z, =R+ joL+ 6
s Jo joC jaC (6)
which leads (5) to:
Az JaC
z = - 2 E,
AXAY j&CR - w°CL +1
. ™
AXAY joCR - w’CL +1
We can write (7) briefly as:
J,=joQ+ F. 8
=R+ Ay (8)
The term Q is in the form of a single term Lorenzian as:
AzC 1
Q= - 5 2
AXAY joCR-w"CL+1
rE, (©)

- & +2jod - o
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where y = Az o0=—

_— , and a)O:—l . Then
AXAyL 2L

JLc

construction of updating equation including the Q term is
similar to the one for modeling Lorentzian dispersive
medium as presented in [21]. Following the procedure in

[21], we can construct an ADE from (9) as:

252 vt lo—yE 10
PRt Q=vyE,, (10)
which can be expressed in discrete time using central

difference approximation at time step # as:

Qn+1 _ Qn—l

Qn+1 _ 2Qn +Qn—l s
(At)?

(At)?

+0fQ" =yE}. (11)

Equation (11) can be arranged to calculate the future value
of Q, such that,

A2 2 _ 2
oAt +1 OAt+1 OAt+1

The additional source term in (8) is denoted as F.

Q

From (7) and (8), we can write:
(ja)CR—oJZCLJrl)F = jaCVs. (13)

This equation can be expressed in time domain as:

2
L FicrIF+F=cly,. (14)
ot? ot ot

The term F can be calculated analytically or numerically
for a given time waveform Vg before the FDTD iterations
start. For instance, if we use second order accurate central
difference for (14) we obtain an iterative equation to

calculate F for all time steps as:

Fn+05 _ 4L—2(At)2/C En-05 . RAt-2L Fn-15
2L+ RAt 2L + RAt

At
+ V. n+0.5 —V, n-15 )
2L+ RAt( s s )

Using (8) in (1) and transforming into time domain,

(15)

we obtain:

(Vx I-_|)Z :5§Ez +§Q+ 1

AXAY

F, (16)

which leads to an FDTD updating equation for a voltage

source with a series RLC impedance as:
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A —\n+0.5
£ ]+~ (VxH)”
1 n+l n 1 At n+0.5
- — -——F . 17
5<Q Q ) & AXAy an

The field update procedure can be summarized as
follows: At every time step, magnetic field components
are updated as usual. Next, the new value of Q is
calculated using its past values and the past values of E,
using (12). Then, E, is updated using the past value of

E, and magnetic field components, current value of F,

as well as the current and past values of Q as in (17).

B. Modeling a voltage source with a series RL
impedance

We can develop the equations for a series RL
configuration starting from series RLC equations; we
assume that capacitance is infinite. Then (9) becomes:

AZ 1

Q= (18)
AXAYL joR [ L - a?

Az

AyL'

7

Then we can use y =

§=R/2L,@, =0, which

leads (12) to:

n+l 2 n (5At_l) n-1 (At)ZW n
© _(5At+1)Q " (aat+1) +(5At+1)EZ'(19)

Using infinite capacitance value, (15) becomes:
Fn+05 :L 4L J Fn-05 +£ RAt—ZLJ Fn-15

2L + RAt 2L + RAt
At _
+ V n+0.5 _V n-15 . 20
2L +RAt (v ) 20)

FDTD updating equation for a voltage source with a

series RL impedance is (17), where Q and F are calculated
using (19) and (20), respectively.

C. Modeling a voltage source with a series RC
impedance

If we use the equations for the series RLC case in
Section A as is and just let L=0, we face a few
problems to formulate the series RC case. First of all the
terms y, &, and o, tend to infinity as L tends to zero.
Thus, (12) cannot be used.

It is possible to go back to (9) and let L=0 there
and derive an equation to calculate Q . However, notice
that, the relationship between Q and E is a second
order derivative when L is non-zero and it reduces to a
first order derivative for L =0 when moving from (9) to
(10). When the equation is a second order derivative,
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then it is more convenient and accurate to calculate Q

at integer time steps (i.e., as Q"** or Q") using E" and

using the derivative of Q in (16) (or difference of Q in
(17)) rather than Q itself in (16) (or Q"*%® in (17)).

When L is zero and (9) leads to a first order derivative,
then it is more convenient and accurate to calculate Q

at half integer time steps as Q"% and reformulate (16)

touse Q directly rather than its derivative. Hence, a new
formulation that uses Q directly is needed instead of

(16) and such a formulation can be derived by going back
to (1). The details of this procedure are presented below.

The admittance of a series RC circuit is:

y __JoC _1( jeCR
" joCR+1 R\ joCR+1

1 1
= . 2
LR ja)CR2+RJ *)

Using (21) in (5) yields:

3 - Az (1 1 E
* AxAy|\R jwCR?+R) °

+ ! [1_ - 12 Vs. (22)
AXAY\ R joCR”+R
Using J, in (1) leads to:
(VXH) = jweE, + Az ,+ 1 Vg
z AXAYR AXAYR
Az 1 £ 1 1 Ve. (23)

" AXAY joCRZ+R © AXAY joCR? +R
First three terms on the RHS are equivalent to the
equation for a resistive voltage source. The fourth term
can be expressed as:

AZ 1

Q= : (24)
AXAY jwCR? +R
which leads in discrete time domain to:
Qn+0.5 _ (ZCR_M) n-0.5
(2CR+At)
2AtAz
; (25)

" (2CR+At)RAXAY *

We can use the source terms (the third and fifth
terms) in (23) to write:
1 jowCR

F=V.-— Ve = Ve, 26
> joCR+1° jwCR+1 ° (26)
which leads to:
Op L 0y @
o CR ot

In discrete time, (27) yields:



E+05 _ 2CR - At En-05

 2CR+At
2CR _
" V n+0.5 _V n-0.5 . 28
2CR+At( s s ) (28)
We can obtain an updating equation from (23) as:
nal n —\n+0.5
E;™ = KiK,E] + Ky (VxH),
1
+K n+0.5 _ K Fn+0.5’ 29
2Q 2 ARMyR (29)
where
Ky=fo B2 (30)
At 2AXAyR
and
Y
K, =| =+ . (31)
At 2AXAyR

FDTD updating equation for a voltage source with a
series RC impedance is (29), where Q and F are

calculated using (25) and (28), respectively.

D. Modeling a voltage source with a parallel RLC
impedance

For a parallel RLC circuit, the source admittance
becomes:

Yq :i:l+;+ jaC, (32)
Z; R joL
which leads (5) to:
Az 1
J, =——YE, +—VYJ\Vs. 33
z AxAy Stz AxAy SVsS ( )
Using (33), we can write (1) in open form as:
(Vxl-_|) =jw£g+ Az CJEZ
z AXAY
A2 Le L A oy e (e
AXAy R AXAyL AXAY
where
1
Q:-_Ezv (35)
jo
and
F=YVs = £+L+ja)C V. (36)
PR joL S

We can derive an updating equation for Q using (35) as:
QM0 =Q" % 4 AtE]. (37)
This Q"*%° term can be calculated at every time step

using E!" and can be used to update E!**. Equation (36)
leads to:

joLRF = (—a)ZCLR +jol+ R)vS , (38)
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which can be transformed into discrete time domain
using the central difference approximation to obtain an
iterative equation to calculate F as:

En+05 _ 15 (ZC;{;[At)Vsmo.s
2
(ZAt R/ L_4CR) n-05 (ZCR_At)Vn—l.s (39)
S — Vs .
RAt RAt

Finally, (34) can be transformed into discrete time
domain using the central difference approximation to
obtain:

—\N+0.5

E;™ = K K,E] +2RAXAYALK, (Vx H )Z
—2(R/L)AZAtK,Q™05 —2RAK,F™05,  (40)
where
K| = eAXAy2R + AzC2R — AzAt, (41)
and
K, = (&AXAy2R +AZC2R + AZA) . (42)
FDTD updating equation for a voltage source with a
parallel RLC impedance is (40), where Q and F are
calculated using (37) and (39), respectively.

E. Modeling a voltage source with a parallel RL
impedance

We can use the equations developed for the parallel
RLC configuration to model the parallel RL case: we just
set the capacitance as zero in all respective equations in
Section 11.D such that:

n+05 _ =n-15  1,n+05
F05 _ pn-15 | Ty

2At 1

+_V n-0.5 __V n—1.5' 43
Vs Vs (43)
K, = éAXAY2R — AzAt, (44)
and
K, = (eAxAy2R + AzAt) ™. (45)

F. Modeling a voltage source with a parallel RC
impedance

We can use the equations developed for the parallel
RLC configuration to model the case of parallel RC
circuit: we just set the inductance as infinite in all
respective equations in Section 11.D. Equation (39)
becomes:

F n+0.5 =F n-0.5 + (ZCR + At)v n+0.5
RAt  °
-4 2CR - At
+ wVS”*O-S + MVS n-15 (46)
At RAt

The updating equation for electric field can be obtained
as:
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— 0.5
Er = KyK,E! + 2RAXAYALK, (Vx H) ™

z

—2RAtK,F "0 (47)
where K; and K, are the same as (41) and (42),
respectively.

G. Modeling a voltage source across multiple FDTD
cells

The updating equations presented above are
developed for a voltage source connected across an edge
of a single cell. Another case that needs consideration is
where the voltage source is defined across multiple three
dimensional FDTD cells. Such a case is discussed in [22]
as an extension to the source modeling formulation
presented in [4].

Here, as a simple procedure, we can assign an
equivalent voltage, resistance, inductance, and
capacitance values to each cell edge contained in the
volume of the voltage source region and still use the
above equations to update the associated electric fields.

For instance, Fig. 2 illustrates a voltage source
across multiple cells. Here each edge is assigned an
equivalent voltage of Vs, and impedance of Zg,,

where Zg ., can be a parallel or series connection of

Reqr Leqandlor Cy . The indices is, js, and ks, indicate

the start node of the region where the voltage source is
located, whereas the indices ie, je, and ke, indicate the
end node. Number of cells in the voltage source region
is nx=ie—is, ny= je— js, nz=ke—ks, inthe x, vy,
and z directions, respectively. The equivalent voltage
for an edge can be obtained by:

1

Vsyeq = EVS .

(48)

(i.s‘, Je, ke)

BN

(is, s, ks ) ie, js.ks)

Fig. 2. A voltage source with an internal impedance
across multiple cells.

The equivalent impedance is:

nx+1)(ny +1
7, - DYy (49)
nz
which leads to:
nx+1)(ny +1
Ry = DY) (50)

nz
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_ (nx+D)(ny +1) L

Leg z (51)
and
nz
Ceo =y D) 2

I1l. VALIDATION OF FORMULATIONS

In this section we present results of some example
cases to demonstrate the validity and accuracy of the
presented formulations. Figure 3 shows two parallel PEC
plates terminated by a voltage source and a load. Each
plate is 1 mm by 2 mm in size. The separation between
the plates is 1 mm. This geometry is simulated using
AX=1mm, Ay =1mm, and Az =Imm cell size. In the

simulations the voltage source Vg is excited by a

derivative of Gaussian waveform. In the following tests
each time a different source impedance configuration is
modeled using the values of R=50Q, L=5nH , and
C =10pF . The load is modeled as a 50€2 resistor.

Fig. 3. Two parallel PEC plates terminated by a voltage
source and a load.

During impedance calculations after the simulations
were performed, it was observed that a capacitance in
parallel with the load and source exists at the position of
the load and the source. This numerical parasitic
reactance in the FDTD grid has been discussed in the
literature and correction procedures were suggested [6],
[23-25].

The parasitic capacitance along the location of the
voltage source in Fig. 3 is determined as Cp =0.0175pF

by initial FDTD analyses for the cell size being used. To
extract the simulated impedance of the voltage source,
the effect of this capacitance is removed from the
calculated impedances in the following example test
cases.

It should be noted that a value for the numerical
parasitic capacitance can be obtained by:

C, - AXAY ,
Az

where C, is the capacitance related to the edge of a cell
in the z direction as proposed by [24]. In Fig. 3, two
parasitic capacitors can be imagined along the two edges
of the voltage source. These capacitors are connected in

(83)



parallel and their equivalent capacitance can be
calculated as C, =0.0177 pF using (53), which agrees
well with the above determined value out of the
simulations.

Figure 4 shows the model of the voltage source
together with the parasitic capacitor Cp . In each test case

the sampled voltage (V,) and current (1,) are captured

on the voltage source in Fig. 4 and then the source
impedance is calculated as:

Vsi=Vi _ V-V

Z = , 54
ST g L +1c &9
where 1 = joCpV, .
[l
S+
17
L

Fig. 4. Equivalent model of a voltage source including
the parasitic capacitance.

Figures 5 to 10 show the results of different test
cases, where the expected impedances of the voltage
sources are compared with the ones obtained from FDTD
simulations using (54). The results show very good
agreement on a wide frequency range.

800
real(Zs) exact
= = imag{Zs)exact
600 + real(Zs) FDTD
* imag(Zs) FDTD
e
S
8 400 Sl
c ot
@© e
=] B
@ R
o e
E 200 P
x’x
-
e
—— b
O*)tm
1
|
-200 : !
0 5 10 15
frequency (GHz)

Fig. 5. Impedance of a voltage source as a series RLC.
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Fig. 6. Impedance of a voltage source as a series RL.
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Fig. 7. Impedance of a voltage source as a series RC.
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Fig. 8. Impedance of a voltage source as a parallel RLC.
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9. Impedance of a voltage source as a parallel RL.
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10. Impedance of a voltage source as a parallel RC.

1V. CONCLUSION
Formulations are presented to model a voltage

source with an RLC internal impedance in the FDTD
method. It has been shown that these formulations can
be used to model the RLC impedance of a voltage source
on a wide frequency band. It should be noted that while
these formulations are developed to model voltage
sources with RLC impedances, they can be equivalently
used to model passive RLC impedances as well by
simply removing the source terms from the equations.
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