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Abstract — This work describes a meshless
approach to obtain resonant frequencies and field
distributions in axisymmetric electromagnetic
cavities. The meshless local Petrov-Galerkin is
used with shape functions generated by moving
least squares. Boundary conditions are imposed by
a collocation method that does not require
integrations. The proposed analysis has simple
implementation and reduced computational effort.
Results for TE and TM modes of cylindrical and
spherical cavities are presented and compared with
analytical solutions.

Index Terms—BOR (bodies of revolution),
electromagnetic cavities, LBIE (local boundary
integral equation), and MLPG (meshless local
Petrov-Galerkin).

I. INTRODUCTION

Meshless methods are a class of numerical
methods able to solve problems governed by
partial differential equations (PDE), as other
methods vastly used by the computational
electromagnetic (CEM) community like the finite
element method (FEM) and the finite difference
method (FDM). The FDM is usually employed to
solve problems in time domain, generating the
well-known finite difference time domain (FDTD)
[1]. FEM, on the other hand, is generally used to
solve electromagnetic problems in frequency
domain. Both methods need a mesh (FEM) or a
grid (FDTD) to attain a numerical solution.

Submitted On: May 31, 2011
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A mesh generation with strict quality
restrictions required by numerical methods is a
very demanding task, especially for very
complicated geometries and for three-dimensional
(3D) problems. For this reason, alternative
numerical techniques without meshes or grids are
sought. In meshless methods, the numerical
solution is obtained without setting up any kind of
grid or mesh. From a computational perspective,
FEM requires more time in its mesh setup, while
meshless methods demand on its matrix
computation due to the complexity of their shape
function construction.

Meshless methods can be classified in two
categories: methods based on strong forms and
those based on weak formulations. In strong-form
methods, the governing partial differential
equations (PDEs) are directly discretized using
simple collocation techniques. These methods are
computationally efficient and have simple
implementation; but they are often unstable, not
robust, and inaccurate [2]. Meshless methods
based on collocation are generally implemented
using smoothed particle hydrodynamics for
electromagnetics (SPEM) formulations [3] or
radial basis functions [4, 5, and 6].

In order to use methods based on weak
formulations, it is necessary to construct a weak
equation, which is obtained by applying the
residual method to the PDE [2]. Galerkin or
Petrov-Galerkin methods can be used to discretize
the weak equation, resulting in methods more

1054-4887 © 2011 ACES
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robust, stable, and with higher convergence rates
than collocation techniques [2].

The element free Galerkin method (EFGM) is
a global weak formulation, which has been
successfully applied in the solution of wave
scattering problems [7]. The main drawback of the
EFGM is that it requires a background mesh to
perform  numerical integrations.  Recently,
meshless local Petrov-Galerkin (MLPG), which is
a local weak-form method and does not use a
mesh even for integration, has been used to solve
wave propagation [8] and 3D static problems [9].

The present work extends the MLPG
procedures presented in [8 and 9] to determine the
resonant frequencies and field distributions inside
axisymmetric cavities. Similar problems have been
solved in [4 and 5] using meshless collocation
methods. Our work adopts MLPG, which is a
weak-form method that, in principle, has better
precision and numerical stability when compared
with collocation methods [2].

II. PROBLEM FORMULATION
The vectorial Helmholtz equation for a source-
free region containing a material characterized by
its relative permittivity €, and permeability p,. is
given by [10]

1
VX(E—VXH) kluwH =0 (1)
s

where k3 = w?equy and k, is the free-space
wavenumber.

We first make the assumption that the field
distribution is also axisymmetric, i.e., the magnetic
field in (1) has only the ¢-component and varies
only in p and z directions (ﬁ = Hy (p, z)@). This
assumption is applied in (1) and results in a TM
scalar formulation:

a1 (3(pH¢)
ap |pe, dp ]
= 0. (2)

The weak form is then obtained by the weighted

residual method, multiplying (2) by a test function
1/)(,0, z) and integrating the result over the domain

1 9(pHy)
oz peE, 0z

kg#rH¢

1 a(Pqu) L0 [ 1 a(pHy)
PE, 0z |pe, 0z

ap ] WdA
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+k2 f fn u-HppdA = 0. 3

After some mathematical manipulations [10], the
weak form for the TM solution is obtained:

% A a(Pch) ﬂ Vi V(PH¢)dA

QPEr
+k2 ﬂ Wm = 0. (4)
Q

The TE weak formulation is obtained from

duality. A single equation mathematically
expressing both TE and TM cases is written as
au
S [ v B
oo Pf on * f
(5)

where, for TM modes, u = pH¢ , [ is the relative
electric permittivity €,, and g is the relative
magnetic permeability p, inside the cavity. For TE
modes, u = pEg, f = piy,and g = €.

III. THE MESHLESS APPROACH

Equation (5) is numerically evaluated by a
meshless approach, which begins by spreading
nodes (field nodes) over the problem domain ()
and its boundary 9Q (see Fig. 1). Every node x;
has an associated shape function ¢;, which is
different from zero only in a small region around
the node I. This region is known as node I’s
influence domains (), as illustrated in Fig. 1. The
influence domain can be of any shape (generally
circular, square, or rectangular forms are adopted),
as long as their union covers all the problem
domain Q. In this work, circular influence domains
are employed. The local approximation of u at a
point x is then given by:

N
W) = ) piCour, ©)
I

where [ =1,...,N represents the nodes whose
influence domains include point x and u; are the
nodal values. The set of N nodes is known as the
support domain €y (Fig. 1). To build the shape
function we have adopted the moving least squares
(MLS) method, which begins by
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Fig. 1. A computational domain () and its

boundaries 9. The horizontal striped regions are
influence domains Qg and Qp, of the nodes
x4 and X,, respectively. The non-striped regions
are test domains (g, and (s, of the nodes x3 and
X4, respectively. The vertical striped region is the
support domain () of a point x.

expressing u” as [2]
utx) =p'ax), Vx€ Q, (7)

where  pT(x) = [p'(0,p* (), .,p" ()] is a
complete monomial basis with m terms and a(x)
is a vector containing the coefficients al(x),
j=1,2,..,m, which are functions of the space
co-ordinates x = [p, z]T. For example, using a
first order polynomial, pT(x) is given by:

pT(x) =[1,p,z], for m =3. (8)

The coefficient vector a(x) is determined by
minimizing a weight discrete L,-norm defined as:

N
J= ) wd) BT EDac —wlt, ()
I=1

where N is the number of nodes in the support
domain of x and x; are the coordinates of node I.
The chosen weighting function is a third order
spline function expressed by [2]:
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(= — 4d;” + 4d;’
2 —4d; + 4d,* —2d;°

. 1
lf d] < E
iff<d <1
2
kO otherwise,

where d; = |x — x;|/r; and 17 is the radius of the
influence domain associated to node I, as shown in
Fig. 1. The ny values are obtained in a two step
preprocess: (i) a small set of N;,; neighbor nodes
for each node I is selected; (ii) the distance
between node I and its furthest neighbor node
(dist;) is evaluated and multiplied by the
dimensionless size parameter «;, defining
1 = dist; - a;.
The minimization of J results in [2]

ax) = A 1(x)BX)U, (11)

where A is the moment matrix, given by

N
AG) = ) wx—x)pGOP (), (12)
I=0

the matrix B has the form B(x)=

[B1, B3, ..., By], with column elements By defined
by

By = w(dpp(xp), (13)
and U is the vector that contains all fictitious nodal
values of support domain Q,, U = {uy, ..., uy}".

Equation (7) can be rewritten using (11) as
follows [2]:

u(x) = pT(NA I (X)BX)U = @T(x)U, (14)

where ®(x) is the matrix of MLS shape functions
corresponding to N nodes of (), written as:

OT(x) = [¢p1 (%), p2(X), -, py()],  (15)
where ¢;(x) is the shape function of the Ith node
of Q. Equation (14) indicates that shape functions
and, consequently, the MLS approximation
depend on A™1. A well-conditioned A matrix is
guaranteed using N > m and avoiding certain
singular node distributions (e.g., a collinear node
distribution) [2]. Equation (14) is the matrix form
of (6).

The partial derivatives of @ with respect to p
are obtained as:

@, =p,"A"'B+pTA,'B+p"A'B,(16)

where the subscript ,p denotes the parcial
derivative with respect to p. Derivatives of the
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shape function with respect to z are obtained in a
similar way [2].

Figure 2 illustrates a MLS shape function for a
node located at xT = [0,0], obtained using 25
nodes uniformly spread over (). Each node in the
domain will have a similar function associated to it
and the final approximation will be given by (6).
The precision of the approximation depends on the
node distribution, but if we define a FEM mesh
and generate a MLS approximation using the FEM
mesh nodes, the MLS approximation is typically
more precise than FEM [2]. Figure 3 shows the
first derivative of the MLS shape function with
respect to p.

IV. THE MLPG ANALYSIS

The MLS function approximation is now
applied to describe u in equation (5). The
proposed analysis is similar to MLPG4/LBIE
(local boundary integral equation) [2], but it
differs in what concerns the imposition of
boundary conditions, which follows the treatment
of interface conditions discussed in [9]. For the
MLPG method, it is necessary to spread nodes
inside Q (interior nodes) and over the global
boundary dQ (boundary nodes), as shown in Fig.
1. Interior nodes use the test function 1;, which
acts in a local region near node I (the node’s test
domain (g ) where the integrations are carried
out. In LBIE, (g, is generally a circle centered at
the interior node I and the corresponding test
function Y; must satisfy the following
requirements:

V2, = —5(x — x1) , a delta function at x;, (17)
P; = 0, at the test domain boundary g. (18)

Conditions (17) and (18) are satisfied by the
following test function:

1
P16 =5 1n

where sy is the radius of the circular domain (g,
chosen such that ()5, does not intersect the global
boundary d€ [9]. The local weak form can be
obtained by replacing 1 by ¥ and u by u” in (5),
where the boundary integral vanishes due to (18),
resulting in:

ffﬂ le%quhdA k2 ffﬂ glp;uh dA = 0. (20)

), (19)

|x —xq]
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Fig. 3. First derivative of shape function, ¢ ,.

This local formulation is versatile. For example, it
can be used to analyze a layered medium of
permissivities or permeabilities. In these cases, it
is necessary to deal with the discontinuity between
different media, which can be accomplished by
using the techniques described in [11].

All boundary nodes are used to impose the
boundary conditions and a simple technique
(known as the meshless collocation scheme) that
requires no integration is adopted [9]. Boundary
conditions are expressed in a general form as:

oul(x)) N ’1

—L = h(x), 1)
where b =1 and ¢ =0 if x; is at a Dirichlet
boundary or b = 0 and ¢ = 1 if it is at a Neumann
boundary. h is a known imposed value. In a cavity
with a perfect electric conductor wall, for TE
modes, the function u satisfies a Dirichlet
boundary condition over the wall (i.e. Eg = 0),
while for TM modes a Neumann condition is
imposed (dHgy/dn =0). Over the axis of

b(xpu"(x1) + c(xy)



symmetry (z-axis), the Dirichlet condition u = 0
is imposed for both modes, as p = 0.

The numerical solution of the problem is
obtained by transforming (20) and (21) into a set
of linear equations, resulting in:

(C—kZD)u, =0, (22)
where, for interior nodes,
Vi -V
Cy = f VoLV 4, (23)
Qg fp
Dy = f f 989 14, (24)
as P

and, for boundary nodes, Cj; = ¢;(x;) (Dirichlet)
or Cy = d¢y(xy) /0n (Neumann), and Dy = 0. C
and D are sparse matrices, which reduce the
memory requirements and computation time by
eliminating operations on zero elements. The
wavenumbers k, are obtained from the
eigenvalues of (22).

V.NUMERICAL RESULTS

Axially symmetric resonant cavities can be
analyzed by the proposed technique. We present
results for two cavities: a cylindrical and a
spherical cavity. Only modes without ¢p-variation
are analyzed (n = 0).

In the first example, we analyze a cylindrical
cavity with radius equal to 1m, height equal to 2m,
and vacuum in its interior (&, = u, = 1). Table 1
shows the first resonant wavenumbers evaluated
analytically [12] and numerically, using 3321
uniformly spaced nodes over the domain and its
boundary (node spacing of 2.5cm). Table 1 also
shows the percentual relative errors. The
maximum error is approximately 0.49% for TM
and 0.05% for TE modes. We do not have an
explanation for the larger TM error. The main
difference between the TE and TM problems is the
boundary conditions: the TE problem only uses
Dirichlet boundary conditions while the TM one
has a Neumann boundary at the cavity wall.
However, this difference does not completely
explain the larger TM error.

In order to evaluate the convergence of the
proposed method, it is necessary to determine the
best values for the parameters @, which
were defined in Section III to determine the node’s
influence domain. Our study demonstrated that the
numerical accuracy depends on this parameter,

SOARES, MESQUITA, MOREIRA: AXISYMMETRIC EM RESONANT CAVITY SOLUTION BY PETROV-GALERKIN METHOD

with small a; values leading to large errors
because of the insufficient number of nodes to
perform a precise MLS approximation. However,
larger o values result in larger number of nodes
inside the support domains. This results in an
increase in time to evaluate the shape functions
and in less sparse matrices, which also require
more computing time to determine the eigenvalues
and eigenvectors.

Table 1: Resonant wavenumbers k (rad/m) and
relative errors (%) for the cylindrical cavity

Analytical | Numerical | Error
MODEypq Solu);:ion Solution (%)

TEp11 | 4.1411799 4.1423492 | 0.0282
TEg12 | 4.9549545 4.9570499 | 0.0422
TEp13 6.0735970 6.0769282 | 0.0548
TMp1o | 24048255 2.4167237 | 0.4947
TMy1 | 2.8723835 2.8865461 | 0.4930
TMgy12 | 3.9563607 39757341 | 0.4896

Figure 4 presents the relative error as a
function of ;. This figure (obtained with Ny,,; = 6
and 1981 uniformly spaced nodes over the domain
and its boundary, with a node spacing of 33 cm)
shows that optimum values of a; are between 1.3
and 2.0. The simulations suggest the optimum
values a; = 1.3 and 1.6 for TE and TM modes,
respectively.

Figure 5 presents the convergence results for
the six modes present in Table 1. The node
spacing is changed in the interval [0.333 m, 0.025
m] and the convergence rates are approximately
1.84 and 1.2 for TE and TM modes, respectively.

Figures 6 through 8 present the electrical and
magnetic field distributions inside the cavity,
which were obtained extracting the field
components from the eigenvectors using 1891
uniformly spaced nodes over the domain and its
boundary (node spacing of 33 cm). Figure 6 shows
TEg11(Eg) and TMgq(Hg) modes, Fig. 7 shows
TEg12(Eg) and TMyq1(Hg) modes, and Fig. 8
shows TEg13(Eg) and TMgq,(Hg) modes. These
numerical field distributions are in agreement with
analytical results [12].

The second test problem is a spherical cavity
with radius equal to 1 m and vacuum in its interior
(& = u = 1). Table 2 shows analytical [12] and
numerical resonant wavenumbers (n = 0, with
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2705 nodes uniformly spaced over the domain and
its boundary, with node spacing of 2.5cm). The
maximum error is approximately 0.69% for TM
and 0.066% for TE modes.

16°

Relative Error (%)
=

10”

1 1.5 2 2.5 3

Fig. 4. Influence of the a; values on the accuracy
of the results for the cylindrical cavity.
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Fig. 5. Convergence of TE and TM modes for the

cylindrical cavity.
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Fig. 6. Numerical field distribution in the
cylindrical cavity: (a) TEg11(Eg) and TMgq(Hg)-
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Table 2: Resonant wavenumbers k (rad/m) and
relative errors (%) for the spherical cavity

Analytical | Numerical | Error
MODEypq Solu};ion Solution (%)

TEgq1 | 44934095 | 4.4949440 | 0.0341
TEg12 | 5.7634592 | 5.7664633 | 0.0521
TEg13 | 6.9879300 | 6.9925602 | 0.0662
TMy1o | 2.7437072 | 2.7579069 | 0.5175
TMy,, | 3.8702386 | 3.8929146 | 0.5859
TMy,, | 4.9734204 | 5.0077221 | 0.6897

Figure 9 presents the convergence results for
the modes present in Table 1 (built with the same
Ny and a; values chosen for the cylindrical
cavity). The convergence rates are approximately
2.0 and 14 for TE modes and TM modes,
respectively.

Figures 10 through 11 present the numerical
field distribution inside the spherical cavity,
obtained using 1553 nodes uniformly spaced over
the domain and its boundary (node spacing of



33cm). Figure 10 shows TEgy;4(Ey) and
TMy10(Hg) modes, Fig. 11 shows TEg;,(Ey) and
TMy11(Hg) modes, and Fig. 12 shows TEg;3(Eg)
and TMyq,(Hg) modes. Again, the field

distributions are in perfect agreement with
analytical results [12].
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Fig. 9. Convergence of TE and TM modes for the

spherical cavity.
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Fig. 10. Numerical field distribution
spherical cavity: (a) TEgq1(Eg) and TMgq9(Hg)-

CONCLUSIONS

This work discussed the numerical analysis of
axisymmetric resonant cavities by a Meshless
Local Petrov-Galerkin (MLPG) method. The
axisymmetric weak formulation is simple and
versatile. The proposed MLPG analysis uses a
collocation method to impose the boundary
conditions, which simplifies the algorithm. The
employed method is a local weak-form method
and does not require a background mesh.

Two axially symmetric resonant cavities had
their eigenvalues and field distributions

SOARES, MESQUITA, MOREIRA: AXISYMMETRIC EM RESONANT CAVITY SOLUTION BY PETROV-GALERKIN METHOD

numerically evaluated. The proposed method had
its convergence rate determined, which for a
cylindrical cavity are 1.84 and 1.2 for TE and T™M
modes, respectively. For a spherical cavity, the
convergence rates are 2 and 1.4 for TE and TM
modes, respectively. The method can be easily
adaptable to different axially symmetric
geometries.
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Fig. 11. Numerical field distribution in the

spherical cavity: (a) TEgq2(Eg) and TMgq1(Hg).
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Fig. 12. Numerical field distribution in the

spherical cavity: (a) TEgq3(Eg) and TMgq5(Hg).
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Abstract — In this paper, an optimal weighed
cooperative spectrum sensing strategy based on
data fusion is investigated in cognitive radio
network. Cognitive radios sense the channels by
energy detection independently and send their
results to a fusion center, in which the observed
data are fused by the specific weighing. The
optimal sensing problem, which seeks to minimize
interference and maximize throughput by keeping
the probabilities of false alarm and detection
within the allowable limit, is formulated. In
particular, both the cooperative detections in single
channel and multi-channels are analyzed, and the
optimal weighed factors are obtained by Cauchy-
inequality. Based on the weighing, we transform
the non-convex optimal problem of multi-channel
sensing with double parameters and nonlinear
constraints into a convex problem with single
parameter and linear constraints, which can be
casily solved. The simulation shows that the
proposed algorithm can achieve lower interference
and higher throughput with less computing
complexity, and the detected performance of each
sub-channel can also be guaranteed. It also
indicates that there is a conflict between improving
throughput and decreasing interference, and the
proposed algorithm can make better use of
spectrum by balancing the conflict.

Index Terms— Cognitive radio, cooperative
spectrum sensing, data fusion, energy detection,
signal processing.

I. INTRODUCTION
Since wireless technologies continue to grow,
more and more spectrum resources will be needed.
Within the current spectrum allocation, all of the

Submitted On: May 14, 2011
Accepted On: October 13, 2011

frequency bands are allocated to the legal user
authorized by the government, which is called
primary user (PU), and the unlicensed user is not
permitted to access to the spectrum [1]. A survey
of spectrum utilization made by the Federal
Communications Commission (FCC) has indicated
that 70% of the allocated spectrum in US has not
been well-utilized, and in New York City, only
13.1% of the spectrum source from 30 MHz to 3
GHz is well used [2]. Moreover, the spectrum
usage varies significantly in various time,
frequency, and geographic locations, so it is
difficult to reuse the spectrum according to the
previous allocation principle [3].

Spectrum utilization can be improved
significantly by allowing an unlicensed user to
utilize a licensed band when the PU is absent, and
therefore, a new intelligent unlicensed wireless
communication system named cognitive radio
(CR) is proposed to promote the efficient use of
the spectrum [4]. A CR based on software radio,
can reuse the temporarily unused radio spectrum
allocated to PU, which is called idle spectrum, by
sensing and adapting to the environment. Since the
chief principle for CR to operate in the idle
channel is that CR can’t cause harmful
interference to the PU, the CR must continuously
sense the idle frequency band used by it, in order
to detect the presence of the PU. Once the PU
appears, CR should immediately vacate this band
to search a new idle spectrum [5].

Presently, three schemes (namely, matched
filter detection, energy detection and cyclo-
stationary feature detection) have been presented
for the single-user detection in CR networks.
Matched filter detection can achieve high
processing gain while cyclo-stationary feature
detection can distinguish the primary signal under

1054-4887 © 2011 ACES
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low SNR. However, both of them need the prior
information about the primary signal, which is
difficult to get in the actual case [6]. Energy
detection has been put forward as an optimal
method for the occasion where CR cannot gather
sufficient information about the primary signal [7].
However, unfortunately, the performance of
energy detection could be degraded in the fading
and shadow environment. In order to cope with
this problem, the cooperative spectrum sensing has
been proposed [8].

It has been proved that compared to the single-
user detection, by allowing multiple CRs to
cooperatively sense spectrum, the detected
performance in the fading and shadow
environment can be improved greatly [9]. In
cooperative spectrum sensing, each CR makes a
local decision by energy detection, and then
reports its decision result to a fusion center in
order to obtain the final decision on the presence
of PU [10]. The fusion rule of the cooperative
detection includes decision fusion and data fusion,
and in this paper, we focus on data fusion which
can achieve higher performance while more CRs
are in deep fading [11].

Light-weight cooperative detection based on
decision fusion is proposed in [12] to increase the
detection probability under a specific false alarm
probability. By its predominant nature as a data
fusion scheme, an optimal linear cooperative
spectrum sensing for CR network based on
weighed data fusion is proposed by [13]. In [13],
the detected performance is improved through the
optimum weight vector obtained by the global
solution of the objective function. However, the
complexity brought by the solution of non-convex
optimization problem is high. The linear
combination weights for a global fusion center that
together maximize global probability of detection
[14]. However, the probability of false alarm
which needs to be decreased for improving the
spectrum utilization is lack of consideration. The
researches in [12-14] are all about the cooperative
detection in the single channel. An optimal multi-
band joint detection for spectrum sensing in CR
network is proposed in [15], and the spectrum
sensing problem is formulated as a class of
optimization problems which maximize the
throughput of CR. However, the objective function
and constraints in [15] are all nonlinear functions,
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and the interior-point method adopted to solve the
problem is complex.

In this paper, the weighed cooperative
detection based on data fusion is researched
further and both the cooperative detections in
single channel and multi-channel are considered.
Our technical contributions are summarized as
follows: (1) We respectively obtain the optimal
weighed factors of the cooperative detection in
single channel from the two aspects: minimizing
interference and maximizing throughput, and the
optimal problem can be further expressed as
maximizing probability of detection and
minimizing probability of false alarm subject to
the constraints of throughput and interference
respectively. The solution of the proposed optimal
problem is based on the Cauchy-inequality which
has less complexity. (2) By the research result of
the detection in single channel, the non-convex
optimal problem of the cooperative detection in
multi-channel with double parameters and
nonlinear constraints can be transformed into a
convex optimal problem with single parameter and
linear constraints, which can be solved easily. (3)
Our simulation proves that there is an obvious
conflict between improving throughput and
decreasing interference, however the proposed
algorithms can balance the conflict better.

The rest of the paper is organized as follows.
In Section II, we describe the single-user energy
detection. In Section III, we develop the weighed
cooperative detection in single channel in order to
minimize interference to PU and maximize
throughput of CR. Based on the research result in
Section III, the optimization of the cooperative
detection in multi-channel is proposed and solved
in Section IV. The advantages of the proposed
cooperative spectrum sensing algorithm are then
illustrated by the simulations in Section V, and
lastly the conclusions are drawn in Section
VL

I1. SINGLE USER DETECTION

A. Primary signal assumption

Suppose that there are N users in the CR
network, and the received signal of CRi can be
denoted by the binary assumption defined as (1).
Hypothesis H, denotes the presence of PU while

hypothesis H, denotes the absence of PU.



Hy:x (D =n() i=12,..,N
H :x(=hsh+nl) 1=1,2,...M ’
where Xi(l) is the received signal of CRi, and | is

the sampling node of the received signal. s(l) is the
primary signal which is assumed to be a uniform

random process with zero mean and variance o,

M

while the noise n(l) is assumed to be Gaussian

random process with zero mean and variance o,

and s(l) and n(l) are completely independent. h; is
the channel gain between the PU and CRi.

B. Energy detection

If prior knowledge of the primary signal is
unknown, the energy detection method is optimal
for detecting any zero-mean constellation signals.

In the energy detection approach, the radio-
frequency (RF) energy in the channel or the
received signal strength indicator is measured by
CR to determine the presence of the PU. Firstly,
the received signal is filtered through a band-pass
filter to select the preferable bandwidth. The
output signal is then squared and integrated over
the observed interval. Finally, the output of the
integrator is compared to a pre-set threshold for
deciding the vacancy of the channel. The energy
detection model is shown in Fig. 1.

X(t) N H
L Band-pass Filter 3] (-)_ J.OT zl —IP

Fig. 1. Energy detection model.

Over an observed interval of M samples, each CR
calculates an energy statistic T; which is given by

M
T=LYemi=12..N. @
M5

By comparing T; to the threshold /4, the presence
of the PU can be estimated by
H,
T 2. 3)
HO
If M is large enough, according to the center limit
theorem (CLT), the probability distribution
function (PDF) of T; can be approximated by a
Gaussian distribution whose mean U;jand variance
o;; under the hypothesis H; ( j=0,1) are calculated

respectively as follows
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. u|,1:(1+7/i)0r3
H H (4)
ot =aat ot =2 o

where the received SNR by CRi is 3, =h’c’ /0.

Therefore, according to (4), for a single CR, the
probabilities of false alarm and detection are given
respectively as follows

P ;= L(——l)f] (5)

P Q[(——y.—)4y_+2], ©)

n 1

where function Q(X) = Jj exp(—t?/2)dt / .

Probabilities of false alarm and detection
represent the different characters of CR. The high
probability of false alarm, which means the high
error probability of deciding the presence of the
PU, decreases the spectrum utilization, while the
low probability of detection, which means the high
error probability of deciding the absence of the
PU, increases the interference to PU. The
probability of miss detection is obtained by

P.i=1-Py;. (7)

By setting the threshold 4; for a desired

probability of false alarm I5f,i , according to (5) and

(6), we obtain the probability of detection as

AR [ M
I:)d,i _Q[ 7 4% +2J’ (8)

27 +1
while by setting the threshold A; for a desired
probability of detection ISd,i , We can obtain the

probability of false alarm as

=Q(Q' By W2r+1+1IM/2). (9

III. COOPERATIVE DETECTION IN
SINGLE CHANNEL

A. Cooperative detection generalization

The critical challenging issue in spectrum
sensing of CR is the hidden terminal problem,
which occurs when the CR is shadowed or in
severe multipath fading. Figure 2 shows that CR3
is shadowed by a high building over its sensing
channel, and therefore CR3 may falsely decide the
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absence of the PU because of the weak primary
signal power received by it. Thus, CR3 may access
to the channel in spite of the interference to PU.
To solve this problem, multiple CRs can be
designed to collaborate in spectrum sensing. When
one CR is in deep fading, the received signal may
be too weak to be detected. However, by
employing a CR located near by the PU as an
assistant, the primary signal can be detected
reliably by the infirm CR.

In this paper, we consider a cooperative
spectrum sensing scenario where multiple CRs can
be coordinated to enhance the performance of
spectrum sensing as a whole, and by cooperative
spectrum sensing, the probability of detection in
fading channel can be greatly increased.

1
]ﬁ CR1
i -
PU Transmitter
\:IR Base Station
(i f A

é\.m

[C3)]
PU Receiver é

Fig. 2. Causes of unreliable detection.

In this subsection, we assume that one CR can
only detect a single channel at one time and the
CR network is composed of N CRs, and a fusion
center which manages the CR network and all the
associated N CRs.

In the network, cooperative detection can be
defined by the following four steps

(1) Each CR performs local spectrum sensing
by observing the primary signal independently,
and its sensing result may be a 1-bit binary
decision 0/1 which denotes H,/ H, or an energy

statistic of the primary signal.

(2) All the CRs transmit their sensing results
to the fusion center through one dedicated control
channel in an orthogonal manner.

(3) The fusion center fuses all the sensing
results from the CRs in order to make the final
decision to infer the presence of the PU.

(4) After getting the fusion decision, the
fusion center reports its final decision to all the
CRs through the dedicated control channel.
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The cooperative detection model is showed in
Fig. 3. It shows that cooperative spectrum sensing
goes through two successive channels: the sensing
channel (observed channel from PU to CR) and the
reporting channel (dedicated control channel from

CR to the fusion center).
CR

Reporting

Sensing Channel
e

Channe
PU .
Fusion Centre

Fig. 3. Cooperative detection model in CR.

The fusion fashion by the fusion center
includes the following two kinds

(1) Decision fusion: each CR makes a binary
decision based on the local observation and then
forwards 1-bit decision to the fusion center. At the
fusion center, all the 1-bit decisions are combined
together to make the final decision by a fusion rule
such as OR logic, AND logic and K-OUT-N logic.

(2) Data fusion: instead of transmitting the 1-
bit decision to the fusion center in the decision
fusion, here each CR can just send its observed
value directly to the fusion center. At the fusion
center, all the observed values from CRs are
accumulated and then compared to a global
decision threshold for getting the final decision.

Compared to the 1-bit transmission of decision
fusion, data fusion needs CR to transmit larger
observed information, however, data fusion which
gets less influence of the single CR, outperforms
decision fusion while more CRs are shadowed or
in deep fading.

B. Cooperative detection based on weighing

Since the single detected performance of each
CR is different, and the CRs with low detected
performance can decrease the cooperative detected
performance while those with high detected
performance can increase the cooperative detected
performance, in this paper, weighed factor is used
to represent the contribution of the single CR to
the cooperative detection. A weighed cooperative
detection model based on data fusion is showed in
Fig. 4.
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AWGN
Channel

T
X1 CR1

.

AWGN
Channel

Fusion Centre

AWGN
Channel

Fig. 4. Weighed cooperative detection model.

In Fig. 4, each CR sends its energy statistic T;
for i=1, 2,..., N to the fusion center which together
combines all the statistics by the specific weighed
factors, and gives the final decision by comparing
the fusion statistic to the global threshold. The
statistic received from CRi by the fusion center is
obtained as follows

Y, =gT +v, i=1,2,..,N, (10)
where ¢ is the channel gain between CRi and the
fusion center, and v is AWGN with the variance
o, . The fusion statistic is given by

Z :ZN:a)i Y, .,
i=1

where the weight vector w=[a)1,a)2,...,a)N]T
satisfies ||w||=1. According to (4), the mean U,

and variance o ; under H; (j=0,1) are given by

(11)

N

_ 2

Uz = Za)i gio,
i1

H
’ 2 25 50 4 2
Oz, :Mza)i gio, t+o,
i=1
\ 2 .(12)
Uz, :Za’i g; (1+7)0,
H i=1

1

N
0= Y g1+ 200 4
i=1

Similar with (5-6), the cooperative probabilities of
false alarm and detection are obtained as (13-14).

N
ﬁ’g /Grf _Za)| of
Q =Q| ——L—|.
2 2.2 ~2
\/Za)i gi +o,
M =

(13)

N
ﬁ’g /O-r? _Za)i g (I+7)

Q, =Q
iia).zg.z(lJrZy.)Jr&2
M = 1 1 I \

where Ay is the global detection threshold of
cooperative spectrum sensing, and 5} = . /o? . By
supposing that the channel state between the CR
and fusion center is much better than that between
the PU and CR, we have 6, ~0 and y, <<1 for
i=1,2,...,N.

From (9), we know that the probability of
detection improves with the increasing of the
received SNR, and therefore, a larger weighed
factor should be allocated to the CR with high
SNR in order to improve the cooperative
probability of detection. A simple method
proposed in [16] is to obtain the weighed factors
according to the SNR ratio of the CRs, which can

be defined as
N
2 :7/1/27? .
i=1

The weight vector obtained by (15) can
improve the cooperative detected performance;
however, the channel gain between the CR and
fusion center isn’t considered by (15), and the
detected performance may be decreased when the
channel is worse.

The two basic communication characters of
CR are defined as follows

(1) Decrease the interference to PU in order to
guarantee the communication quality of PU.

(2) Improve the throughput of CR in order to
improve the spectrum utilization.

So we can propose the optimal cooperative
spectrum sensing scheme from the two aspects
mentioned above.

» (14)

(15)

C. Weighing based on minimizing interference

Since the CR and PU coexist in the same
channel, the communication of CR can undergo
the four states defined as follows

(1) While the PU is present in the channel and
the CR can detect the presence of the PU exactly,
the CR can’t use the channel in order to avoid
disturbing the PU with the probability Q.

(2) While the PU is absent and the CR detects
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the vacancy of the channel exactly, the CR can use
this channel without disturbing the PU with the
probability 1-Qs and rate C,.

(3) While the PU is present in the channel and
the CR falsely detects the vacancy of the channel,
the CR can use the channel and disturb the PU
with the probability 1-Qq and rate C;.

(4) While the PU is absent, and the CR falsely
detects the presence of the PU, the CR can vacate
the idle channel and waste the spectrum utilization
with the probability Q.

The CR communicates mainly at the scene (2)
and (3) with the rates Cy and C;, which are
obtained as follows

62
C, =W log, [1—1——2}
o

n

O'2 ’
C,=Wlo 1+—R
! g{ o to

where W is the bandwidth of the primary channel,
and o} is the transmission power of the CR.

(16)

Observably, we can haveC, > C, .

The transmission capacity of the CR at the
scene (2) and (3) can be respectively obtained as

Re = PHO(I_Qf)CO’ (17)
R =P, (1-Qy)C,, (18)
where B, and P, denote the probabilities of the

hypotheses H, and H; respectively, and the
transmission capacities Rc and R, can be named
communication throughput and interference
capacity respectively. From (17) and (18), we
know low Q can increase the throughput of CR
while high Qg can decrease the interference to PU.

The optimal problem in this subsection can be
defined as to minimize the interference capacity in
scene (3) subject to the constraint that guarantees
the communication throughput in scene (2) and the
spectrum utilization in scene (4). Therefore, the
optimal problem can be defined as

min R,

o

st. Re2¢
; (19)
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where ¢ and a are the constraint values, and
generally we make 0 <« <0.5. According to (17-
18), the optimal problem (19) can be modified as

max Q,

st. Q, <7, (20)

where =min(l - ¢/ B, C,,«) which denotes that if
e2P, C(1-a) , n=1-¢/P, C and otherwise
n=ca.

Since function Q(X) is the decreasing function,
according to (13-14), Qg improves with the
increasing of Qy, and when Qs reaches the upper
band, Qq can also reach the maximum. Letting Qs
=5 and substituting it into (13-14), similar with
(8), Qq can be denoted by 7 as

Q! (77) M Za)i 0i7i
V”z Jszg (1+27)

where y = Zi:17i /N is the average SNR of N CRs.

Since Q(X) is the decreasing function, the optimal
problem of (20) can be further modified by

(Zw 9.7.)
Zw2g2(1+2 N

,(21)

max f(w)=

(22)

st e =1
By substituting d, = w, g; \/1+2y; into (22), we get

f d 3 d?. (23

According to the Cauchy-inequality, we can get

2

N 2 N
d, 24
(; ‘/1+27/,] 2:1: ;1+27 .

When d, = py, /1/1 + 2y, where the constant p >0,

the equation of (24) which denotes that f(®)

reaches the maximum, can be obtained as
N

2
£ (@)= Zlf—zy (25)



where the corresponding weighed factors satisfy

i=1,2,.,N.

o - ga+mo/clga+2)
(26)

By substituting (25) into (21) and (18), the
minimum of interference capacity is obtained as

N 2
a=m01(gQ(@ Ms_ 7 |
1[1-‘,—27/ 2 i=1 1+27/I

(27)
From (27), we can know that with the increasing
of the number and SNR of the cooperative CRs,
the interference to the PU can be decreased.

D. Weighing based on maximizing throughput

Another purpose to research on the CR is to
improve its communication throughput. Since the
channel used by CR is allocated to the PU, and
while the PU appears in the channel, the CR must
vacate this channel and wait to search a new idle
spectrum, it is important to improve the throughput
of CR during the transmission time. It is also
necessary to keep the interference to the PU below
the specific tolerance, while the throughput is
improved [17]. The optimal problem in this section
can be defined as to maximize the communication
throughput in scene (2) subject to the constraint
that makes the interference in scene (3) and (4)
below the tolerance. Therefore, the optimal
problem can be defined as

max R.
a

st. R <& 28)

where ¢ and f are the constraint values, and
generally we make 0.5< f<1. According to (17-

18), the optimal problem in (28) is modified by
min Q;
[

st. Q= u, (29)
where y=max(1-¢ /B, C,, ) which denotes that
if <P, C(A-p), u=1-&/P, C, and otherwise
u=p.
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As mentioned above, Qs increases with the
increasing of Qg, and when Qq reaches the lower
band, Q; can reach the minimum. By substituting
Qq =u into (13-14), Qs could be denoted by u as

ng%
Q; Q| Q (u)\/1+27+\/7

(30)
Similar with (22), the optimal problem in (29) can
be equivalent as

(ng%j
max H(w)=
NPRPERERN 1Y
z @; g
i=1

st. || =1
According to the Cauchy-inequality, the maximum
of ¢(@)can be obtained as

N
Pu (@) =27, (D)

where the corresponding @ is given by

= f. LN (33)
gi/ ;gl

By substituting (32) and (33) into (30) and (17),
the maximum of communication throughput is
obtained as

Re = PHOCO [1_Q[Ql(ﬂ)\jl+27+1’%z7ﬁ2 ]}

(34)
According to (26) and (23), if y, <<1, it can be

given that @/

proposed optimal algorithm in this paper can
allocate a larger weighed factor to the CR whose
channel gain to the fusion center is lower in order
to compensate the lost information brought by the
fading of the reporting channel, besides that
increases the weighed factor of the CR with high
SNR in order to improve its contribution to the
cooperative detection.

~7/09;, and compared to (15), the
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IV. COOPERATIVE DETECTION IN
MULTI-CHANNEL

A. Minimizing interference

Consider a primary communication system
(multi-carrier modulation based) operating over a
wideband channel which is divided into L non-
overlapping narrowband sub-bands. In a particular
geographical region and within a particular time
interval, some of the sub-bands might not be used
by the PUs and are available for opportunistic
spectrum access. Compared to the detection in
single channel, the detection in multi-channel must
consider the total detected performance of all the
sub-channels. Since the fading of each channel is
different, the thresholds and probabilities of false
alarm and detection of each sub-channel should
also be different in order to make the best use of
the spectrum.

In this subsection, we present the multi-
channel cooperative detection framework for
wideband spectrum sensing. Since the sensing
about wideband experiences different channel
conditions, it is difficult to distinguish the channel
fading. As mentioned in Section 3, the weighed
cooperative detection can compensate the lost
information brought by the channel fading, and
therefore it is necessary to apply the weighed
cooperation in the multi-channel detection.

The design objective is to find the optimal
global threshold vector A4=[/g 1,4q.2,..., g1 ] and the
optimal weight vectors @' =[w”,a!",...,0}"] for
j=1,2,..., L, so that the CR system can make the
efficient use of the unused idle sub-channels
without causing harmful interference to the PU.

For the given threshold vectors 4, and @', the
probabilities of false alarm and detection can be
compactly represented as follows

Qi (44,0") =[Q{" (2y,,0"),....Q" (A 1, @")]
Qd (ﬂg,w(j)) — [Q((jl)(ﬂ’g)l’w(l))r")QéL)(ﬂ'g,L’w(L))]
Qu (A @' ") = [Q) (g 1, @"),... QL (g 1, @™ )]

The vector Q, can be obtained by Q,=1-Q, ,

where | denotes the all one vector.
All the N CRs detect the L sub-channels
independently, and the received SNR of CRIi in the

channel j is defined asy; for i=1,2,...,N and j=1,
2,...,L. We also denote the CR rates of the L sub-

. (35)

ACES JOURNAL, VOL. 26, NO. 10, OCTOBER 2011

channels at scene (2) and (3) as the two vectors
C, =IC,,.Cy,5--.Cy 1 and C, =[C,,C,,...C ]

where C, > C, respectively. Therefore, the total

communication throughput and interference
capacity of the CR in L sub-channels can be
respectively obtained as follows

L - .
Re =Py, 2.Co; (1-QV (4, .@")), (36)
j=1

L . .
R =P, >.C(1-Q" (4, ;.0")). (37
j=1

Similar with the detection in single channel,
one of our objectives is to find the optimal

thresholds 4y; and weight vectors @ for j=1I,
2,..., L in the L sub-bands in order to collectively
minimize the total interference to PU subject to the
constraint that guarantees the communication
throughput and spectrum utilization of the CR in
each sub-channel. As such, the optimal problem of
cooperative detection in multi-channel can be
formulated as

min R,
)’g’a)u)

st. R 2¢ , (38)
Q4,0 <a
Qd(/lg,w“))z,ﬂ

where ¢, a =[a,,a,,...,a ] and B=[8,05,,... 5]
are respectively the constraints of the throughput
and probabilities of false alarm and detection.

The objective function and constraints in (38)
are the non-convex functions with double
parameters and nonlinear constraints, and
therefore, the optimal problem in (38) is usually
NP-hard to be solved directly. In order to solve the
problem in (38), we resort to transformation of the
problem into a sub-problem with low complexity,
in which the conclusions obtained in Section 3 are
also used. _

According to (26), by choosing @ as the
optimal weight vector, we can define R, by Q!” as

(27). Since Q" increases with the increasing of
QY R, can reach the minimum when R¢ reaches
its lower band. Since there is the only QU

corresponding to the given Ayj and o, the optimal
solution of 44 can be substituted by optimizing Q; .
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Therefore the optimal problem of (38) can be
further modified as follows

o (el [wg
r%fnjz,:c"’[l Q[\/szj 2

L ) L
st. ZCOJQW = Zco,j -&'/B,
j=1 j=1

Q(Q_l(ﬂj)\/1+27j +\/(0.5+7j)|\/| gj ) SQ(f” <a,
(39)
band of communication

throughput ¢’ = max(g, Pa, Z;l Cpid-a; )) which

where the lower

denotes that if &2 PHOZ;CO,](I_%) , &'=¢

and otherwise 5’:PHOZ;ICOJ(1—0¢J.) The

average SNR of the channel j is 7, :Z.N: i /N
The substituted variable 6; = Z.N: 7 / (1 +27, ) :

In this way, the original nonlinear constraints
are transformed into the linear constraints, and the

optimal global thresholds can be obtained by Q,

through (13). In order to solve the optimal problem
in (39), firstly, we must prove that the objective
function is convex in Q,, and in order to prove

this problem, we define

-1ry(D
Q (Qf_)_ M6, . (40)
Jlv2y, V2

and the objective function can be defined as
L -
S(Qp)= ch,jsj(le))‘
=1
Lemma 1: Subject to the conditions a < 0.5
and £ > 0.5, the function s, (Q}")is convex inQ{".
Proof: LetQ™'(Q{") =7, , and according to (40)
it is obtained that Q{” =Q(r;) ands;(Q}")=1-

Q(rj-/4/1+2;_/j —4/0.5M 6, ) By taking the second

ivati () (Y i
derivative of Q{” and s,(Q{”)in7;, we can obtain

a2Q(i) T 72
62; = JZ‘—”exp | @
j

5,@Q")=1-Q

(41)

9%s;(QY") _ 5 —1/(0.5+71.)|v| 6, )

o, 2r(+27)”

2\ - (43)
I

exp —O.S[W J0-5M ¥, J

According to the inequality constraint of (39), the
range of z; is obtained by

-1 -1 —
Q@) <7, <Q (B 1427, + -
0.5+ 7 M Qj
Since @; <0.5, we get 7; >0 and 0°Q{” /6’7, >0.
According to (42-43), while B; > 0.5, we can have

that 7, <,/(0.5+7,)M6, and &’s;(Q\")/&°r; >0 .

Finally we can obtain
’s,(Q") _ 0%;(Q") / QY
o’QY 0’t, o1,

which implies that s, (Q{”) is convex inQ}{".

>0, (45)

Lemma 2: The objective function S(Q) is also
convex in Q.
Proof: By supposing that both the two vectors

Qp =[Q%.Q%....Q%"1 and  Q, =[Qy. Q% ....,
Q!}'] satisfy the linear constraints of (39), for any
¢ €[0, 1], we define that

Qe =¢Qp +(1-8)Qy,, (46)
where the vector Q. =[Q{,Q'?,..,Q{"]. It is easy
to know that Q. also satisfies the constraints of
(39). Since according to Lemma 1, s;(Q{) is

convex in QV, it can be obtained that
5, (Q)=5,(£Q +1-QY)
> s, (Q)+(1-4)s;(QY)
By substituting (47) into (41), we have

S(ch) = icl,jsj(Qgcj)
j=1

47

> éZLLCl,,-sj(Q??)+(1—§)icl,,-sj(Q§é)) , (48)
i=1 j=1
=¢S(Qu)+(1-4)S(Qp)

which means that function S(Qy) is convex in Q.
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So the optimal problem (39) takes the form of
minimizing a convex function subject to the linear
constraints, and thus a local optimum is also the
global optimum. Efficient numerical search
algorithms such as the Graded Newton method can
be used to find the optimal solution. In this
subsection, the non-convex optimal problem with
double parameters and nonlinear constraints is
transformed into a convex optimal problem with
single parameter and linear constraints, which can
be solved easily.

B. Maximizing throughput

Alternatively, we can formulate the
cooperative detection in multi-channel into another
optimization problem that maximizes the
throughput of CR subject to the constraint of the
interference to PU. This optimal problem is
defined as follows

I R <

st. Ri=e _ : (49)
Qi (4,0 <a
Qd(;{g’w(j))zﬂ

For getting the sub-problem of (49), the
weighed factors obtained by (33) are adopted, and

R, can be denoted by Q, according to (34). By

transforming the objective function into the
minimal problem, similar with (39), the optimal
problem of (49) can be modified as

lnmESCMQ Q Q) J1+27, +

M.ZQQW—ZQjé/P :
j=1

- (aj)—4 /0.5M g,
J1+27;

(50)
where the upper band of the interference capacity
&= min(PHl ZLICU (-5, ),§)Which denotes that
if £< Plelj_:lcl,j(l_ﬂj) , rf':

p<q <q| 2

¢ and otherwise
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=R, Z;l C,;(1-B,) . The substituted variable

N2
=2
The optimal problem of (50) is also a convex
optimal problem with single parameter and linear

constraints, which can be proved to have solution
similar with Lemma 1 and 2. The global detection

threshold 4, can be obtained by Q, through (14).

V.SIMULATION AND ANALYSIS

A. Simulation of detection in single channel

In this subsection, we numerically evaluate the
proposed weighed cooperative detection based on
data fusion. Consider the single channel used by
the PU, and the achievable rates C;, =10kbps and

C, =5kbpsin the primary channel. There are N=5
CRs in the network, and their SNRs are y =[-15, -

10, -8, -5, -3] dB. The number of the sampling
nodes M=100, and the hypothesis probabilities

satisfy P, =B, =0.5. The sensing channel and

reporting channel obey Rayleigh distribution.
Figures 5 and 6, respectively, illustrate the
interference  capacity and  communication
throughput of the three cooperative detection
algorithms: the proposed weighed algorithm based
on minimizing interference or maximizing
throughput, the algorithm without weighing and
the weighed algorithm based SNR. From Fig. 5,
we can see that the proposed weighed algorithm
based on minimizing interference can achieve
lower interference than the other two subject to the
constraint on the communication throughput.
While communication throughput R, improves,

the interference capacity R, also increases, that is
because the probability Q, can decrease with the
decreasing of Q; .

Figure 6 shows that the proposed weighed
algorithm based on maximizing throughput also
achieves higher communication throughput than
the other two subject to the constraint on the
interference capacity. While the interference
capacity increases, the communication throughput
also improves, and therefore there is a conflict
between improving throughput and decreasing
interference. So the limit probabilities of false



alarm and detection should be chosen
appropriately according to the requirement of CR.
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Fig. 6. Communication throughput Rc versus
interference capacity R;.

Figures 7 and 8, respectively, reflect the
interference  capacity and communication
throughput of the three algorithms versus the
average channel gain between CRs and the fusion
center. Here, the channel gains obey random
Rayleigh distribution, and the average channel

gain which is given by ¢ ZZ.N= 0; / N increases

from 0dB to 10dB. The proposed algorithm cannot
be affected by the channel gain, while the other
two have the obvious fluctuation with the
changing of the channel gain. In addition,
compared to the other algorithms, the proposed
weighed algorithm based on minimizing
interference always keeps the lower interference
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capacity, while the proposed weighed algorithm
based on maximizing throughput always keeps
higher communication throughput. That is
because, according to (26) and (33), the weighed
factors obtained by the proposed algorithm satisfy
o ~1/g; for i=1, 2,..., N, and the larger factor
can be allocated to the CR with lower channel gain
in order to compensate the sensing loss brought by
the channel fading.
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Fig. 7. Interference capacity R, versus the average
channel gain g from CRs to fusion center.
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Fig. 8. Communication throughput Rc versus the
average channel gain g from CRs to fusion center.

B. Simulation of detection in multi-channel

In this section, the performance of the
proposed cooperative detection in multi-channel is
analyzed. We assume that there is L=5 sub-
channels, and the average SNRs of these channels
arey =[-15,-13,-12,-10,-8] dB. The CR rates in L

sub-channels are C,=[12, 10, 8, 6, 4] and C,= [6,
4, 3, 2, 1], and the upper band of probability of
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false alarm and the lower band of probability of
detection are & = 0.4 and f = 0.6 respectively.

Figure 9 illustrates the comparative
interference capacity R, of the proposed multi-
channel cooperative detection based on (39), the
weighed algorithm with the uniform threshold and
the weighed factors obtained by (26), and the
algorithm with uniform threshold but without
weighing versus the communication throughput
Rc. Differing from the uniform threshold adopted
by the other two algorithms, the optimal thresholds
shown in Fig. 10 which are different and adaptive
to the status change of the sub-channels (channel
with higher SNR has larger threshold), are adopted
by the proposed algorithm, and therefore the
proposed algorithm which can produce lower
interference to the PU, can make better use of the
wide frequency band by balancing the conflict
between improving spectral utilization and
decreasing interference.

Figures 11 and 12, respectively, show the
probabilities of false alarm and detection of each
sub-channel in the proposed algorithm and the
weighed algorithm with uniform threshold when
R. =13.2kbps . Obviously, the proposed algorithm

can keep the sensing probabilities within the
limits, and the probabilities of false alarm are all
below 0.4 while the probabilities of detection are
all above 0.6. However in the weighed algorithm
with uniform threshold, the probabilities of false
alarm are higher in some channels, while the
probabilities of detection are lower in the other
channels, and only the sensing probabilities of
channel 3 satisfy the limits.

Figure 13  illustrates the comparative
communication throughput Rc of the proposed
multi-channel cooperative detection based on (50),
the weighed algorithm with the uniform threshold
and the weighed factors obtained by (33), and the
algorithm with uniform threshold but without
weighing versus the interference capacity R,. From
this figure we can see that the proposed algorithm
can achieve higher throughput than the other two.

From Figs. 14 and 15, we can see that similar
with the optimal problem of (39), the optimal sub-
channel probabilities of false alarm and detection
obtained by (50) can respectively keep below 0.4
and above 0.6, when R, =2.4kbps . Compared to

the probabilities in Figs. 11 and 12, in order to
improve the throughput, the probabilities of false
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alarm are decreased, however, the probabilities of
detection are synchronously decreased and
therefore, the interference to PU is increased. That
is, the conflict between improving throughput and
decreasing interference is ineluctable.
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Fig. 10. Threshold of each sub-channel.

We illustrate the computational complexity of
the proposed multi-channel cooperative detection.
The number of iterations to reach the optimal
solution is taken as the measure of complexity.
Figure 16 shows the computational complexity
versus the number of CRs N when the number of
channels L=10, while Fig. 17 shows the
computational complexity versus different L when
N=10. We can see that compared to the
conventional non-convex optimization scheme
with double parameters, the computational
complexity of the proposed scheme is much lower.
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VI. CONCLUSION

In this paper, we have explored both the
optimal cooperative spectrum sensing strategies
for cognitive radio networks in single channel and
multi-channel. We have studied the problem how
to choose the optimal weighed factors to minimize
interference and maximize throughput in the
weighed cooperative detection model based on
data fusion. We obtain the optimal weighed factors
of the single-channel cooperative detection by the
Cauchy-inequality, and by the research results of
the single-channel cooperative detection, we have
transformed the non-convex optimal problem of
multi-channel cooperative detection with double
parameters and nonlinear constraints into the
convex optimal problem with single parameter and
linear constraints, which can be solved easily.

In our algorithm, the weighed factors are
proportional to the received SNRs by CRs and
inversely proportional to the channel gains
between CRs and the fusion center. Therefore
compared to the conventional weighed algorithm,
the proposed algorithm can allocate a larger
weighed factor to the CR with higher SNR and
lower gain in order to increase its decision strength
in the cooperative detection and compensate the
lost information brought by the channel fading. By
the obtained weighing, the sensing performance of
the cooperative detection can be improved greatly.

The simulation shows that there is a conflict
between improving throughput and decreasing
interference, however, the proposed algorithm can
make better use of spectrum by balancing the
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conflict. The proposed algorithm can also keep the
probabilities of false alarm and detection within
the limits in order to guarantee the
effective utilization of each sub-channel. In this
paper, from the two aspects: minimizing
interference and maximizing throughput, we
develop our problems, however, these two aspects
are conflictive and contrary, so how to find the
uniform weighing to obtain a better tradeoff
between the two aspects is an interesting research
topic for further investigation.
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Abstract— A novel parallel framework is proposed
for the iterative solution of the multilevel fast
multipole method (MLFMM). The inversion of the
near-field impedance matrix is used as the
preconditioner matrix to improve the convergence
history of the ill-conditioned linear system
formulated by electric field integral equation. In
order to accelerate the inversion of the near field
impedance matrix with huge number of unknowns,
the parallel technique is used to construct the
preconditioner matrix. Our numerical experiments
reveal that with an efficiently parallelized
MLFMM and the effective parallel preconditioner,
we are able to solve problems with millions of
unknowns in a few hours. Both the number of
iteration steps and the overall simulation time can
be saved significantly. For closed-surface
problems analyzed by the combined-field integral
equation, the number of iterations can also be
reduced significantly by the proposed method.
Numerical results are presented to demonstrate the
accuracy and efficiency of the proposed method.

Index Terms— Multilevel fast multipole method,
preconditioning, scattering problems.

I. INTRODUCTION

The method of moments (MoM) [1-4] has found
widespread application in a variety of
electromagnetic radiation and scattering problems.
The matrix associated with the resulting linear
systems is large and dense for electrically large
objects in electromagnetic scattering. It is
basically impractical to solve the electric-field
integral equation (EFIE) matrix equation using the
direct method due to the memory requirement of
O(N* and computational complexity of O(N?),
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where N is the number of unknowns. Making such
solutions prohibitively expensive for large-scale
problems, this difficulty can be circumvented by
use of iterative solvers, and the matrix-vector
product operation can be efficiently computed by
the multilevel fast multipole method (MLFMM)
[5-9]. The use of MLFMM reduces both the
memory requirement and the computational
complexity to O(NIogN).

Although the MLFMM reduces the complexity
of MoM from O(N?) to O(NlogN), allowing for the
solution of large problems with limited
computational resources. However, accurate
solutions of large problems require discretizations
with millions of unknowns, which cannot easily be
solved with sequential implementations of
MLFMM running on a single processor. To solve
such large problems, it is helpful to increase the
computational resource by assembling parallel
computing platforms and, at the same time, by
paralleling MLFMM [10-14]. There are many
efforts that have been done to improve the
efficiency of the parallel MLFMM. Thanks to
those efforts, it has become possible to solve
millions of unknowns on relatively inexpensive
platforms.

Among integral formulations, the application of
boundary conditions for the electric field and the
magnetic field on the surface of the object leads to
the EFIE and the magnetic-field integral equation
(MFIE), respectively. For closed object, EFIE and
MFIE can be combined together to form the
combined-field integral equation (CFIE), which
provides better-conditioned matrix equations than
EFIE and MFIE and is free of internal-resonance.
However, for the open structure only EFIE can be
used, the EFIE provides a first-kind Fredholm
integral equation, which is usually ill-conditioned,
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this is especially true when the higher-order basis
functions are employed, which will drastically
increase the condition number of the EFIE matrix.
Generally, it requires a large number of iterations
to reach convergence. This bottleneck severely
limits the capability of the MLFMM for open
structure. To break this bottleneck, many
preconditioner techniques [15-20] have been
developed to accelerate the convergence rate, such
as the diagonal, block-diagonal, but they are not
effective enough to yield a highly efficient
solution.

We know that, in the MLFMM application, only
the near-field impedance matrix is stored, which is
composed of the interactions of the neighboring
cubes in the lowest level of the octree structure.
The Green’s function used for the computation of
the matrix elements decays with 1/R, where R is
the distance between the pair of basis and testing
functions. Due to this rapid decay of the Green’s
function, basis functions that are close to each
other are expected to have strong electromagnetic
coupling, resulting in matrix elements with larger
magnitudes. Therefore, the near-field impedance
matrix retains the most relevant contributions of
the impedance matrix in MoM. In this paper, we
use the exact inversion of the near-field matrix as
a preconditioner matrix in MLFMM. From the
numerical results, we can see that the number of
iterations reduced significantly compared with that
without the preconditioner. Moreover, for
conducting geometries with closed surfaces, the
CFIE should be considered. Even though EFIE can
also be used in such problems, this has no practical
use since CFIE can solve the closed-surface
problems much faster. Furthermore, from the
numerical results, we can see that the
preconditioner for the CFIE systems can also get
higher efficiency.

The remainder of this paper is organized as
follows. Section II gives a brief introduction to the
EFIE and MFIE, together with an introduction of
the MLFMM. The efficient parallization of
MLFMM and the construct preconditioner matrix
are also investigated in this part in detail. Section
IIT presents the numerical results to demonstrate
the accuracy and efficiency of the proposed
method. Finally, some conclusions are given in
section IV.
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II. THEORY

The EFIE and MFIE formulation of
electromagnetic scattering problems using planar
Rao-Wilton-Glisson (RWG) basis functions for
surface modeling is presented in [1]. The resulting
linear systems from EFIE and MFIE formulation
after Galerkin’s testing are briefly outlined as
follows

N
> Zwa =V, m=12..N, (1)

n=1

where
28 =[] ], tiond .-

S W veaeer, ()
wu

Zm:IE :%Hs‘]m"]nds —ﬁs\]n.ﬁXVxHSIGdeSIdS > ()
and
VmEFIE ZJ' S Jm.EincdS, (4)

V™ = [ Jpenx H™)ds. (5)

Here Q(F,F')ze_jk‘r_r" /47r‘F—F“ refers to the
Green’s function in free space and a, are the
coefficients of the induced current expanded in
RWG basis functions, V is the vector of incident
field. rand r' denote the observation and source

point locations. E™ and H™ are the incident
plane wave, n and k denote the free space

impedance and wave number, respectively.

For closed structure, the CFIE is simply a
linear combination of EFIE and MFIE and is of
the form

7 CFIE :%Z EFIE 4 (1— or)ZM7E | (6)

The combination parameter « ranges from 0 to
1 and can be chosen to be any value within this
range.

From above we can see that, if we have
discretization of equation (2) and (3) by MoM, we
end up with a dense linear matrix. The surface of
the object is in general meshed with 0.1 4 of the
wavelength for accuracy. Hence, for high
frequencies where the electrical size of the object
becomes large in terms of the wavelength, the
system matrix becomes also large. When iterative
methods are used to solve such systems, they can
at best provide O(N*) complexity, which severely
limit the capacity of the MoM in dealing with
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large objects. Fortunately, a solution has been
proposed to accelerate the computation of the
MVP using the MLFMM for the MoM, which
reduces the memory requirement and the
computational complexity to O(NlogN).

In MLFMM, the impedance matrix Z can be
split into two parts as

Z-a=Zw ‘a+7FF -5, (7)

where Znr denotes the sparse matrix that
corresponds to near-field interactions, while

Zrr denotes the matrix that corresponds to far-
field interactions. To calculate electromagnetic
interactions by MLFMM in a multilevel scheme, a
tree structure first needed to construct. The entire
object is first enclosed into a large cube, and then
the cube is partitioned into eight smaller cubes.
Each subcube is recursively subdivided into eight
smaller cubes until the finest cubes satisfy the
termination criterion. After constructing an octree,
we find nonempty cubes by sorting. Only
nonempty cubes are recorded using tree-structured
data at all levels. Thus, the tree structure is sparse.
The computational cost depends on the nonempty
cubes, not all cubes. Two cubes are well-separated
if the ratio of the cube-center-distance to the cube
size is greater than or equal to 2. The interaction
between them can be computed in a group-by-
group manner by MLFMM. Otherwise, they are
near each other and share at least one edge point,
the interaction between the two cubes can be
calculated directly by MoM.

Although the MLFMM has reduced the
complexity of the MoM from complexity O(Nz) to
O(NlogN), allowing for the solution of large
problems with limited computational resources.
However, accurate solutions of large problems
require discretizations with millions of unknowns,
which cannot easily be solved with sequential
implementations of MLFMM running on a single
processor. Both the computation ability and the
storage ability of a single computer can not afford.
To solve such large problems, it is helpful to
increase the computational resource by assembling
parallel computing platforms and, at the same
time, by paralleling MLFMM. Parallel MLFMM
has received much attention in recent years with
the development of the computer science; the
bigger problems have been solved on the super
computer. To improve the convergence rate of the
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equation (1) for the open structure, the parallel
preconditioner for the parallel MLFMM was also
constructed.

A. Efficient parallelization of MLFMM

Because of the complicated structure,
parallelization of MLFMM is not a trivial. Simple
parallelization schemes usually lead to inefficient
solutions due to dense communications and
unbalanced distribution of the workload among
processors. For high efficiency parallelization,
several issues must be carefully considered to
obtain an efficient parallelization of MLFMM.

In the past few years, a series of implementation
tricks have been developed for efficiently
parallelizing the MLFMM, these tricks are
different, but the most important thing in those
tricks in parallelizing MLFMM is load-balancing
and minimizes the communications between the
processors. This is achieved by using different
partitioning strategies for the lower and higher
levels of the tree structure. In the lower levels of the
tree structure, there are many clusters with a small
number of samples for the radiated and incoming
fields. The number of cubes is much larger than the
number of processors. Therefore, it is natural to
distribute the cubes equally among processors.
However, it is difficult to achieve good load-
balancing in higher levels with this parallel
approach, since the number of cubes in the coarse
levels is small and the electric size of the cube is
large, the far-field patterns is large. Therefore, in the
coarse level, we adopt another parallel approach in
the coarse levels; we replicate the cubes in every
processor, but partition the far-field patterns equally
among all processors as paper. Using this approach
for the parallel MLFMM in the far-field, good load
balancing can be achieved.

The interaction in MLFMM is classified into a
near-field interaction and the far-field interaction.
After distribute the cubes to each processor, the
near-field interaction lists and the far-field
interaction lists can be set up in a parallel way. The
near-field interaction are calculated directly and
stored in memory without any communication. For
the far-field interaction in the MLFMM is
transformed into three phases: called the
aggregation, translation, and disaggregation stage.
Aggregation stage: The far-field interaction begins
with aggregating basis functions at the finest level
to obtain the radiation pattern. Each processor



calculates and stores the radiation and receiving
patterns of the basis and testing functions included
in its local box. Then each processor shifting the
radiation pattern to the center of the box in the
second finest level, and finally interpolating the
deficient radiation pattern to obtain the radiation
pattern of the box in the second-finest level. This
procedure repeats until the shared levels. In the
shared levels, each box is assigned to the same
processor. The far-field pattern of each box is
distributed equally among processors. In the
distributed levels, even though a local interpolation
is used, some of the far-field patterns may locate in
other processors. Therefore one-to-one
communications are needed to get the required data.
Translation stage: The translation stage is one of
the most important stages in the parallelization
MLFMM,; since the cubes are distributed among the
processors; one to one communications are required
between the processors for the translation stage. To
eliminate this overhead, each processor is loaded
with extra cubes called the ghost cubes. For
example, if cube i at processor a needed the far-
field samples of cube j at processor b , maybe

another cube at processor a also needed the far-
field samples of cube j at processorb, to reduce

the communication between the processors; we
allocate space for the cube j at processora. When

the far-field samples of the cube j is received by

processor @, we store it at processor a, this ensure
that the same data is not transferred more than once.
In the shared levels, the far-field samples of each
cube are distributed equally among the processors.
Therefore, there is need no communication between
the processors at the translation stage in the shared
levels.

Disaggregation stage: The disaggregation stage is
generally the inverse of the aggregation stage; the
incoming fields are calculated at the centre of each
cube from the top of the tree structure to the lowest
level using the interpolation and shift operations.
Some of the samples obtained from the
interpolation operation should be sent to other
processors, this is because interpolation during the
aggregation stage are performed using the inflated
data prepared by one-to-one communications
among the processors. Following an interpolation
operation, some of the resulting data are used
locally, while the rest are sent to other processors,
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similar to the communications during the

translation stage.

B. Novel preconditioner in MLFMM

For equation (1), there are two ways to solve it.
One is the direct solver, and the other is the iterative
solver. For large-scale problems, it is impractical to
solve the matrix equation with a large number of
unknowns using the direct solver because it has a
memory requirement of O(N”). This difficulty can
be circumvented by solving the matrix equation
using the Krylov-sub-space iterative method, which
requires the matrix-vector product (MVP) in each
iteration step. In the past, several iterative methods,
including the conjugate gradient (CG), the
biconjugate gradient (BCG), the stabilized
biconjugate gradient (BCGS), and the generalized
minimal residual (GMRES) have been employed.
The use of those methods reduce the memory
requirement to O(N). Iterative solutions of linear
systems using Krylov-subspace methods make it
possible to solve large-scale scientific problems
with modest computing requirements. Effective
parallelization of both the matrix-vector
multiplication and the iterative solvers are possible,
allowing even larger systems to be solved with cost-
effective parallel computers.

Unfortunately, the MoM matrix based on EFIE is
usually ill-conditioned and requires a large number
of iterations to reach convergence. In order to speed
up the convergence rate of the GMRES solution,
preconditioning techniques are often used, such as
the block-diagonal. The block-diagonal techniques
can help to partially alleviate this difficulty, but they
are not effective enough to yield a highly efficient
solution. In this paper, we use the exact inverse of
the near-field matrix as the precondition for the
MLFMM, The preconditioner matrix is very easy to
construct, which can be obtained from the near-field
interaction matrix. Number results are presented to
show the high effectiveness of the proposed
preconditioner and fast convergence of the iterative
solution.

From above, we have known that the impedance
matrix can be split into two parts, where

Zne denotes the near-field interactions and

Z rr denotes the far-field interactions, since Zrr iS

not readily available and Znr retains the most
relevant contributions of the impedance matrix, it is
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customary to construct preconditioners from Znr

assuming it to be a good approximation to Z .
Therefore, in this paper, we choose the

preconditioning matrix M =Znr . We call this
proposed preconditioner the NF_LU preconditioner
method.

In order to speed up the convergence rate of the
Kryloy iterative methods, the preconditioning
matrix M are employed to transform (5) into an
equivalent form

M~ Ax=M"b, (8)

with A=M ™A and b =M b, equation (8) can be
written as the following form

Ax=b. 9)
M 'is a matrix for preconditioning the matrix A
from the left. The purpose of preconditioning is to

make the condition number of the matrix A better
than the original matrix A. So the Kryloy iterative
methods for the equation (9) can get a fast
convergence.

For sequential implementations of MLFMM
running on a single processor, the calculation of
M~ can be obtained by the Umfpack strategy,
However, for large-scale problems, the direct solver
M ~'may require prohibitive memory and the time
used to construct the inverse matrix will be very
long. Fortunately this cost can be alleviated by
parallelization. With an efficient parallelization to
compute the M ™', problems that are discretized with
tens of millions of unknowns are easily solved on a
cluster of computers. In this paper, we use the
parallel LU factorization to construct the
preconditioner matrix M ™", after decomposing the
matrix M in the form of M = LU , preconditioning
operation is performed in each step by solving
LUv =w, the preconditioning operation v=M "'w
is computed by solving the linear system LUv=w
is performed in two distinct steps: solve Lx=w and
Uv = x successively.

III. NUMERICAL RESULTS

In this section, several numerical examples are
presented to demonstrate the efficiency of the
proposed method. We calculate the RCS of three
conducting geometries, which are shown in Fig. 1-
3. The first two geometries are open structures
analyzed by EFIE while the third structure is a
closed structure computed by CFIE. All
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experiments are performed on a 2-node cluster
connected with an Infiniband network. Each node
includes 8 cores and 48 GB of RAM. The resulting
linear systems are solved by the restarted version
of the GMRES solver with dimension of 30 and
tolerance residual of 107 .

First of all, the proposed method is used to the
analysis scattering from a square PEC plane with
length of 16m, the incident plane wave direction is

fixed at ., =0° and ¢, =0°, the scattering angle

is fixed at 6, =0" ~180° and ¢, =0 are shown in

Fig. 1. The computational information (the electric
size of the plane; the number of unknowns; the
number of  iterations  without NF_LU
preconditioner; the number of iterations with
NF_LU preconditioner) for this example is given
in Table I. From this table, we can conclude that
without preconditioner, EFIE solutions converge
fast only for a small number of unknowns. The
number of iteration increases quickly to reach
convergence without a preconditioner when the
number of unknown increases. Convergence fails
at the 1000th iterations without preconditioner
when the electric size of the plane is 128 4 ; it can
be found from Table I that the NF_LU solve all
problems within reasonable iteration counts.
Compared with iterative solution without
preconditioner, the NF_LU preconditioned method
decrease the number of iterations about 12 times.

100

— with NF_LU preconditioner

—— without NF_LU preconditioner

0 30 60 90 120 150 180
Theta(Degree)

Fig. 1. Bistatic RCS of the conduct plane at 1.2
GHz.

The second example is the analysis of
scattering from a half PEC sphere, the radius of
the sphere is 8m. The incident direction of the

plane wave are 6, =0" and ¢, =0" . The

Inc



scattering angle is observed at 6,=0"~180",

when ¢, =0" are in Fig. 2. The
computational information for this example is
given in Table II. As the electrical size of the half
sphere is bigger than 32 A, it can be seen from
Table II that convergence fails without
preconditioner since the number of iterations is
larger than 1000. In contrast, with a NF_LU
preconditioner, it is able to achieve convergence in
200 iterations when the electric size of the half
sphere is 128 A . Compared with traditional
method without preconditioner, the NF_LU
preconditioned method performs high efficiency in
this example.

80
70 +
60 t
50
40 1
30

shown

20 A with NF_LU preconditioner
10 + without NF_LU preconditioner
0 f f f f f
0 30 60 90 120 150 180
Theta(Degree)

Fig. 2. Bistatic RCS in dB of the conduct half
sphere at 1.2 GHz.

Table 1. Performance comparison of no
reconditioner and NF_LU preconditioner
Frequency | Unknowns No NF_LU

(GHz) preconditioner | preconditioner
0.3 85840 255 21
0.6 344000 352 30
1.2 1377280 645 41
24 5509120 >1000 60

Table II: Performance comparison of no

preconditioner and NF_LU preconditioner
Frequency | Unknowns No NF_LU

(GHz) preconditioner | preconditioner
0.3 78004 420 44
0.6 312016 >1000 73
1.2 1248064 >1000 117
24 5001952 >1000 198

The last example is used to analyze scattering
from a VFY-218 plane, since many real-life
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problems confronted in CEM involve complicated
structures enclosing a volume. Due to its favorable
properties, CFIE is the preferred integral-equation
formulation for those targets with closed surfaces.
The incident direction is fixed at 8. =90 and

Inc
¢.c =90 . The scattering angles are 6, =90 at
¢, =0~360 are shown in Fig. 3. The electric

current on the surface of the plane is shown in Fig.
4. The computational information for this example
is given in Table IIL. It can be seen from Table III
that even for the CFIE matrix, the proposed
preconditioner also performs a better efficiency.

70
60
50 |
40

30 t FISC — \
Xpaich —
20t

-10 -ii ] 'I 1
20 fE"
B ——

L HE L L i
0 30 60 90 120 150 180 210 240 270 300 330 360

70
60 T
50 +
40 +
30 T
20 +
10 +
o+
-10 +
-20
=30 t } t t } 1
60 120 180 240 300 360
Theta(Degree)

—— with NF_LU preconditioner

(=}

Fig. 3. Bistatic RCS in dB of the VFY-218 plane
at 3GHz.

Fig. 4. Current distribution on the VFY-218 at
3GHz.
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Objects,” IEEE Trans. Antennas and Propag., vol.
45, no. 10, pp. 1488-1493, October 1997.
[71 C. C. Lu and W. C. Chew, “A Multilevel

Table III: Performance comparison of no
preconditioner and NF_LU preconditioner

In this paper, we present the details of a

hierarchical partitioning strategy for the efficient
parallelization of MLFMM on distributed-memory
architectures. The parallel NF_LU can accelerate
the convergence of the GMRES iterative solver
which is used for the solution of surface integral
equations. From the numerical results, we can
conclude that for the large open-surface problems

that

are analyzed by EFIE, the proposed

preconditioner is more efficient and robust when
compared with no preconditioner. For complex
closed-surface problems that can make use of the
well-conditioned CFIE, the proposed method is
also very efficient.
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Abstract — A novel method based on invasive
weed optimization (IWO) algorithm is described
for synthesizing a point source doubly curved
reflector antenna to produce a shaped beam in one
plane and narrow beam in the perpendicular plane.
The whole reflector body can be created by
determining two basic curves. The central vertical
curve is approximately responsible for producing a
shaped beam in the vertical plane. It can be
expressed by a well-defined function, and the
function coefficients will compose a solution
space to be explored by IWO. The transverse
section curve is known to be a parabola for
producing a narrow beam in that plane. The
validity of the proposed method is verified by an
example of shaped reflector antenna with cosecant
squared pattern and comparing it with previously
used methods. The simulation results based on
physical optics (PO) further prove the validity and
versatility of this technique for solving reflector
synthesize problems.

Index Terms — Cosecant squared pattern, doubly
curved reflector, IWO.

I. INTRODUCTION

Antennas with the cosecant squared pattern in
the elevation plane and pencil beam in the azimuth
plane are widely used in surveillance-search radar
systems. In comparison with phased array
antennas, reflector antennas don’t have the
calibration and implementation problems. Doubly
curved reflector antenna is a classical antenna for
this purpose. The synthesis procedure based on
geometrical optics (GO) is described in details by
many authors [1-4]. Different types of

Submitted On: January 6, 2011
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configuration [4-6] and analysis methods for
computing its farfield pattern has been presented
in [7-11]. The design procedure based on GO, is
inflexible to achieve extra desired features such as
low sidelobe level or low ripples at the shaped
beam region for antenna performance. By
knowing that doubly curvature antenna can be
synthesized to produce a shaped beam in one of
the principle planes, and after the success of
optimization algorithms in antenna problems, the
authors are guided to create a new synthesis
method for doubly curved reflector antennas.

Optimization algorithms in solving antenna
problems are always employed for improving
antenna performance for example, [12, 13]. In this
paper, the authors try to employ an optimization
algorithm to create a synthesis method for doubly
curved reflector antennas. The algorithms could
find the antenna structure independently and by
defining a proper goal both synthesize and
optimization can be done. Describing central
section curvature of reflector surface using a few
parameters, and finding the parameters to reach
the antenna desired performance, is fundamental
to the proposed method. This method uses IWO as
a tool to perform the idea, because IWO is an
efficient and robust optimization algorithm
method in finding global minima. It was first
extracted by [14] and successfully has been used
in antenna design problems [15-18]. In this paper,
the basic concept of GO synthesis is reviewed
briefly. Then, the proposed method is described in
details so that the procedure can be fully
understood and in the next step, a reflector is
designed and compared with the reflector designed
based on the previous GO based method.

1054-4887 © 2011 ACES



II. THEORETICAL ANTENNA DESIGN

Totally for reflector antenna problems and
propagation problems [19], geometrical optics
analysis can be more useful and efficient than
other methods. For doubly curved reflector
antennas, the conventional way to synthesize a
shaped pattern is based on GO also [1-3]. In this
section, we will only review the basic concept of
GO synthesis procedure and extract design
formulas.

Doubly curved reflector antenna contains two
main sections. The central vertical section of the
reflector must be designed to provide the desired
elevation shaped pattern. The transverse section is
required to be a parabola for focusing feed rays in
the transverse or azimuth plane to produce the
narrow beam in that plane.

6,

Fig. 1. Central vertical curve parameters.

A. Central vertical section

In order to shape the reflector antenna’s
surface to have a prescribed elevation pattern, the
proper central vertical section must be found. It
means that the central vertical section has the
dominant effect on elevation pattern. The central
curve is illustrated in Fig. 1 [4]. Consider that the
phase center of feed is located at the origin O. ¢ is
the angle of incident ray with respect to z and 8 is
the angle of reflected ray. The angle between the
incident and reflected rays, o, can be determined
as follows:

c=0+¢, (1)
p is the distance from origin to central curve.
Clearly 6 and p are functions of ¢ (i.e. d(¢) and
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p()). The differential equation of the central
curve is [2]:

d
2L tan(%), (2)

pdo

In this equation, o(¢) and p(¢) are both
unknown. If we know o(¢@), p(@) can be
determined.

‘ 7 () (b)

7
Fig. 2. Ray path in transverse section curve: (a) 3D
view, (b) side view.

B. Transverse section of reflector

The transverse sections of the surface are
determined by the requirement that the reflector
is to convert a spherical wave into a cylindrical
wave. For this purpose, all reflected rays from
the reflector in the direction 6 need to be
parallel. Therefore, as illustrated in Fig. 2 the
following condition must be met [4]:

FP, =FP +PA,, 3)
this leads to

1
[p2+zl2—2pzlcos((p+€)+y2]2=p+zl, 4)

The latter equation gives transverse parabolas
of the reflector surface. The desired surface can be
achieved by combining both vertical and
transverse curves of reflector.

To determine the reflector central curve using
(2), it is necessary to derive a more useful
differential equation based on energy balance
principles of GO.

Let I(@,y) be the incident energy of feed.
I(p,0)dypde is the power incident on a central
element of the reflector. This power is reflected in
a wedge with a pdy width and with a wedge
angled@. If P(6) is the reflected energy of
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antenna, the following relation can be written
based on the GO principle of energy balance [1-4]:

P(@)pdydd =1(p)dyde, )
Taking logarithmic derivatives with respect to ¢
of Eq. (5) and substituting from Eq. (2), we get
instead the differential equation which for
cosecant squared pattern with

P(6) =csc’(0).6, <0< 0, when ¢ <p<p,, (0
it is

d—f{tan((p—e) —M}d—e—(z cote)(d—9)2 —0.7)
de 2 1(®) do

This equation couldn’t be solved analytically and

has to be discretized and solved numerically.

Besides, a proper guess for the initial value of
df/de is required to solve this equation [1].

Finding the proper initial value for d6/d¢ needs

an exhausting trial-and-error and different values

must be examined to achieve the desired farfield

pattern.

After finding 6(¢), a(¢) and p(¢) will be clear.

By using Eq. (2) and Eq. (4), whole reflector body

is achieved.

III. SHAPED REFLECTOR SYNTHESIS
USING IWO

Recently, employing optimization algorithms,

such as genetic algorithm, particle swarm

optimization, ant colony, and etc., for solving an

antenna optimization problem is very common.

Another algorithm is the invasive weed

optimization (IWO) which was first proposed by

Mehrabian and Lucas [14]. IWO is an effective

and robust algorithm to find global minima as it

has been shown in [14]. According to [14, 18], the
algorithm process can be summarized as follows:

1. A finite number of seeds spread out randomly
on the search area.

2. They grow to flowering weeds and produce
seeds. The number of reproduced seeds of
each weed depends on its own fitness and
better fitness permits more seeds to be
reproduced. However, the maximum number
of seeds is limited.

3. These reproduced seeds disperse over the
search area around their parent weeds. The
random dispersion has a normal distribution
with mean equal to zero but varying variance
(spatial dispersal). The standard deviation

ACES JOURNAL, VOL. 26, NO. 10, OCTOBER 2011

(SD) decreases in each time step of the
algorithm as [14]
(iter_, —iter)"
e (iter, )"
where iter is the number of current time step,
itery g, 18 the maximum number of iterations,
SDjter 1s the SD at the present time step,
SDinitiai and SDfinq; are prescribed constant
values for SD at first and last iteration, and n
is the nonlinear modulation index which
usually is set to 3. This decreasing behavior
for SD causes aggregation of seeds around
better solutions.
There is a maximum for the number of weeds
in each time step and only plants with better
fitness can survive and produce seeds in the
next step (competitive exclusion). The process
continues until the maximum number of
iterations is reached and finally the plant with
the best fitness is closest to the optimal
solution. The flow chart of this algorithm is
represented Fig. 3. [18].

( Dinitia ~ SDfina )+ SDfina 5 (8)

A. Antenna synthesis using IWO

In this paper, we employ the ability of IWO for
synthesizing a doubly curved reflector antenna.
IWO will choose the best design depending on its
defined goal. The synthesis method can define the
desired pattern and reach to it while in synthesis
procedure by the GO method, there is not enough
flexibility in defining the desired sidelobe level or
limited ripple in the shaped region. The
optimization algorithm tries to find the best
reflector body which its characteristics are fitted
on the desired characteristics.

It was mentioned in Section 3 that the basic
curves of the doubly curved reflector antenna can
construct the whole body of it. It can be said that
the central vertical curve approximately produces
the shaped elevation pattern and transverse section
is mostly a parabola to emerge feed rays parallel
for generating a pencil beam in the transverse or
azimuth plane.

In the synthesis procedure based on IWO, the
main idea is finding a central section curve which
can create a reflector body with the desired shaped
pattern. Transverse sections are parabolas and
don’t need to be found. In order to implement the
idea, we recommend the following method.



B. Central curve synthesis using IWO

In order to determine the central curve by the
optimization algorithm, at first, the curve must be
expressed by a finite number of parameters. For
example, the curve’s function can be
approximated to an n-th order polynomial with
n+1 coefficient or parameters. Afterward, these
parameters need to be determined properly by
IWO for creating the central curve. The central
curve with the parabolas which are mentioned in
Eq. (4) will create the whole body of reflector.
The optimization procedure has a goal which is
obtaining the desired (csc6)? pattern in the
elevation plane.

In this paper, central curve is expressed
indirectly. As it was described in Section 3, if the
distribution of o(@) between ¢@; and ¢, is
determined, 6(¢) and p(¢@) will be determined,
respectively according to equations (1) and (2),
and then the central vertical curve will be created.
For approximating o(¢) distribution, various
functions were examined to find a function with
fewer parameters and good accuracy. The best
choice was the 4-th order polynomial:

o(P)=p@ +p,0 +p@ +p@+Ps, ©)
where p;,i = 1,2,...,5 are the parameters which
should be determined. The IWO process starts
with initial random coefficients of a chosen
function for o(¢). Random central curves and
then random surfaces will be generated according
to Eq. (4). So in each time step of the algorithm,
we have a number of random reflector surfaces.
To obtain the elevation radiation pattern of each
reflector it has to be analyzed. Since we have the
radiation pattern of the feed, the secondary pattern
of reflector can be obtained by PO simulations.
The obtained elevation pattern is compared with
the ideal sector cosecant squared pattern.
Consequently, the error (or fitness) value of weed
(produced surface) is the difference between far
field vertical plane pattern and a desired sector
cosecant squared pattern. The optimization process
continues until accomplishing a radiation pattern
which is closest to cosecant squared pattern.
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Initialization

Initialize n randomly generated weeds
in the search space

Evaluate fitness of each

Reproduction including spatial distribution

Create the seed by producing normally
—>| distributed seeds with zero mean and standard
deviation equal to Eq (8) from each.

Is the total
number of
(seeds + weeds)

!

Competitive exclusion

Include only plants
with better fithess

J

Include all the seeds
and weeds in the colony

Evaluate fitness of each

END

Fig. 3. A flow-chart representation of the IWO
algorithm.

In this paper, the focus is on achieving a low
ripple in the shaped region. To do this a proper
fitness function is needed to be calculated for
every produced reflector, which focuses on shaped
region error. Consider that the obtained elevation
pattern of each reflector varies from —180°
to 180° . We sample N point of this elevation
pattern (the value of gain G;) and calculate the
fitness function as follows:

s
-3

where

G, (6) - (csc 9)2|)2 +> (é(x +|x |))2j,(10)

~180 <0 <9,
X =[G, (0)-(-25]; & ow.= )
6, <0 <180
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Fig. 4. Specifying8,, 6,, and 6, in goal
boundaries.

As it is mentioned in the fitness function if the side
lobe level goes upper than -25 dB, another term,
which is the relative error of the unwanted and
desired sidelobe level, will be added to the error
due to the cosecant region. The region between
0y and 6, does not affect the total error.

IV. SIMULATION RESULTS

Table 1: IWO parameter values

Symbol | Quantity Value

N Number of initial 25
population

1teTmax Maximum number of 50
iterations

Dim Problem dimension 5

Pmax Maximum number of 8
plant population

Smax Maximum number of 5
seeds

Smin Minimum number of 1
seeds

N Nonlinear modulation 3
index

SDintial | Initial value of standard 10
deviation

SDfinal | Final value of standard 0.01
deviation

Lini Initial search area -Sto+5

In order to show the ability of the IWO
algorithm in synthesizing this type of antenna, a
detailed simulation result is presented. The pg is
chosen to be 0.724 m. Therefore, the antenna
dimension is 1.3 m x0.88 m. The feed is a typical
horn operating at 9.37 GHZ frequency. Since the

ACES JOURNAL, VOL. 26, NO. 10, OCTOBER 2011

feed is placed 15° offset and has about 92° 10-dB
beam width, ¢ varies from -61° to 31°. a(¢) is
specified according to Eq. (9).

The 10-dB beam width of feed in the
transverse plane and the positioning of the central
section curve in front of feed, specifies the size of
the reflector in that plane.

5
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iteration
Fig. 5. o(¢)’s coefficient values as the number of
iteration increases.

The optimization procedure is started with the
parameters’ values which are tabulated in Table 1.
The other related graphs for IWO are Fig. 5 and
Fig. 6. Figure 5 shows the convergence process of
coefficients (which are the algorithm dimensions)
versus iteration. After 50 iterations, the optimum
solution or lowest fitness is achieved (Fig. 6). The
final values of p; ,i = 1,2, ...,5 are in Table 2.
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£ 150 r ---------------------- 1:—
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jteration
Fig. 6. Convergence diagram of optimization
procedure.
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Fig. 7. Convergence procedure of reflector Fig. 8. Radiation pattern of produced reflector
surfaces (3D view). (a) Initial produced reflector, ~ surfaces in Fig. 7. (a) Initial produced reflector,
(b) produced reflector surface in second iteration,  (b) produced reflector surface in second iteration,
(c) produced reflector surface in 25-th iteration,  (¢) produced reflector surface in 25-th iteration,
and (d) the final optimum reflector surface. and (d) the final optimum reflector surface.
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Fig . 9. Comparison between two methods: (a) on the ripple of the shaped region in elevation pattern, (b)

pencil beam in azimuth pattern.

Table 2: g(¢)’s coefficient final optimum values

| o | o | ps | P | s |
| -0.1494 | 0.2818 | 0.9416 | -0.3041 | 0.16 |

In Fig. 7, the surfaces, which are produced
during IWO iterations, are shown. It can be seen
that the surfaces try to find their proper
configuration as the number of iteration increases.
The far filed patterns of the illustrated surfaces are
shown in Fig. 8 respectively. As it is shown, the
elevation pattern tries to be fitted to its defined
goal as the number of iteration increases. The
disorganized azimuth patterns in Fig. 8 are
resulted of disorganized surfaces in their
corresponding steps of iteration. In order to
comprise the simulated pattern of the proposed
method and the GO based method, another
reflector in the equal conditions, same as feed
position and reflector dimension is designed based
on the GO method. It is shown in Fig. 9. Actually,
the ripple in the cosecant squared band for the
designed antenna using IWO, is less than 2dB, But
the other pattern has the larger ripple.

V. CONCLUSION

The invasive optimization algorithm (IWO), a
novel stochastic algorithm has been successfully
employed to create a flexible method to design
doubly curved reflector antennas. Totally,
synthesis procedures based on optimization
algorithms can reduce the complexity of the
problem and improve the flexibility in design
goals and antenna performance. In addition, other

antenna parameters such as positions, orientations,
and feed excitation can be set as other
optimization parameters. Furthermore, different
types of desired goals can be defined to be
optimized. In this paper, the focus was on a lower
ripple on the cosecant squared region while other
characteristics like the extremely low sidelobe
level or elimination ground effect by having a
sharp fall in the elevation pattern before shaped
region and other definable goals can be defined
and achieved. The proposed method is suggested
to be employed because of more flexibility in
defining a desirable destination pattern. The
validity of the proposed technique is verified by
designing the fixed antenna set using the two
described methods. If a more accurate simulation
is employed, the method can be more accurate.
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Abstract —In this paper, we present fast and
accurate solutions of large-scale scattering
problems involving three-dimensional objects with
arbitrary shapes using parallel finite element-
boundary integral method (FE-BI). Particularly, an
efficient parallel preconditioner is constructed
with both the finite-element matrix and the near-
field part of the boundary integral equation
operator for the ill-conditioned linear system
formulated by the FE-BI. With an efficient
parallelization of FE-BI, scattering problems that
are discretized with millions of unknowns could
be easily solved on distributed-memory
computers. The numerical results are presented to
demonstrate the accuracy and efficiency of the
proposed method.

Index Terms - Finite element boundary integral
method, parallelization, multilevel fast multipole
method, scattering problems.

I. INTRODUCTION

The finite element boundary integral method
(FE-BI) [1-5] provides fast and accurate solutions
for three-dimensional electromagnetic scattering
from complex geometries, which may be
comprised of both conductors and dielectric
media. The method divides the analyzed objects
into two regions, one is the interior region and
another is the exterior region. The field in the
interior region is formulated using the finite-
element method (FEM) and the field in the
exterior region is represented by a boundary
integral equation (BIE). The interior and exterior
fields are then coupled by the field continuity
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conditions. In the FE-BI method, the final
coefficient matrix is made up of a complex dense
BIE sub-matrix and a complex sparse FEM sub-
matrix. The multilevel fast multipole method
(MLFMM) [6-10] is used to speed up the matrix-
vector product (MVP) for the dense BIE part
when the electrically large object is analyzed,
which reduces the memory requirement from
O(N®) to O(NlogN) and the computational
complexity from O(N°) to O(NlogN), where N is
the number of unknowns belongs to BIE part.
When the FE-BI is combined with MLFMM, the
coefficient matrix can be fast built when a large
object is analyzed. Unfortunately, the FE-BI
method suffers from a very slow convergence rate
with the iterative solvers since the coefficient
matrix arising from FE-BI is badly ill-conditioned.
This bottleneck severely limits the capability of
the FE-BI method since the iterative methods are
the only choose for the large-scale problems. To
break this bottleneck, many preconditioners have
been developed to accelerate the convergence rate,
such as the diagonal, block-diagonal, but they are
not effective enough to yield a highly efficient
solution. In [11], Liu and Jin proposed to use the
FEM-absorbing boundary condition (ABC) matrix
as the precondition for the FE-BI matrix equation.
However, about 0.05 A distance should be set
between both the absorbing boundary and the
scattering objects to improve the efficiency of the
preconditioner. This will bring an increase of
unknowns for the increscent calculation domain,
which reduces the efficiency of the FE- ABC
preconditioner. In this paper, an efficient
preconditioner is constructed by the finite-element
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part and the near-field value terms of the boundary
integral, both can be easily obtained from the FE-
BI matrix with no additional cost and memory
requirement since the main contribution of the
impedance matrix for the boundary integral is
given by the near-field part. In our experience, the
convergence rate of solving the FE-BI matrix is
significantly accelerated after equipping this
preconditioning technique.

Although the preconditioned FE-BI has been
applied to a variety of electromagnetic problems
with remarkable success, accurate solutions of
many real-life problems require discretization with
more than millions of unknowns, leading to large-
scale matrix equations, which can not be solved on
a single personal computer. In order to solve large
problems, it is necessary to parallelize the FE-BI
code and implement on distributed computers.
However, it is not a trivial to design a high
efficient parallelization scheme because of the
complicated structure of the FE-BI matrices.
Simple parallelization techniques usually fail to
provide efficient solutions, due to communications
among processors, poor loading-balance of the
work. In this work, the FE-BI matrix is divided
according to the features of the sub-matrices,
which making it possible to compute and store
only a small part of matrix in each computer and
take full advantage of the parallelization
computing. Especially, a series of implementation
efforts previously developed for parallelizing the
MLFMM in [12-19] are adopted to improve the
parallelization efficiency of the BIE part, which is
the most important point for the whole
parallelization implementation. At the same time,
the precondition matrix is constructed and
factorized in parallelization.

The remainder of this paper is organized as
follows. Section II gives a brief introduction to the
FE-BI, together with an introduction of the novel
preconditioner for the FE-BI. The parallization of
FE-BI is also investigated in this part in detail.
Section III presents the numerical results to
demonstrate the accuracy and efficiency of the
proposed method. Finally, some conclusions are
given in section IV.

II. THEORY
Consider the problem of electromagnetic wave
scattering by an inhomogeneous object
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characterized by relative permittivity & and
permeability . The object is excited by an
incident field E'(r) and the total field E(r)
comprises the sum of the incident field E'(r) and
the scattered field E°(r) . To solve this problem

with FE-BI, we first introduce a surface S to
enclose the object and divide the object into an
interior region and an exterior region. We employ
the FEM to deal with the interior region. The
exterior region is formulated using the BIE. The
field inside S can be formulated into an equivalent
Variational problem with the functional given by

T2k, m{ (VxE(r))(VxE(r))-kie E(r)-E(r) |dV
+n,4p, (E(r)-3,(r))ds, (1)

where k, and 7, denote the free-space wave
number and impedance, respectively. V denotes
the volume enclosed by S, A denotes the outward
unit vector normal to S, K; is the free-space wave
number. Using tetrahedron-based edge elements
to expand E(r) and Rao-Wilton-Glisson (RWG)

[20] basis functions to expand J

M N,
E=Z]EI“II s 'Js :Z‘]ifi . (2)
i= o

Substituting (2) into (1), we obtain the matrix

equation
K, Ke 07| (o
I N ES _ , (3)
Kg Kgs B 0
‘]S
where E, is a vector containing the discrete
electric field inside V, E, and J,are the vectors
containing the discrete electric and magnetic field
on S.[K,],[Ks].[Ks],[Ks], and [B] denote the
corresponding highly sparse FEM matrices, [K ]

and [K] are symmetric matrices and

[K]=[Kq] swhere the superscript T denotes the
transpose.

Equation (3) cannot be solved unless a relation
between Egand J_ is established. Such a relation is

provided by BIE for the exterior region, whose
discretization yields

[PHES}+[QN{Js} =1{b}. “)

In (4), {b} is a vector related to the incident
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field. [P] and [Q] are generated by BIE.

Combining (3) and (4) together, we obtain the
following matrix equation

K, Ks O0T(E] [0
Kqg Ks B [{Eqr=40}. (5)
0 P Q3] (b

The generation of (3) using FEM is standard, the
generation of (4) using the method of moment
(MoM) [20-21] can take many different forms.
The basic equations for generating (4) are the
electric-field integral equation (EFIE) is given by

E™(n) =2 E0+LA)-KM,) .  (6)
and the magnetic-field integral equation (MFIE) is
given by

H™(r)= %ﬁ(r) +L(M,)+K{J,), (7)
where J and M are related to the fields on S by
J, =n,AxH and M, =ExA , respectively, and

(E™,H"™) denote the incident fields. The operators
L and K are defined as
L(X)= jkongs X(r')G, (r,r')dS’ +

#S%V’-X(r’)VGO(r,r’)dS’, (®)

K(X) = g‘;%s X(r')x VG, (r,r')dS’ . 9)

However, each of them suffers from the problem
of interior resonance and fails to produce accurate
solutions at and near the resonant frequencies. To
eliminate this problem, one has to combine EFIE
and MFIE to obtain a combined field integral
equation (CFIE). In this paper, the TE-NH is
chosen which produces the best conditioned
matrix for (5), substitute (2) into (6), we obtain the
TE formulation

1 r ’
P = P, 1, -(_Ewn(r) ~§p, £, xV'G, (r,r')ds st
1 nac
== Bm +§p 1P, 1, x VG, (r,rHdsds (10
Qu = .1, »[7 ik, 4P, fnGO(r,r')dsu@séV'-f" (r')VGO(r,r')dS'J ds
= —jk, @S f -@SS f G, (r,r')ds'dS —»
1 ’ ’ ’ !,
j—kogfﬁsv -fmg‘:JBSv £ (r)G, (r,r')ds'dS . (11)
And from (7), the NH formulation
Qun = <fm,%fn(r)>+<fm, ﬁxgﬁﬁs f, xVGO(r,r')dS'> , (12)
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F)mn =—fix fm? jkoﬁs fn('?"o (rﬂrl)dsl -

@S%V’-fn(r’)VGo(r,r’)dS'. (13)
0

The computational complexity of (5) consists of
two parts: the part associated with FEM is O(N)

and the part related to BIE isO(N;*), where N

denotes the number of unknowns on the truncation
boundary. The dense matrices [P] and [Q]

generated by the BIE are bottleneck of the FE-BI
method, which severely limit the capacity of the
FE-BI method in dealing with electrically large
objects. Fortunately, this problem can be solved
iteratively, where the required the MVP are
performed efficiently by the MLFMM, which
reduces the memory requirement and the
computational complexity to O(N,logN,) for the

BIE. Conventionally, to implement the MLFMM,
an octree first needs to construct. The entire object
is first enclosed in a large box, which is divided
into eight smaller boxes. Each sub-box is then
recursively subdivided into eight smaller cubes
until the edge length of the finest cube is about
half of a wavelength. The interaction between
these boxes can be divided into two cases: two
cubes are near each other sharing at least one edge
point, the interaction between the two groups are
computed by MoM. Otherwise, two cubes are
well-separated from each other if the ratio of the
cube-center-distance to the cube size is greater
than or equal to 2. The interactions between boxes

are calculated using the MLFMM.
The basic formulae to calculate the matrix
entries for the far groups in MLFMM are given by
P :(%)Zj VET, R Fom) V02K, (14)

_ Ly Q k.or 2

Q=0 [ VT ke Pon) v d7k, (15)
where

Tmm’(lz 'me') = i(_J)I(zl +1)h|(2)(k0rmm')‘ Pl(fmm’ k\) > (16)

1=0

Vip = [ e [k, + (T=kK) - (AxE)JdS, (17)

VS = [ et [—(T—lélé)fi _(ﬁxﬁxfi)}ds ., (18)

Vi = [ €™ 105 (19)

Although the MLFMM for the BIE part has
reduced the complexity of MoM from O(N?) to
O(NlogN), allowing the solution of large problems



with limited computational resources compared
with the MoM. However, for problems with
millions of unknowns, it is still not easy to solve it
with FE-BI on a single processor. Thus, it is
helpful to increase computational resource by
assembling parallel computing platforms and, at
the same time, by paralleling FE-BI.

A. Novel preconditioner in FE-BI

For equation (5), there are two approaches to
solve it. One is the direct solver [22]; the other is
the iterative solver. For large-scale problems, it is
impractical to solve the matrix equation with a
large number of unknowns using the direct solver.
This difficulty can be circumvented by solving the
matrix equation using the Krylov subspace
iterative method, which requires the MVP in each
iteration step. In the past, several iterative
methods, including the conjugate gradient (CG),
the biconjugate gradient (BCG), the stabilized
biconjugate gradient (BCGS), and the generalized
minimal residual (GMRES) have been employed.
Unfortunately, since the BIE produces a dense
matrix, the final FE-BI system matrix consists of a
partly-full matrix and a partly-sparse matrix. The
FE-BI matrix is usually ill-conditioned and
requires a large number of iterations to reach
convergence. Therefore for electrically large
objects, iterative solvers should be adopted with
efficient preconditioners. There are many
preconditioners that have been developed to speed
up the convergence rate of the GMRES solution,
e.g. the block-diagonal can help to partially
alleviate this difficulty, but they are not effective
enough to yield a highly efficient solution. In [11],
a FE-ABC preconditioner has been proposed and
proven to be highly efficient for the FE-BL
However, a certain distance should be set between
the absorbing boundary and the scattering objects
to improve the efficiency of the preconditioner.
This will bring the increase of the unknowns for
the FE-BL. In this paper, an efficient
preconditioner is constructed by the finite-element
part and the near-field part of the boundary
integral, both can be easily obtained from the
matrix of the FE-BI with no additional computing
cost and memory requirement since the main
contribution of the impedance matrix for the
boundary integral is given by the near-field part.
Therefore, the preconditioning matrix is
constructed by both the FEM matrix and the near-
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field part in the sparse pattern of the FEM matrix.
Numerical results are presented to show the high
effectiveness of the proposed method.

In this section, we consider solving the FE-BI
matrix equation (5) with the MLFMM accelerated
by the Krylov iterative method. In order to speed
up the convergence rate of the Krylov iterative
method, the preconditioning matrix M~ is used to
transform (5) into an equivalent form

M'Ax=M"b, (20)
where
Ky Ky 0 E, 0
A=|K, Ky B| x=|E| b=|0
0 P Q Jq b

With A=M"A and b=M""b, equation (20) can

be written as the following form

Ax=0. (21)
M~ is a matrix for preconditioning the matrix A
from the left. The purpose of preconditioning is to
make the condition number of the matrix A better
than the original matrix A . Thus, the Krylov
iterative method for the equation (21) can get a
fast convergence.

An effective preconditioner M [22-23] should
be a good approximation of matrix A and easy to
construct. Since the main contribution of the
impedance matrix for the boundary integral is
given by the near-field part. The preconditioner is
constructed by the finite-element part and the
near-field of the BIE matrix in sparse pattern
as shown in (22); both can be easily obtained
from the FE-BI matrix with no additional
computing cost and memory requirement.

KII KIS O
M=K, Ky B |. (22)
0 P Q'

Then (20) can be written as follows
41

K]I KIS 0 KI] KIS O E|

KSI KSS B KSI KSS B ES

0 P Q'] |0 P Q|Js
Ky Ky T [o
=Ky Kss 0

K P! Q'] b

In order to reduce the computational complexity
of the MVP, the second matrix in the left terms of
(23) can be replaced according to the following

0
(23)
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equation
{K" Ky o] {K” Ky 0]
Kg K¢ Bl=|Kyq Kg B |-
0 P Q 0 P Q'
0 0 0
0 0 0 , (24)
0 P-P' Q-Q'

and (24) can be sequentially transformed to the

following form
1

Ky Ky 0 |]o 0 0
I+ K K B 0 0 0
0 P’ Q' 0 P-P" Q-Q'
K, Ks 0 T'f0
= KSI Kss B 0¢, (25)

0 P Q'| |b
where P' and Q' stand for the near-field part

drawing from the total matrix of boundary integral
P and Q in the sparse pattern of FEM matrices

B and K, respectively.

For sequential implementations of the FE-BI
running on a single processor, the calculation of
M™ can be obtained by the UMFPACK strategy
[24]. However, for large-scale problems, the direct
solver M~ may require prohibitive memory and
the time used to construct the matrix M~ will be
very long. Fortunately this cost can be alleviated
by parallelization. In this paper, we use the parallel
LU factorization to construct the preconditioner
matrix M, after decomposing the matrix M in
the form of M =L.U The preconditioning
operation is performed in each step by solving
L-Usv=w , the preconditioning operation
v=M"w is computed by solving the linear
system LeUsv =w, it is performed at two distinct
steps: solve Lx =w and Uv = x successively. This
two-step is processing in parallization. We call this
preconditioning iteration as a forward and
backward preconditioning iteration.

B. Efficient parallelization of FE-BI matrix
Because of the complicated structure of the FE-
BI matrix, parallelization of FE-BI is not trivial.
Simple parallelization schemes usually lead to
inefficient solutions due to dense communications
and unbalanced distribution of the workload
among  processors. For high efficiency
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parallelization, two parts must be considered in
detail. The first part is to partition the MoM
matrices among the distribute computers. The
second part is to construct the preconditioner
matrices among the distribute computers. For the

FEM matrix [K,] . [Ks] . [Ka]. [Kss], and[B] ,

which denotes the corresponding highly sparse
FEM matrix. This estimation needs very small
memory and CPU time; thus, all the FEM matrices
are computed on one processor.

For the surface MoM matrices generated by the
BIE are a bottleneck of the FE-BI, which severely
limits the capacity of the FE-BI method in dealing
with electrically large objects. Although the
MLFMM allows for it to solve large problems
with limited computational resources, to further
improve the capacity of the MLFMM for
electrically large objects, one of robust ways is to
increase computational resources by assembling
parallel computer platforms and, at the same time,
by parallelizing MLFMM.

The efficiency of the parallel FE-BI is
determined by the efficiency of the parallel BIE
part. In the past few years, a series of
implementation tricks have been developed for
efficiently parallelizing the MLFMM, these tricks
are different, but the key issues in those tricks in
parallelizing MLFMM are load-balancing and
minimizing the communications between the
processors. To obtain an efficient parallelization of
MLFMM, several issues must be carefully
considered to distribute the task equally among the
processors. In this paper, we utilize different
partitioning strategies for the lower and higher
levels of the tree structure. It is natural that the
parallel approach for the fine level is to distribute
the boxes equally among processors, where the
number of boxes is much larger than the number
of processors. But it is difficult to achieve good
load-balancing for the coarse level with this
parallel approach, where the number of boxes is
smaller than the number of processors. However,
since the box size of the coarse level is big, and
the number of far-field patterns for the MLFMM is
large, we can partition the far-field patterns
equally among all processors while replicating the
boxes in every processor as paper [16]. Using this
scheme for the parallel MLFMM in the far-field,
good load balancing can be achieved.

The interaction matrix in MLFMM is classified



into a near-field interaction matrix and a far-field
interaction matrix. After distributing the boxes to
each processor in the finest level, the near-field
and the far-field interaction lists can be set up in a
parallel way. The near-field interaction matrix are
calculated directly and stored in memory. For the
far-field, the interaction is calculated in a cluster-
by-cluster manner. The computation in MLFMM
is done in three stages called the aggregation,
translation and disaggregation stage.

Aggregation stage: The far-field interaction
begins with aggregating basis functions at the
finest level to obtain the radiation pattern. Each
processor calculates and stores the radiation and
receiving patterns of the basis and testing
functions included in its local box. Then each
processor shifting the radiation pattern to the
center of the box in the second finest level, and
finally interpolating the deficient radiation pattern
to obtain the radiation pattern of the box in the
second-finest level. This procedure repeats until
the shared levels. In the shared levels, each box is
assigned to the same processor. The far-field
pattern of each box is distributed equally among
processors. In the distributed levels, even though a
local interpolation is used, some of the far-field
patterns may locate in other processors. Therefore
one-to-one communications are needed to get the
required data.

Translation stage: The translation stage is one of
the most important stages in the parallelization
MLFMM; since the boxes are distributed among
the processors; one to one communications are
required between the processors for the translation
stage. To eliminate this overhead, each processor
is loaded with extra boxes called the ghost boxes.
For example, if box i at processor a needed the
far-field samples of box j at processorb, maybe

another box at processor a also needed the far-
field samples of box j , to reduce the

communication between the processors; we
allocate space for the box j at processora. When

the far-field samples of box j is received by

processor @, we store it in the memory, this ensure
that the same data is not transferred more than
once. In the shared levels, the far-field samples of
each cluster are distributed equally among the
processors. Therefore, there is no need for
communication between the processors at the
translation stage in the shared levels.
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Disaggregation stage: The disaggregation stage is
the generally the inverse of the aggregation stage,
the incoming fields are calculated at the centre of
each box from the top of the tree structure to the
lowest level using the anterpolation. Some of the
far-field samples obtained from the anterpolation
operation should be sent to other processors in the
distributed levels, Similar to the communications
during the aggregation stage, this procedure
repeats until the finest level.

III. NUMERICAL RESULTS
In this section, several numerical examples are
presented to demonstrate the efficiency of the
proposed method. All experiments are performed
on two distributed-memory computers; each
computer involves 8 processors, each processor
has 6 gigabytes (GB) of memory with 3.0GHz
clock rate. The resulting linear systems are solved
iteratively by the GMRES (30) solver with a

relative residual of 10~ in double precision.

A. The accuracy of the proposed method

Fig. 1. A PEC sphere coated with a single-layer
dielectric.

First, the proposed method is used to analyze
scattering from a perfect conductor (PEC) sphere
having a diameter of 16 4, the sphere is coated
with a 0.1m thick dielectric layer having a relative
permittivity of ¢ =2-i and g =1 as shown in
Fig. 1, S; is the surface of the PEC sphere. A
400MHz plane wave is incident at 6, =0, ¢, =0

and the observed scattering angles are 6, =0~ 180°

at ¢, =0". During the FE-BI calculation for this

example, the boundary integral is carried out on
the outer surface of the dielectric sphere. The total
number of unknowns is 3,540,000, consisting of
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2,710,000 for the finite-element and 830,000 for
the boundary integral. We first assume that the
sphere coated with an air, thus, the bistatic radar
cross section (RCS) of the coated sphere is equal
to a PEC sphere. As shown in Fig. 2, the
numerical result of the bistatic RCS of the sphere
is in a good agreement with the Mie solution.
Figure 3 shows the bistatic RCS of the sphere
coated with dielectric, the dielectric is
characterized by ¢, =2—i and x4, =1. It can also

be found that there is a good agreement with the
Mie solution. It involves 52 iterations for this
problem to reach convergence.

Solutions are performed on 1, 4, 8, 16, and 32
processors, respectively. Table I lists the total
processing times including the setup time and
iterative solution parts, and the parallelization
efficiency obtained for 4, 8, 16, and 32 processors
with respect to 1 processor. Ideally, the speed of a
simulation with P processors is P times higher
compared with a single processor and the
efficiency is 100%. However, from Table I we can
see that when the number of processors increases,
the efficiency of the FE-BI decreases. This is
because with the number of processors increases,
although the time for matrix computing decreases
correspondingly, the data communication time in
the translation stage between the computer
increases quickly when the number of processors
increases. This becomes the bottleneck in the
parallelization of FE-BI.

70

60

Theta(degree)

Fig. 2. Bistatic RCS of the conduct sphere at 400
MHz.
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Fig. 3. Bistatic RCS of the coated sphere at 400
MHz.

Table I: Total processing time and parallelization
for the solution of the sphere discretized with

3,540,000 unknowns
Sphere (Radius:16 A, Number of unknowns: 3,540,000)
Number of 1 4 8 16 32
Processors
Total time 219 58 33 18 11
(mintues)
Efficiency 100% 94% 83% | 76% | 62%

The second geometry is a coated cylinder
with a diameter of 10 4 and 20 4 high, the cylinder
is coated with 0.1m thick dielectric layer having a
relative permittivity of ¢ =2-i and x4, =1. A
500MHz plane wave is incident at 6, =0 and
#.. =0, and the observed scattering angles are
6,=0~180 at ¢ =0 .
number of unknowns is 3,100,000, consisting of
2,260,000 for the finite-element, and 840,000 for
the boundary integral. We first consider the
cylinder coated with air, so the RCS of the coated
cylinder is equal to a PEC cylinder, Fig. 5 shows
the bistatic RCS of the cylinder coated with
dielectric &, =2—-i and g =1. The numerical

results of the bistatic RCS are compared with the
body of revolution (BOR). It can be seen from Fig.
4 and Fig. 5 that there is a good agreement
between the parallel FE-BI and BOR. It involves
44  iterations for this problem to reach
convergence. Table II lists the total processing
times including the setup time and iterative
solution parts, and the parallelization efficiency
obtained for 4, 8, 16, and 32 processors with
respect to 1 processor. From the two examples

After discretisation, the



above, we can see that the parallelization of the
FE-BI provides an efficient approach to solve
large-scale electromagnetic scattering problems.

60
50

0 30 60 90 120 150 180
Theta(degree)

Fig. 4. Bistatic RCS of the PEC cylinder at 500
MHz.

0 30 60 90 120 150 180
Theta(degree)

Fig. 5. Bistatic RCS of the coated cylinder at 500
MHz.

Table II: Total processing time and parallelization
for the solution of the cylinder discretized with
3,100,000 unknowns

Cylinder (Diameter of 10 4 and 20 A high , Number of
unknowns: 3,100,000)
Number of 1 4 8 16 32
Processors
Total time 171 45 26 14 9
(mintues)
Efficiency 100% 95% 82% | 76% | 59%
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B. Solution of the real-life problem

To further show the capacity of our parallel FE-
BI code, finally, we present the solutions of a real-
life problem involving an airplane as shown in
Fig. 6. The airplane is coated with a 0.02
wavelength thick dielectric layer having a relative
permittivity of &, =4 and y, =2-i. A 600MHz

plane wave is incident at 6, =120", @&, =270
and the observed scattering angles are 6, =120° at

¢, =0~360" . The bistatic RCS of the coated

airplane is presented in Fig. 6. After the setup, it
takes about 24 minutes, and the iterative solution
involves 49 iterations to solve the problem on 16
processors.

60

50 +

0 60 120 180 240 300 360

Theta(Degree)

Fig. 6. Bistatic RCS of the coated airplane at 600
MHz.

IV. CONCLUSIONS

In this paper, we consider fast and accurate
solutions of large-scale scattering problems
discretized with millions of unknowns using a
parallel FE-BI on distributed-memory computers.
The parallel near-field preconditioner is used to
accelerate the convergence speed of the FE-BI
matrix iteration. The capacity of the parallel FE-BI
has been demonstrated by computing several
coated geometries, i.e. a sphere, a cylinder, and an
airplane. From the numerical results, we can see
that the proposed parallel FE-BI is efficient for
solving the scattering of electrically large objects.
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Abstract — Among the numerical methods used in
the electromagnetic modeling of high frequency
electronic circuits, we include the wave concept
iterative method. In this paper, we propose to
improve the convergence speed of this method
when modeling a complex structure. This method
requires a maximum number of iterations, noted
“Nmax”, to achieve the convergence to the optimal
value. Our goal is to reduce the number of
iterations calculated by this method to the value
“Nmin” in order to reduce the computing time and
to improve the convergence speed. This is done by
adding a new algorithm based on filtering
techniques.

Index Terms— Adaptive and autoregressive
Filtering, LMS algorithm, rapid convergence,
WCIP method.

I. INTRODUCTION

The wave concept iterative method (WCIP) has
shown efficiency in solving problems of
electromagnetism and analysis of radio frequency
circuits (RF) [1-4]. Although this method is
absolutely convergent, the number of iterations is
relatively high and it needs much time for
multilayer or complex structures requiring a fine
mesh as demonstrated in [5-7], the numerical
complexity is related to the number of cells
describing the circuit. For example, for structures
of 512x512 cells, it takes 24 minutes to perform
1000 iterations. This result is calculated by a

Submitted On: December 7, 2010
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machine having a microprocessor Intel(R)
Pentium(R) Dual Core CPU 2x2.16GHz and 3 GB
of RAM. In this case of complex structures, the
WCIP method takes much time to give good
results. To avoid this problem, the techniques of
adaptive filtering are an effective means to ensure
a rapid convergence to the optimal value with a
minimal error. Adaptive filtering is a powerful tool
in signal processing, digital communications, and
automatic control [8-10]. This tool has been
applied in various fields such as system
identification, prediction, inverse modeling, and
the interference cancellation. We use the adaptive
algorithm least mean square (LMS) because it is
the simplest one in terms of calculation. In
addition, it is the most efficient algorithm in terms
of minimization criterion of mean squared error
[11-12]. To improve the classical WCIP method,
we use a new algorithm based on adaptive and
autoregressive filtering. We aim at reducing the
number of iterations in this method; hence, we
reduce the computing time and we improve the
convergence speed of the method.

II. THEORETICAL STUDY

A. Summary of the WCIP method

The WCIP method is developed in detail in
[1-7]. It is an integral method based on the wave
concept and it is used in solving problems of
electromagnetic modeling. It is noted "WCIP"
because it treats the waves instead of
electromagnetic fields. It is called iterative because
it establishes a recurrent relation between incident
and reflected waves. This method is different from

1054-4887 © 2011 ACES
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the other integral methods (method of moments,
Galerkin method ...) because it does not use the
scalar product or the matrix inversion. Thus, the
method defines two operators; one is defined in the
space domain and the other in the spectral domain.
The fast Fourier mode transformation (FMT) and
the reverse transformation FMT™' insure the
transition from one area to another. Applied in
guided spaces, it allows us to define the impedance
seen by the source of a waveguide. We use this
method to study the electromagnetic modeling of a
frequency selective surface (FSS) having a
complex structure as in Fig. 1.

Fig. 1. Unit cell of an FSS structure.

The convergence of the WCIP method is
reached after a maximum number of iterations
called "Nmax". In our study, we will try to
minimize the number of iterations calculated by
this method to the value "Nmin" in order to have a
fast and better convergence with a minimum
calculation time. The remaining iterations until
“Nmax” will be treated by a new adaptive filtering
algorithm which provides a rapid convergence
towards the best result with minimum error. This
reduces the computation time and improves the
convergence speed of this method. It is important
to clarify the definition of the term "convergence
speed" that will be the time to run the number of
iterations required to converge "close enough" to
the optimal result.
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B. Functional blocks of the new algorithm

The new proposed algorithm is composed of
two functional blocks as illustrated by Fig. 2
below. The first block is an autoregressive (AR)
filter and the second is an adaptive filtering block.

Xx*(n) |Adaptive Filter yin)
Filter [AR] h[n)

h(n+l )ﬁ

x(1},.....x{n-1)
—_—

b{n) : LS Algorithm

WI'Eite to update
Noise —*| coefficients Error

Reference

Fig. 2. Functional block of the new algorithm.

The AR filter block is used to model the input
signal. This modeling is necessary to predict and
regenerate the missing samples in an uncompleted
input signal having length equal to “Nmin”. The

AN
prediction of x(n)at the instant “n” is from the
signal at previous time [x(n-1), x(n-2), ...] in
addition to the value of the white Gaussian noise at

the same time “n”. Thus the prediction and

N AN AN
estimation of samples x(n+1), x(n+2), x(n+3)...
can generate the following sequence samples from

AN AN
X(Nmin+1)to x(Nmax). We must choose the

optimal order of the AR model that gives the best
prediction of the input signal. It remains to
estimate the coefficients of the AR filter, this is
obtained from the equations of "Yule-Walker” for
an AR filter; this uniquely defines the coefficients
of the AR filter that are the most suitable for
modeling the input signal. The iterations from “1”
to “Nmin” are calculated by the classical WCIP
method. As in the next equation, the prediction of
the signal samples in the following iterations from
“Nmin+1” to “Nmax” is realized by the AR filter
using a Gaussian white noise b(n) :

Q(n):Za(i)x(n—i)m(n), (1)

i=l

where Q(n) is an estimation of X(Nn) in the iteration”
n” and “a(l), a(2),........ , a(m)” are the
coefficients of the AR filter in the following
transfer function, the value “m” is the order of this
filter :
1

k=m
1+ Y ak)zk)

k=1

H(z) = : ()
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Concerning the second block, it is an adaptive
filter whose coefficients are changing in function
of external signals. A filter is called adaptive if its
coefficients are modified and updated in each new
sample of the input signal. As in Fig. 2, we have
an input x(n), the desired response (reference) d(n)
and the error e(n) which is the difference between
d(n) and the filter output y(n). The error e(n)
serves to control (adjust) the values of filter
coefficients. To estimate y(n) from x(n) the
adaptive filter uses the programmable coefficients
h(n) but to estimate the next sample y(n+1) the
filter uses the new coefficients h(n+1) which will
be calculated by an adaptive algorithm as we show
below. We use the adaptive filter to ensure a rapid
convergence to the optimal value with a minimum
square error.

In our study, we choose the LMS (least-mean-
square) adaptive algorithm developed by Widrow
and Hoff in 1959. This algorithm is certainly the
most popular adaptive algorithm that exists due to
its simplicity [11-12]. As in Fig. 2, the LMS
algorithm updates the coefficients h(n)of the
adaptive filter transfer function in every new
iteration as in the following relation:

h(n+1) =h(n)+ zX (n)e(n). 3)
The coefficients h(n) = [hy(n),hy(n),...h _1(M)]T
are defined in the iteration “n” and the
coefficients h(n+1)are defined in the iteration *

n+1”. The input vector is:
X () =[x(n),x(n=1),...,x(n=L+D]T, L is the
order of the adaptive filter, “ 1 is the adaptation
step. The error value “e(n) =d(n)—y(n)” is relative
to a reference signal d(n). As below, the value y(n)
is the output in the iteration “n”:

y(n)=hT (mX(n). 4

The adaptive filter coefficients “
h(n) = [hy(n),hy(n),...h _1(M)]T > are changed in
each new iteration until they become stable and
equal to “hgy 7. That’s how we define the stability
and the convergence of the adaptive filter; it is
represented by the next equation:
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lim E{h(n)} = hop - (5)
N— o0
We aim at finding the condition of the stability and

the convergence of the adaptive filter so we have
to minimize the following function:

2
J(n) =|h(n +1)-h(n)|~. (6)
We consider the following constraint:
hT(n+1)X(n)=d(n). (7)

The solution of the problem is obtained by the
multiplier A of Lagrange. In fact, we want to
minimize in reference to h(n+1) as in the following
equations:

J(n) =|jh(n +1) -h(n)||2 +A[d(M)-=hT(n+1)X(n)], (8)

oJ(n)
oh(n+1)

=2h(n+D)~h(M]-AX(M=04. (9
We obtain the next result:
A

h(n+1):h(n)+EX(n). (10)

The constraint becomes as in the next equation:
A

d(n)=hT (n+)X(n)=hT (n)X(n)+EXT MXM) (11)
Also, we have:

d(n)y=e(n)+ym)=em+hT (N)X(n). (12)

Thus, we find the following expression of A:

_ 2e(n)
XTmXn'
(13)

Finally, we obtain the equation of the LMS
algorithm:
2 1
h(n +1) = h(n) + = X(n) = h(n) + = X(n)e(n). (14)
2 xT (m)X(n



In fact, to have the best control of the filter
coefficients updating, we introduce a positive
factora ,(0<a <2):

h(n+1):h(n)+xTL (15)

X .
WX (me(n)

In comparison with equation (3), we obtain the
following result:

a a a

= ~ = . 16
XT(mX(n =Ll Log #-(16)

> x2(n-1)

1=0

This value u is called the adaptation step of the

LMS algorithm. We consider the condition of «
(0 < a < 2). It gives the next relation:

0<p<—2— (17)
Log

This condition ensures the LMS algorithm
convergence and the adaptive filter stability. So
the best choice of the adaptation step u provides

the stability and the convergence of the LMS
algorithm to the optimal results with minimal error
as in equation (17). This choice of the adaptation

step u depends on the power o2 of the input

signal and the adaptive filter orderL. Thus, the
performance of the LMS algorithm depends on
three factors: the adaptation step i, the power of

the input signal, and the order L of the adaptive
filter.

As shown in Fig. 3, the idea is to add to the
classical WCIP algorithm a new algorithm
describing an AR filter and an adaptive filter based
on the LMS algorithm. Thus, the algorithm of the
new method will be noted as an adaptive wave
concept iterative process (A-WCIP). We introduce
an input sequence that has a length equal to
“Nmin”, the iterations of this sequence are
calculated by the WCIP algorithm.

The new “A-WCIP” algorithm predicts the
result of the remaining iterations until achieving
the convergence to the optimal value with “Nmax”
iterations.
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Begin
}

starting values

|

WCIP

Algorithm of the
iterative method
1....Nmin iterations

b
A-WCIP

MNew Algorithm
AR + Adaptive Filter

Nmin......Nmax

iterations

No

onvergence

End

Fig. 3. The new “A-WCIP” approach.

The best conditioning of our system is done
first by a good selection of the optimal order “m”
of the AR filter. Then, it is done by a good choice
of the adaptation step “ ™ of the LMS algorithm,

which depends on the input energyog and the

order “L “of the adaptive filter. We conclude that
the conditioning of this system is mainly based on
the nature of the input signal. This is an important
point of our approach because it ensures that the
system is adapted to all types of input signals that
vary from one frequency to another, especially that
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we are testing a wide frequency range. This
provides stability and convergence of our system,
whatever the conditions of the input signal.

Therefore, with the new algorithm, we improve
the convergence of the classical iterative method
which will calculate only a limited number of
iterations equal to "Nmin". The number "Nmax" of
iterations needed to reach the convergence will be
achieved by the new A-WCIP algorithm which is a
very rapid algorithm. Thus, an important gain in
computing time will be accomplished by this new
approach.

II1. SIMULATIONS AND RESULTS
The input signal X(n) in the last theoretical part

will be designated in the next part by the
coefficients of the diffraction matrix S;; or Sy

A. Convergence improvement

In Figs. 4 and 5, the coefficients S;; and S,; are
represented as a function of the number of
iterations by both methods (“WCIP” and “A-
WCIP”) in order prove that the new method gives
also good results.

First, the classical WCIP method uses only the
WCIP algorithm to calculate “Nmax=200"
iterations. We conclude that the maximum number
of iterations necessary to achieve the convergence
is equal to 200 iterations. This number is relatively
high because the electronic circuit studied has a
complex structure. So in this case to have good
results, the wave iterative method needs a big
number of iterations (Nmax=200 iterations). Thus,
this method takes much time to obtain the optimal
result. So to reduce the computing time necessary
to have a good result, we need to reduce the
number of iterations calculated by the WCIP
algorithm to the value ‘“Nmin”. The remaining
iterations are calculated by the new “A-WCIP”
algorithm, which does not take much time to reach
the convergence.

Then, we use the new “A-WCIP” method to
calculate the same maximum number of iterations
(Nmax=200 iterations). This new method is
composed of two algorithms: the classical WCIP
algorithm to which we add the new filtering
algorithm. In the new “A-WCIP” approach, the
number of iterations calculated by the classical
WCIP algorithm is reduced to ‘“Nmin=50"
iterations. The maximum number of iterations is

ACES JOURNAL, VOL. 26, NO. 10, OCTOBER 2011

achieved by the new filtering algorithm
(Nmax=200). The adaptive filter takes the output
of the AR filter as input. As a result, the final
output of the global new system “A-WCIP” must
converge to the optimal values of Si; and S,; with
minimum errors.

A-WCIP

\\\\\ RS

20 40 60 80 100 120 140 160 180 200
Iterations

Fig. 4. Variation of S;; by both methods.

A-WCIP

1 s

20 40 60 80 100 120 140 160 180 200
Iterations

Fig. 5. Variation of S,; by both methods.

Here, we compare the results given by the two
methods in order to prove that the new “A-WCIP”
method provides good results. Of course, the new
approach is faster than the classical one because it
uses the WCIP algorithm to calculate “Nmin=50"
iterations and it uses the filtering algorithm to
calculate the remaining iterations until reaching
the number “Nmax=200”. However, the classical
method uses only the WCIP algorithm to calculate
200 iterations which takes much time.

B. Comparison in terms of computing time

In the next paragraph, we use the classical
WCIP method to calculate 1000 iterations
(Nmax=1000) and we use the new “A-WCIP”



method to calculate the same number of iterations
(Nmax=1000, Nmin=400). In Table 1, we observe
an important gain in convergence time when
calculating S;; and S,, values after 1000 iterations
by the two methods. This gain of time is provided
by the new “A-WCIP” method because we add a
rapid adaptive filtering algorithm “LMS” in this
method. The mesh used in this structure is
512x512 cells. We use a machine having a
microprocessor Intel(R) Pentium(R) Dual Core
CPU 2x2.16GHz and 3GB of RAM.

Table 1: Comparison of time between the two
methods

The used Computing
method time (mn)
“A-WCIP” 10 mn
“WCIP” 24 mn

Gain of Time | 58,33%

C. Comparison in terms of the average error

In Table 2, we represent the values of the
average error calculated on the reflection and
transmission coefficients S;; and S,,. The band of
frequency is from 10GHz to 15GHz. The error is
calculated when using the new “A-WCIP” filtering
method in comparison with the classical WCIP
method. We choose two different values of
"Nmin" (25 and 50). The number "Nmin"
represents the minimum number of iterations
calculated by the WCIP algorithm in the new “A-
WCIP” method. The maximum number of
iterations is equal to 200 iterations. We find that
the average error in comparison with the classical
WCIP method is limited. This proves the
effectiveness and robustness of our approach.
Finally, we ensure the convergence to an optimum
result very close to the desired value with a
minimum average error in each frequency.

Table 2: Comparison in terms of the average error

Average | Average
Nmax | Nmin | error error

Si1 (dB) | Sy (dB)
200 25 2,782 0,893
200 50 1,646 0,399
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D. Variation of S;; and S,; calculated by the

new method in function of frequency

In Figs. 6 and 7, we represent the variation of
the coefficients S;; and S,; in function of
frequency. These coefficients are calculated by our
new “A-WCIP” method. These results are
compared with those calculated by the classical
“WCIP” method in order to prove that our results
are close to the best and optimal results. The
maximum number of iterations calculated by the
two methods is equal to 200 iterations
(Nmax=200). In the new method, we test two
values of “Nmin” (25 and 50 iterations) and we
obtain good results in comparison with the WCIP
method.

Ghz
10 11 12 13 14 15
0
<y .’
"‘"..—-‘-:_ aatg,
5 f_/fl‘ S f’ Ny
10 f N f :
o, N/ |
@5 Tw i\ f/l
h\ 1
20 ¥ £
-./.-
H ]
[}
25 !
-30
________ S11: WCIP -------= $21 : WCIP

—=—S11: A-WCIP —=— 521 : A-WCIP

Fig. 6. S,; and S)variations in function of
frequency with Nmax= 200, Nmin= 25 iterations.

Thus in our new A-WCIP method, the WCIP
algorithm is used to calculate only 25 or 50
iterations and the following iterations are
calculated by the adaptive filtering algorithm until
achieving 200 iterations. In the classical WCIP
method, we use only the WCIP algorithm to
calculate all the 200 iterations. If we compare the
two methods, we conclude that the number of
iterations in the classical WCIP algorithm is
reduced from 200 to 25 iterations in the new
approach. Thus, we achieve our principal goal
which is the reduction of the number of iterations
in the WCIP algorithm. That is why we obtain a
good reduction of computing time in the new A-
WCIP method. Finally, we obtain a fast
convergence with minimum average error.
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Fig. 7. S,;; and S;variations in function of
frequency with Nmax= 200, Nmin= 50 iterations.

Iv. CONCLUSION

In our study, the convergence speed of the
classical WCIP algorithm has been improved. In
the new “A-WCIP” method, the WCIP algorithm
has to calculate only a minimum number “Nmin”
of iterations that can be reduced from 200 to 25
iterations. The remaining iterations after “Nmin”
are treated by the new filtering algorithm to
achieve the convergence to the optimal value after
“Nmax=200" iterations. Thus, we have a very fast
convergence in comparison with the classical
WCIP method in which the WCIP algorithm
calculates all the 200 iterations. Finally, a very
significant reduction in computing time has been
obtained. Thus, we ensure a rapid convergence
with a limited average error hence the efficiency
and robustness of our new approach.
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Abstract — A wideband perforated rectangular
dielectric resonator antenna (RDRA) reflectarray
is presented. The arrays of RDRA are formed from
one piece of materials. Air-filled holes are drilled
into the material around the RDRA. This
technique of fabricating RDRA reflectarray using
perforations eliminates the need to position and
bond individual elements in the reflectarray and
makes the fabrication of the RDRA reflectarray
feasible. The ground plane below the reflectarray
elements is folded as a rectangular concave
surface so that an air-gap is formed between the
RDRA elements and the ground plane in order to
increase the bandwidth. Full-wave analysis using
the finite integration technique is applied. Three
cases are studied. In the first one, the horn antenna
is placed at the focal point to illuminate the
reflectarray and the main beam in the broadside
direction. In the second one, the horn antenna is
placed at the focal point and the main beam at £30
degrees off broadside direction. In the third one,
an offset feed RDRA reflectarray is considered. A
variable length RDRA provides the required phase
shift at each cell on the reflectarray surface. The
normalized gain patterns, the frequency
bandwidth, and the aperture efficiency for the
above cases are calculated.

Index Terms — Dielectric resonator, reflectarray,
wideband array.
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I. INTRODUCTION

High gain antennas are desired in various
applications, such as satellite communications,
radar systems, and radio astronomy observations.
Traditionally, large parabolic reflector antennas
are selected for the systems mentioned above.
However, these antennas are bulky, heavy, and
their geometrical shape tends to be distorted
during the implementation. Microstrip
reflectarrays are good alternatives to reflectors for
space applications because of their low profile,
simple manufacturing process, added
functionalities, and low cost especially for beam
shaping applications. The microstrip reflectarray is
made up of a reflective array of printed patches
with a certain tuning on the phase of the reflected
wave to produce a focused or shaped beam when
illuminated by a primary feed. By varying the
resonant properties of the elements making up the
array, it is possible to introduce a graded
progressive phase variation upon reflection across
the surface of the reflectarray. Methods to control
the phase of the re-radiated wave include using
elements with variable sizes [1], patches with
different stub lengths [2], slots with variable
lengths at the ground plane or loaded on the patch
[3,4], and the variable rotation angle technique [5].
One of the primary disadvantages of microstrip
reflectarrays is their relatively narrow gain
bandwidth for a single layer design [6]. The
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bandwidth of the microstrip reflectarray is mainly
restricted by the microstrip elements, the
differential phase delay, the array element spacing,
and the feed antenna bandwidth [7]. Bandwidth
can be somewhat improved by using a more
complex structure consisting of multiple layers of
substrates and stack patches [8].

Rectangular dielectric resonator antenna
(RDRA) was proposed by Long et al. [9] in 1983.
RDRAs offer many advantages, such as low-
profile, low-cost, ease of excitation, and high
radiation efficiency. RDRAs offer high radiation
efficiency even if they are used in high frequency
applications. This is because of the low ohmic
losses and there are no surface waves when using
this kind of antennas. Since the surface waves are
not supported by RDRAs, the scan blindness
problems with large microstrip arrays can be
solved. The scan blindness is the signal loss due to
the mutual coupling and it occurs when the main
beam is steered to the low elevation angles used in
microstrip array. Moreover, when the RDRA is
made of a high permittivity material with slight
dissipation losses, it can handle high power. The
high power capability is considered as an
advantage when used in radar applications [10].
RDRAs may be used at a wide range of
frequencies starting from 55MHz up to 94 GHz.
RDRASs can be formed in different shapes offering
more design flexibility, they can be rectangular,
cylindrical, hemispherical, or other regular shapes.
Many investigations have been reported about the
RDRAs with different shapes and their
characteristics have been examined [11].
Reflectarray antennas realized by rectangular and
crossed dielectric resonator for linear and circular
polarizations are investigated in [12-14]

One current disadvantage of RDRAs in large
arrays is related to fabrication: each individual
RDRA element must be located and bonded at the
appropriate position in the array. For high
frequency applications where the size of the
elements becomes small, their exact location
becomes more critical, and this approach may not
be practical. The perforated technique was used in
the DRA array in order to make an array from one
dielectric sheet by perforating materials between
the elements [15, 16]. The effective permittivity of
the dielectric resonator was altered with the
perforated air-filled holes drilled into its substrate
material. Perforated structure was first proposed
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for gain enhancement in the dielectric Fresnel lens
design [17]. The concept of perforated RDRA was
tested experimentally in [18].

In recent years, one major aspect of the
research with RDRAs has focused on the
bandwidth enhancement, and many techniques
have been proposed to broaden the operating
bandwidth of the RDRAs [19-21]. However, these
techniques of impedance-bandwidth enhancement
are all on the expense of the complex DR
structures. In [22], a novel wideband rectangular
RDRA is proposed, where an air gap is introduced
between the rectangular RDRA and the ground by
adopting a rectangular concave dip in the ground
plane. It shows that using a concave dip in the
ground plane instead of a planar ground plane has
broadened the impedance bandwidth to 1.4 times.

This paper reports a new type of reflectarray
using rectangular RDRA elements for linear
polarization. Perforated substrate and rectangular
concave dipped ground plane are used to improve
the gain bandwidth of the reflectarray. This paper
extends the investigation of perforated RDRAs by
examining the performance of perforated RDRAs
in the reflectarray structure.

II. THE ARRAY STRUCTURE

Figure 1 gives the coordinate system of the
reflectarray geometry with solid ground plane. The
reflectarray is composed of 23x23 elements and is
covering an area of 31.05 x 31.05 cm”. The unit
cell in reflectarray antenna consists of rectangular
RDRA supported on ground plane. Each RDRA
element has a width W=7 mm, a height h=3.2 mm,
a relative dielectric constant, ¢ =10.9, and a
variable length L. This RDRA is designed to
operate at 12 GHz. The cell size Li= W;=13.5
mm. The feeder is a pyramidal horn with
dimensions of 59.9 x 29.9 x 49.5 mm’. The horn
antenna is placed at the focal point, 320 mm away
from the reflecting surface.

A possible geometry of RDRA reflectarray
fabricated by perforating a single dielectric sheet
is shown in Fig. 2. The unit cell in the reflectarray
antenna consists of rectangular RDRA supported
on a perforated ground plane. The RDRAs are
formed from a single dielectric sheet by
perforating selected areas of the material.
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~ Ground plane

(a) RDRA cell with (b) Broadside RDRA
solid GP reflectarray with solid GP

Fig. 1. The geometry of the RDRA reflectarray
with solid ground plane.

Ground plane

(a) RDRA cell with
perforated ground plane

(b) Broadside RDRA reflectarray
with perforated ground plane

Fig. 2. The geometry of the RDRA reflectarray
with perforated ground plane.

The diameter and spacing of the holes
determines the effective dielectric constant of the
material surrounding the RDRAs. This technique
of fabricating RDRAs using perforations is
intended for reflectarray applications, eliminating
the need to position and bond individual elements
and making the fabrication of RDRA reflectarray
feasible. For perforated ground plane, S=1.5 mm,
D=1.2 mm and h;=0.35 mm. The relationship
between the RDRA element length and reflecting
phase shift at 12 GHz for the unit cell in Fig. 1 and
Fig. 2 was determined using CST simulator [23]
that depends on the finite integration technique
[24, 25]. The software is used to model an infinite
array of RDRA elements. This procedure assumes
that the reflection from an element RDRA
surrounded by RDRAs of different sizes can be
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approximated by the reflection of an element in an
infinite array of identical RDRAs. A normal
incident plane wave on a periodic infinite array
was assumed to calculate the reflection phase
change of one element. A typical plot of the
reflection phase shift as a function of RDRA
element length is shown in Fig. 3. The radius of
the hole of the perforated ground plane, the
distance between two holes and numbers of holes
are optimized to give the results in Fig. 3. The
tuning range of the reflection phase shift is 360
degrees. Excellent agreement is obtained between
the results of RDRA on solid ground plane and
that for perforated ground plane. Results of this
study indicate that this perforation technique is a
promising alternative for one using individual
RDRASs elements.

360
DRA with solid GP (CST)
E,,; 300 O\ -~==-=-- DRA with perforated GP (CST)
L O  DRA with solid GP (HFSS)
T 240t
=
&
& 1807
[=%
B
= 1207
2
T
x 60r
0 . . . .
4 6 8 10 12 14

L (mm)

Fig. 3 Reflected phase of RDRA cell versus its
length at 12 GHz, h= 3.2mm, W= 7mm, S =
1.5mm, h;=0.35mm , D=1.2mm, and L= W=
13.5mm.

III. NUMMERICAL RESULTS

Numerical calculations were performed by
using the CST simulator, the horn, and reflectarray
elements are included in the calculation. The
required phase shifts of reflectarray elements in
the broadside RDRA reflectarray is shown in Fig.
4. The normalized gain patterns for the broadside
feed reflectarray at 12 GHz in E-plane and H-
plane are shown in Fig. 5. The half-power
beamwidth (HPBW) of the main beam is 5
degrees. A peak gain of 29.9 dB is predicted at
0=0°. Figure 6 shows peak gain variation with
frequency. A 9.1% bandwidth is achieved with 1
dB gain variation (11.4 GHz-12.5 GHz). The
aperture efficiency is 50.1%.
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Fig. 6. The required phase shifts of the

reflectarrav elements.

The schematic drawing and the close up
picture of the reflectarray elements with perforated
ground plane and rectangular concave dip are
shown in Fig. 7. An air gap is introduced between
the RDRA and the ground by adopting a concave
ground plane in each cell. The rectangular concave
surface has dimensions L.=4.5 mm and h.=2 mm.

-

(b)

Fig. 7. (a) DRA cell with perforated GP and
rectangular concave. (b) Broadside RDRA
reflectarray with perforated GP and rectangular
concave.

The normalized gain patterns in the E-plane
and H-plane at 12 GHz frequency are illustrated in
Fig. 8. The 3-dB beamwidth is 4 degrees. A peak
gain of 30.6 dB is predicted at 6=0°. Simulated
gain patterns at different frequencies to check the
bandwidth of the array are shown in Fig. 9.
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At the extreme frequencies, the gain patterns are
similar with some increase in sidelobe levels and
little gain variations. Figure 10 shows peak gain
variation with frequency. Note the gain bandwidth
is substantially improved to about 13.33%, the
reflectarray can cover from 11.4 GHz to 13 GHz
with 1 dB gain variation. The aperture efficiency
is 57.88%.

0

-20

Normalized gain pattern(dBi)
. A
o

60
= DRA reflectarray with perforated GP
and rectangular concave
-80
-180 -120  -60 0 60 120 180
Elevation angle
(a)
O T T T T

Normalized gain pattern(dBi)

-60f -- DRA reflectarray with perforated GP
= DRA reflectarray with perforated GP
and rectangular concave
-80
-180 -120 60 0 60 120 180

Elevation angle
(b)
Fig. 8. Normalized gain patterns at 12GHz for
23x23 broadside RDRA reflectarray: (a)E-
plane. (b) H-plane.

To minimize the feed blockage of a center-fed
configuration, the reflected beam must be directed
out of broadside direction. Another RDRA
reflectarray with a concave ground plane with 30
degrees off broadside beam direction was
designed. Figure 11 shows the construction of the
30 degrees off broadside RDRA reflectarray with
perforated ground plane and rectangular concave
dip.

11.4GHz

12GHz

Normalized gain pattern(dBi)

_80 L L 1 1 L
-180 -120 -60 0 60 120 180
Elevation angle (degrees)
(a)
0

Normalized gain pattern(dBi)
D
o

-80

-180 -120 -6A0 0 60 120 180

Elevation angle (degrees)
(b)
Fig. 9. Normalized gain patterns at different
plane for 23x23Broadside RDRA reflectarray.
(a) E-plane. (b) H-plane.
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Frequency(GHz)
Fig. 10. Peak gain versus frequency for

23x23broadside RDRA reflectarray.
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Fig. 13. Peak gain versus frequency for 30
degrees off broadside RDRA reflectarray.

Figure 12 shows the gain pattern on the H-
plane (x-z plane). It achieves a peak gain of 29 dB.
The 3 dB beamwidth is 5.5 degrees. Figure 13
shows peak gain variation with frequency. For the
frequency band between 11.4 to 12.4 GHz, the
gain is varying by 1 dB only. An 8.3% bandwidth
is achieved. Again, the reflectarray is designed to
produce main beam with tilt angle of -30 degrees
from the broadside direction. The gain pattern at
12 GHz frequency for -30 degrees off broadside
direction RDRA reflectarray is shown in Fig. 14.
Figure 15 shows peak gain variation with
frequency. The aperture efficiency is 40.6%.
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Fig. 14. H-plane patterns at 12GHz for -30
deerees off broadside RDRA reflectarrav.
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Fig. 12. H-plane patterns at 12GHz for 30 10t

degrees off broadside RDRA reflectarray. .
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Frequency(GHz)
Fig. 15. Peak gain versus frequency for -30

degrees off broadside RDRA reflectarray.



Figure 16 shows the offset feed RDRA
reflectarray with perforated ground plane and
rectangular concave dip. The reflectarray is fed by
linearly polarized pyramidal horn antenna at a tilt
angle of 17° as to minimize the feeder blockage.
The gain patterns in the E-plane and H-plane at 12
GHz frequency are illustrated in Fig. 17. The 3-dB
beamwidth is 5.5 degrees. The computed peak
gain is 30 dB. Figure 18 shows the peak gain
variation with frequency. For the frequency band
between 11.4 to 12.7 GHz, the gain is varying by 1
dB only. The gain bandwidth is approximately
10.9% and the aperture efficiency is 47%.

98 mm

320mmm

(@) T (b)

Fig. 16. (a) Offset feed broadside reflectarray
with solid GP. (b) Offset feed broadside
reflectarray with perforated Gp and rectangular.

0

-20t
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-60

E- plane at ® =90°
----- H-planeat ®=0°

Normalized gain pattern(dBi)

_80 1 1 1 1 1
-180 -120 -60 0 60 120 180
Elevation angle (degrees)

Fig. 17. Normalized gain patterns at 12GHz for
23%23 broadside RDRA reflectarray.
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Fig.18. Peak gain versus frequency for 17

degrees  offset feed broadside RDRA
reflectarray.

V1. CONCLUSION
Perforated dielectric  resonator antenna

reflectarray was designed for linear polarization at
12 GHz. The RDRA elements are formed from
one piece of material. Air-filled holes are drilled
into the material around the RDRA. The
performance of the array is similar to that achieved
by one using individual RDRA. A novel wideband
RDRA is proposed, where an air gap is introduced
between the RDRA and ground by introducing a
concave ground plane dip. A 23x23 reflectarray is
used. The reflectarray is illuminated by a linearly
polarized pyramidal horn. In this paper, a variable
length RDRA was used to achieve the required
phase shift at each cell on the reflectarray surface.
To avoid the feed blockage of a center-fed
configuration, the reflectarray was center fed and
the beam peak location was designed to be £+ 30
degrees off boresight. Also, the antenna was offset
fed by a linear polarized pyramidal horn. The gain
bandwidth is approximately 10.9% and the
aperture efficiency is 47%.
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Abstract — A planar antenna and a technique for
enhancing its bandwidth for UWB applications
have been proposed in this paper. The proposed
antenna which has a compact structure and the
total size of 30 x 22 mm’ consists of a square
patch and a partial ground plane. Numerical study
shows that the bandwidth of the proposed antenna
can be controlled mainly by the patch size and
width of the feeding line. The cutting triangular
shape slots on the top edge of the ground plane
help to increase the bandwidth by 43.6% (3.89
GHz). The measured -10 dB return loss bandwidth
of the proposed antenna ranges from 2.95 GHz to
15.45 GHz which covers the entire UWB band.
The nearly stable radiation pattern with a
maximum gain of 5.9 dBi makes the proposed
antenna suitable for being used in UWB
communication.

Index Terms — Microstrip feed-line, partial
ground plane, planar antenna, ultra-wideband.

I. INTRODUCTION

Ultra-wideband (UWB) technology has been
regarded as one of the most prolific wireless
technologies  having the  capability of
revolutionizing a high data rate transmission. A
number of new techniques to support high data
rate in wireless communication for the next
generation technologies have been rapidly
increasing after the release of 3.1-10.6 GHz
unlicensed band for UWB communication by the
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Federal Communication Commissions (FCC).
UWRB also have wide applications in short range
and high speed wireless communication, such as
ground penetrating radars, microwave imaging
system, wireless local area networks (WLAN),
communication systems for military, and short
pulse radars for automotive even or robotics and in
all these applications antenna with wideband plays
a vital role. As a key component of UWB systems,
the antennas with wide bandwidth have been
investigated by both academia and industry.

The design of a compact, lightweight antenna
for wideband applications is still a major
challenge. Many coplanar waveguide-fed and
microstrip line- fed antennas have been proposed
for UWB applications. Several bandwidth
enhancement  techniques-have  also  been
considered, such as associating several radiating
elements to form an array antenna[l], using log
periodic arrays in which the different elements are
deduced from a homothetic ratio in order to reach
the desired bandwidth [2], introduction of a
capacitive coupling between the radiating element
and the ground plane [3], addition of slots on the
side of the radiating element [4-5], using a tapered
feed line [6], notching the ground plane and/or the
patch [7-8], modifying the shape of the radiating
element and adding a shorting pin [9]. However
the antennas mentioned above are not planar
structured as they were set above a big ground
plane which resulted in increased antenna size and
cannot be easily embedded into wireless devices
or cannot be integrated with other RF circuits.
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Recently other techniques have also been
examined to enhance the antenna bandwidth,
including the insertion of a modified trapezoid-
shaped slot in the patch [10], the use of trident-
shaped feeding strip and a tapered impedance
transformer [11] and embedding a pair of notches
in the two lower corners of the patch and the notch
structure in the upper edge of the ground plane
[12]. The use of two bevel slots on the upper edge
and two semicircle slots on the bottom edge of the
ground plane [13], insertion of a rectangular slot
on the top side of the ground plane[14] and a half-
bowtie radiating patch with staircase shape [15]
have also been reported for the bandwidth
enhancement. Techniques such as adding steps to
the lower edge of the patch [16], inclusion of
circular ring-shaped patch [17], the insertion of
additional stub to the one side of circular patch
[18], and addition of the slit on one side of the
radiating element [19] have also been reported for
bandwidth enhancement in planar monopole
antennas. Recently, it was demonstrated in [20]
that by etching two rectangular slots in the ground
plane, the total bandwidth of the monopole
antenna can be significantly increased up to the
surface current distribution to ameliorate the
antenna’s impedance bandwidth.

Many of the above mentioned printed UWB
antennas consisting of a planar radiator and system
ground plane is essentially an unbalanced design,
where the electric currents are distributed on both
the radiator and the ground plane so that the
radiation from the ground plane is inevitable.
Therefore, the performance of the printed UWB
antenna is significantly affected by the shape and
size of the ground plane in terms of the operating
frequency, impedance bandwidth, and radiation
patterns [21- 23].

In this paper, a technique to enhance the
bandwidth of a microstrip-fed planar monopole
antenna has been proposed. The monopole antenna
fed by a 50Q microstrip feed line is fabricated on
the FR4 substrate. To improve the bandwidth, the
top side of the partial ground plane has been
modified to form a sawtooth-shape and by this
modification it is found that, the bandwidth is
enhanced by 43.6% compared the initial design.
The proposed antenna is easy to be integrated with
microwave circuitry for a low manufacturing cost.
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I1. ANTENNA DESIGN

The geometries of square patch planar
monopole antennas that are considered in this
paper are shown in Fig. 1. The planar monopole
antennas are chosen in this paper due to their
remarkably compact size, low spectral power
density, simplicity, stable radiation characteristics,
and easy to fabricate and very easy to be
integrated with microwave circuitry for low
manufacturing cost. A shortcoming of this
structure is limited bandwidth. The objectives of
this paper are to modify the structure of the ground
plane and incorporate the techniques to increase
the bandwidth.

The configuration in Fig. 1 (a) is the first
antenna used for a parametric study. The almost
square patch with dimension WXL is printed on a
30 x 22 mm* low cost FR4 PCB substrate of
thickness 1.6 mm, with relative permittivity 4.6
and loss tangent 0.02. The radiating patch is 6.75
mm away from the left edge of the substrate. A
microstrip feed line of width w; which is 3.75 mm
away from the left edge of the substrate is also
printed in the same side of the patch as a radiator.
The partial ground plane having side length Lg is
printed on the other side of the substrate. The
length of the microstrip feed line is fixed at 7.25
mm to achieve a 50Q characteristic impedance.

The patch size of the proposed antenna is the
first parameter to optimize for widest bandwidth
while the other parameters are kept constant. The
results in Fig. 2 show that, the increase of patch
size is resulting in a reduction of the bandwidth. It
is also seen that that decrease in patch size from a
certain value gives a better return loss value at the
cost of bandwidth reduction. A patch size of 14.5
x 14.75 mm?*is taken as the optimized value.

The width of microstrip feed line is the most
sensitive  parameter which influences the
bandwidth most. It can be seen from the Fig. 3
that, when the feeding width increases the
bandwidth decreases dramatically giving two
distinct frequency bands with lower return loss
values. The bandwidth also decreases when the
feeding width is decreased from a certain value. A
feeding width of 3 mm is the best fitting to give
the widest impedance bandwidth.

To compact the antenna it is desirable that the
ground plane must have the minimum size. The
dimensions of the partial ground plane are the next
parameters to be optimized which influence the



return loss as well as the bandwidth. A change in
the ground plane size offers a simple way to
improve the antenna performance, but at the cost
of increasing the antenna volume. From Fig. 4, it
is observed that, when the ground plane
dimensions increases the bandwidth decreases.
Again, the bandwidth is decreases with the
decrement of ground plane dimension from a
certain value though it provides the lowest return
loss values. The ground plane dimension of 30 x
7.5 mm? is taken as the optimized value to give the
widest bandwidth. From the optimization of these
parameters it is seen from the Fig. 5 that, the
antenna without any slot in the ground plane is
capable tuning from 3.04 GHz to 11.94 GHz
providing an impedance bandwidth of 8.89 GHz.

* Unit: mm

Slot (b)

(c)

Fig. 1. Geometries of the proposed planar antenna
(a) initial design, (b) with straight slots, and (c)
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final design with sawtooth shape slots in ground
plane.

0

= = = = 125mmx12.75mm
5 | 14.5mmx 14.75mm
- — = ]16.5mmx 16.75mm

Si11(dB)

2 4 6 g8 10 12 14 16
Frequency(GHz)

Fig. 2. Simulated S parameters for different patch
sizes (WxL).

2 4 6 g8 10 12 14 16
Frequency(GHz)

Fig. 3. Simulated S parameters for different
feeding width, W;.

0
-5 4
-10
-15 A

S11(dB)
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25 4 =———30mmx7.5mm ',
— = 32mmx 8.5mm

'30 T T T T T T

2 4 6 g8 10 12 14 16
Frequency(GHz)

Fig. 4. Simulated S parameters for different
ground plane size (WXLg).
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To improve the bandwidth of the antenna,
triangular shape slots are introduced at the top side
of the ground plane. The resultant antenna is
shown in Fig. 1(b). The return losses in Fig. 5
shows that the triangular slots of dimension 2 x 1
x 5 mm® has small effect on the lower edge
frequency while it increase the upper edge
frequency of the operating band and the antenna
can provide an impedance bandwidth of 9.48 GHz
operating from 2.96 to 12.44 GHz. Compared to
the initial design without slot in the ground plane,
the antenna with triangular slots on the top edge of
the ground plane can enhance the bandwidth by
0.59 GHz.

To enhance the bandwidth further, the top
edge of the partial ground plane is reshaped to
form a sawtooth shape top edge, as shown in Fig.
1(c). The optimized dimension of the triangular
shape slot is 4 x V5 x N5 mm®. From the return
loss curve shown in Fig. 5, it is seen that the
modified ground plane with sawtooth shape top
edge has little effect on lower edge frequency
while it significantly influences the upper edge
frequency of the operating band. It is also seen
from Fig. 5 that the antenna with modified ground
plane can be operated from 2.92 GHz to 15.70
GHz providing an impedance bandwidth of 12.78
GHz. It is also observed that, introduction of
triangular shaped slots not only widens the
bandwidth but also reduces the return loss. The
insertion of slots in the top edge of the ground
plane increases the gap between the radiating
patch and the ground plane and as a result the
impedance bandwidth increases further due to
extra electromagnetic coupling in between the
radiating element and the ground plane. Compared
to the result associated with the initial design, the
antenna with a modified sawtooth shape ground
plane can increase the bandwidth by 43.6% (3.89
GHz) as shown in Fig. 5. From Figs. 2-5, the
effect of a triangular shape slots on the top edge
of the partial ground plane can be thoroughly
comprehended. From Fig. 2, it can be seen that the
first two resonant frequencies are tunable by the
patch size and square patch capable of supporting
multiple resonant modes. Second, it is also clear
from the Figs. that the third resonance is
determined by slots on the ground plane and the
slots almost have no effect on the first two
resonant frequencies. As the size of the slots

ACES JOURNAL, VOL. 26, NO. 10, OCTOBER 2011

increases, the return loss value at third resonant
frequency also increases.

=)
2
n 'go |— — Without slot
350 - With straight slot
_3(5) |——— With sawtooth shape slot
- T T T ‘ ‘

2 4 6 8 10 12 14 16
Frequency(GHz)

Fig. 5. S parameters without, with straight and
with sawtooth shape slot in the ground plane.

III. EXPERIMENTAL RESULTS AND
DISCUSSION

The performance of the proposed antenna has
been analyzed and optimized by commercially
available method of moments based full-wave
electromagnetic simulator IE3D wver. 12.3 from
Zeland. The antenna was subsequently prototyped
for experimental verification as shown in Fig. 6.
The antenna has been measured in an anechoic
chamber using Satimo hybrid StarLab 16 near
field antenna measurement system and Agilent
E8362C PNA series vector network analyzer [24].
To achieve untruncated extent near field sampling
using a probe array, the spherical scanning system
was utilized for this near-field antenna
measurement system and is shown in Fig. 7.

Bottom view

Top view

Fig. 6. Photograph of the realized antenna.



Fig. 7. Antenna measurement setup in StarLab.

Using standard spherical wave expansion
techniques, the antenna radiation can be fully
defined by a set of modal coefficients. These
modal coefficients are fed to software employing a
ray propagation technique. Probe array
technologies are now accepted as an efficient and
accurate tool for antenna measurements.

Figure 8 shows the measured and simulated
return losses. The simulated -10 dB return loss
bandwidth ranges from 2.92 GHz to 15.70 GHz
(137.3%). This wideband characteristic of the
printed compact planar monopole antenna is
confirmed in measurement, with only a small shift
of the lower and upper edge frequency to 2.95
GHz and 15.45 GHz, respectively.

404 " ‘Measured

= Simulated

'50 T T T T T T
2 4 6 8 10 12 14 16
Frequency(GHz)

Fig. 8. Measured and simulated S parameters.
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The disparity between the measured and
simulated results is possibly attributed due to
manufacturing tolerance and imperfect soldering
effect of the SMA connector. It also may be due to
the effect of the feeding cable, which is used in the
measurements but not considered in simulation.
The measured peak gain of the proposed realized
antenna at boresight (+z direction) in the
frequency range of 3 to 11 GHz is shown in Fig. 9.
It is observed that the antenna has a good gain
with a maximum value of 5.9 dBi at 9.4 GHz. The
average gain is 3.92 dBi and the measured gain
variations are less than + 2 dBi. The measured
radiation efficiency of the proposed antenna at
boresight (#=0°, »=0) is shown in Fig. 10. The
antenna has a maximum of 90.2% radiation
efficiency. The gain and radiation efficiency of the
proposed antenna are affected by the size of the
partial ground plane.

Figure 11 shows the measured radiation
patterns of the proposed antenna in two principal
planes-namely, xz- and yz- planes for three
resonant frequencies of 3.3, 6.2, and 9.4 GHz. It is
observed that the radiation patterns of the
proposed  antenna  present  approximately
omnidirectional and stable radiation characteristics
in Xz-plane over the operating band. Although
some harmonic is introduced at higher
frequencies, in Yyz-plane radiation patterns are
about the same as that of a monopole antenna. The
dips that observed mainly in E, both in Xz- and yz-
plane could be due to the fact that the microstrip
feed line is directly printed below the slotted
partial ground plane (along y-axis).

Gain(dBi’

3 4 5 6 7 8 9 10 1
Frequency(GHz)

Fig. 9. Measured peak antenna gain.
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Fig. 10. Measured radiation efficiency.
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Fig. 11. Measured radiation patterns at (a) 3.3, (b)
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IV. CONCLUSION

A compact planar antenna and a technique to
enhance the impedance bandwidth have been
proposed and implemented. The proposed planar
antenna having a total size of 30 x 22 mm? is
printed on an inexpensive FR4 substrate. The
technique, cutting triangular shape slots on the top
edge of the ground plane helps to increase the
bandwidth by 43.6 %( 3.89 GHz). Measurement
shows that, the proposed antenna with the
modified sawtooth shaped ground plane has the -
10 dB return loss bandwidth ranges from 2.95
GHz to 15.45 GHz (12.5 GHz) which covers the
entire UWB band. The stable radiation patterns
with a maximum gain of 5.9 dBi makes the
proposed antenna suitable for being used in UWB
communication.
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Abstract — A novel ultra-wideband (UWB) out-of-
phase four-way power divider is presented. To
achieve a division over a large frequency range, T-
junctions formed by slotlines and microstrip lines
are utilized. Based on the transmission-line
equivalent-circuit method, we derive the design
equations of the proposed power divider.
Furthermore, all measured results are in good
agreement with the predicted design equations and
simulations. In addition, based on the power
divider, a completely novel feed network is
proposed to improve the narrow band property of
microstrip antenna array.

Index Terms— Four-way, microstrip,
divider, slotline, ultra-wideband (UWB).

power

I. INTRODUCTION

An ultra-wideband (UWB) radar system has
the merits of high range resolution, powerful
penetration, low probability of intercept and robust
jamming immunity, for they transmit signals
across a much wider frequency than conventional
radar systems. The most common technique for
generating a UWB signal is to transmit pulses with
very short durations (less than 1 nanosecond).
These very short pulses need a wider transmitter
bandwidth as conventional radar systems. Thus, a
wideband feed network is essential in a wideband
antenna system.

Power dividers are fundamental components
used in antenna array feed networks. However, for
a microstrip antenna array, bandwidth is a key
limiting factor. That’s probably because of
quantities of quarter wavelength transformations
in the feed network and the mutual coupling of
antenna elements. Thus, an efficient wide band
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power divider serves significant contribution to
wideband antenna arrays [1].

In [2], a 10-section 10-chip Wilkinson power
splitter was proposed with very good return loss,
isolation and insertion loss when avoiding
different phase velocities in even and odd mode.

In [3], the authors have shown a compact two-
way UWB power divider formed by a slotline and
two microstrip lines accompanied by a wideband
microstrip-slotline transition. It is a three-port
network with one input port and two output ports
with 180° phase difference.

Based on the above design, in this letter, the
configuration of a UWB uniplanar four-way power
divider is presented accompanied by simple design
rules. Opposite to traditional wideband Wilkinson
dividers and multilayer dividers [4], by utilizing
the wideband property of microstrip-slotline
mutual coupling, this design does not use neither
resistive elements nor multilayer substrate. Thus, it
is preferred when constructing a feed network of a
wideband microstrip antenna array.

In the presented design, the input port exhibits
a return loss better than -10 dB across UWB range
as demonstrated  via  simulations  and
measurements. Because of the inherent properties
of a lossless five-port circuit [5], which are
governed by unitary properties of its scattering
matrix, it cannot offer a perfect match at all its five
ports as its counterpart with resistors. Furthermore,
isolation between its output ports is compromised
by the quality of match of its input and output
ports. The better the match at the input and output
ports, the worse is the isolation between the output
ports.

1054-4887 © 2011 ACES



II. ANALYSIS AND DESIGN

The configuration of the proposed power divider
is shown in Fig. 1. The divider utilizes a T-
junction formed by a microstrip line and two arms
of slotline, and other two T-junctions formed by a
slotline and two arms of microstrip line. All ports
of the divider are in the form of microstrip line and
at the top layer of the printed circuit board,
whereas the ground plane is at the bottom layer.
There is a narrow rectangle slot in the ground
crossing with microstrip lines. Each end of the slot
is ended with a radial stub. The slot is responsible
for guiding the wave from the input port to four
output ports. The signals are coupled and divided
from the microstrip line to two opposite directions
in the slotline, and then signals of each side couple
from the slotline to two arms of the microstrip line
which are in equal magnitude but of 180 °
difference in phase.

subX

Port 5 Port 3
o “ G, /4
€> v 4 O subY
d Ts
476 |
lea| WM
Port 4 Port 1 Port 2
Fig. 1. Configuration of the proposed power

divider.

The characteristic impedance of all the input and
output ports Z,,is designed as 50 Q. The slotline
length is 2d, but d is an unconstrained parameter,
here it is chosen as 0.88 /A, (4, is the guided
wavelength in slotline at the center frequency of
6.8 GHz). Due to the limitation of fabrication
precision, we choose a 0.4 mm slotline which has
a characteristic impedance of 112 Q.

In order to efficiently (without reflections)
couple the signals from the microstrip line to
slotline, the end of the microstrip line is a radial
line stub. It is utilized instead of a circular disk in
[3] mainly because the radial line stub has an
additional variety of flare angle a,,. The flare angle
0, 18 an important parameter for impedance and
bandwidth tuning, whereas the radius of the radial
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open stub is set to be approximately a quarter
guided wavelength of the microstrip line. The stub
(input impedance Z,,) exhibits a virtual short-
circuit and inductance [6].

In order to efficiently couple a signal from the
slotline to two microstrip lines, the end of the
slotline is a radial stub. For the same reason, the
flare angle a; of the radial stub can be tuned for
better result of impedance and bandwidth. The
radius of the radial open stub is set as A,/6 for
quarter-wavelength transformation to broaden the
bandwidth [7]. The stub (input impedance Z)
exhibits a virtual open-circuit and capacitance.

Z s Zy,. 0

slot

n 1 1 1:n
: : Z,,(Port2)
I Z,0(Port 3)
‘I' Zmo (Pon 4)
S 3 Z,,, (Port 5)
Z Z

z

in3 in2 inl

Fig. 2. The equivalent circuit of the proposed
power divider.

The fundamental behavior can be explained by
examining the corresponding equivalent circuits of
the power divider shown in Fig. 2, Z;,;, Z,; and Z;,;
are input impedances at different locations. Z is
the characteristic impedance of slotline, whereas
O..: 1s the electrical length of slotline length d. The
microstrip-slotline transition is modeled by an ideal
transformer with turn ratio »n; and n, The
approximate value of z has been calculated from [8]
and n depends on the properties of microstrip and
slotline. For the input and output microstrip ports
have the same characteristic impedance, it can be
calculated that n; = n, = n = 0.9449.

In the equivalent circuit, the coupling from
microstrip line to slotline is equivalent as parallel
connection, whereas the coupling from slotline to
microstrip line is equivalent as series connection
[9]. Though corresponding formulas are available,
for simplicity and accuracy, the input impedance of
microstrip stub Z,, and input impedance of slotline
stub Z, are simulated by an electromagnetic
simulator (HFSS V12).

Thus, the equations are established as follows.
When Z,,5=Z7,, a best transmission from input port
to output ports is achieved.
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Zinl:_z.ZmO’ (1)
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Lo L +jZ ,tan@,,
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ZinZ = ZsO ! Z . Z s
ZsO + ] = il tan 9_?101
Zss + Z[nl
2
in3 =%'Zin2 +st’ (3)

Based on the above equations, the detailed
dimensions of the proposed power divider are
shown in Table 1.

Table 1. Detailed dimensions of the proposed
power divider

Substrate: RO4003C &,=3.38 tand4=0.002 h=0.8mm

subX subY A6 A4 W,

90mm 30mm 7mm | 8.3mm 1.8mm

Oss O d ML S
124deg 134deg 30mm 15mm | 0.4mm

III. RESULTS AND DISCUSSION

The validity of the presented design method
was tested by a prototype, as is shown in Fig. 3. It
has an overall dimension of 90 mm x 30 mm. The
manufactured power divider was tested via
simulations and measurements. The simulations
were performed using HFSS V12, whereas the
measurements were done using a vector network
analyzer. The simulated and measured
performances of the power divider are shown in
Figs. 4-8. The measured return loss for the input
port of the device is better than 10dB except for
the high frequency band, because firstly the
soldered SMA connectors lead to additional loss,
secondly, the fabrication variation also results in
some discrepancy between the simulated and
measured results. The developed device exhibits
an average insertion loss at the four output ports
equal to 2dB across the 3.1-10.6 GHz band.
Isolations between the output ports are more than
5dB (direct connected port 2, 3 and port 4, 5) and
11dB (indirect connected others ports).

Concerning the phase performance of the
developed device, as is analyzed, the measured
results indicate that the output signals from two
direct connected ports have an 180° phase shift
across the 3.1-10.6 GHz band.
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(b)
Fig. 3. Photograph of the proposed power divider:
the top view (a) and the bottom view (b).
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=-=- Simulated S21 S31 S41 S51

-204

S-parameter(dB)

-30 4

-40 T T T T T T T 1
3 4 5 6 7 8 9 10 1

Frequency (GHz)

Fig. 4. Simulated return loss and insertion loss of
the power divider.

We wish the presented analysis serves as an
useful purpose for the band expansion of feed
network of antenna array. In Fig. 9, we propose a
completely novel in phase wideband feed network
for 4 X4 antenna array. It is composed of five
power dividers as mentioned above. Every output
port of the central power divider is linked by the
input port of a new power divider. Considering the
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180° phase difference of the output ports, ultra
Am /2 length of microstrip is added to keep the N X
output ports in phase. As every single power ::ZE;“‘:—‘——-—— e
divider has the UWB property and simple

structure, we believe the proposed feed network
will have a good wideband property.
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120 4

100 —n—Measured S41-S21
—e—Measured S51-S31
—A—Measured S31-S21
60 —v—Measured S51-S41
—<«—Measured S51-S21

Measured S41-S31

80 o

40 o

Phase difference(degree)

20+

O_M
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g Frequency(GHz)
53
€
g Fig. 8. Measured phase difference between the
%] —u—Measured S11
Measured S21 Output pOI"[S
=40 —e— Measured S31
—A— Measured S41
—v— Measured S51
-50 T T T T T T 1
3 4 5 6 7 8 9 10 1
Frequency (GHz)
Fig. 5. Measured return loss and insertion loss of ﬁJz
the power divider.
—— Simulated S32 S54 j—j
05 — = Simulated S42 S43 S52 S53
—_—
/\/\/\/ Fig. 9. A novel in-phase wideband feed network.
& -10 4
g S e Y - i il
8 Vif E IV. CONCLUSION
€ ..
g i A novel out-of-phase four-way power divider
Q .
é | with UWB performance has been presented. The
'l: proposed device utilizes microstrip-slotline
coupled structures. The simulated and measured
Y
i T W . T i e ni | results of the manufactured device have shown an
Frequency (GHz) UWB performance concerning the return loss,

insertion loss and isolation. The design equations

Fig. 6. Simulated isolation of th .
ig. 6. Simulated isolation of the power divider of the proposed UWB power divider have also

e been derived based on the transmission-line
S Menaisa o equivalent-circuit method. In addition, based on
—aA—Measured S43 L.

0 rs ko e the power divider, a completely novel feed
—®—Neasure . .
—s—Measured S54 network is proposed to improve the narrow band

property of microstrip antenna array.
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Abstract — This paper presents a novel three-phase
6/8 external rotor switched reluctance motor. Such
a construction not only leads to reduce the total
weight and volume, but also increases the total
efficiency in a small size motor. Three
dimensional finite element method is applied to
evaluate the main characteristics of the proposed
motor such as magnetic flux density, flux linkage,
self-inductance, mutual inductance, and output
torque. Moreover, this paper investigates the radial
force components of the motor. This assessment is
carried out under different forced current levels
with the respect to critical rotor positions. From
the motor analysis results, it is considered that the
proposed motor has great advantages over the
conventional type in its magnetic profiles.

Index Terms — External rotor configuration, radial
force, switched reluctance motor, three
dimensional finite element method.

I. INTRODUCTION

The salient features of a switched reluctance
motor (SRM) such as the lack of a coil or a
permanent magnet on the rotor, a simple structure
and high reliability, makes it a suitable candidate
for operation in harsh or sensitive applications [1,
2]. However, due to the operation in the magnetic
saturation region, the high performance torque
control of this type of motor is a critical issue for
smooth running. A comprehensive magneto static
modeling and analysis in different conditions can
improve the operating performance for the entire
motor control system [3-6].

In general, there are four distinct types of
SRMs: namely, regular doubly salient cylindrical
[7], disc-type [8], multi-layer, and linear motors
[9]. This classification stems from the general
shape of the motor. The regular cylindrical type of
SR motor has salient poles on both stator and

Submitted On: February 16, 2011
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rotor, and the windings are wrapped around the
stator poles. Direct current motors with disc rotors
are widely used and have been proposed for SR
motors as well. The need for disc type arises in
applications where the spacing is of the primary
concern. The multilayer SR motor consists of three
magnetically independent layers or phases. Each
layer comprises of a stationary part and a rotating
piece known as stator and rotor, respectively.

Regarding the conventional design, the air gap
radius is limited by the space needed for the coils
inside the stator furthermore by the cooling inside
the housing surrounding the laminations. The
external rotor design has the benefit that coils and
cooling can be placed near the shaft, increasing the
possible air gap radius [10]. As a result, the
external rotor switched reluctance motors
(ERSRM) own the comparative advantage of
having higher output torque at low speed and also
elevated motor efficiency. Additionally, ERSRMs
are suitable in-wheel motors for electric vehicles
(EVs) because they provide great flexibility in
motion control [11].

Basis of ERSRMs is on tendency of the
polarized rotor pole in achieving full alignment
position with the excited stator pole which
provokes a whirling mode of the motor [8, 12].
Tangential and radial forces are two components
of this magnetism force. The tangential force
transforms into the rotational torque. Generally, in
balanced motor operation, the total of radial force
is zero at ideal mode. However, faulty operation
caused by structural or environmental motivations
gives rise to unbalance radial forces which are
undesired and they result in motor vibrations. For
instance, unbalanced external load or off-centered
rotor leads to form asymmetrical air gap and then
acoustic noise of the motor, due to produced radial
force [13].

1054-4887 © 2011 ACES
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Authors in the previous works have proposed
several SRM structures such as; a new multilayer
SRM [14], a novel field assisted SRM/G [15], and
also in [16] a novel switched reluctance generator
(SRQG) is compared with a BLDC. Furthermore,
the magnetic characteristics of the various SRMs
are evaluated in [17-23] under normal and faulty
conditions. Therefore, in this paper, the magnetic
profiles of the new SRM with external rotor are
obtained and analyzed. In this regard, due to
nonlinear and complex magnetic treatments of
SRMs, three dimensional finite element method
(3D-FEM) is utilized for precise analysis and
evaluation of the magnetic characteristics.

II. THE ERSRM STRUCTURE

As stated before, the purpose of this paper is
to evaluate a small size switched reluctance motor
with an external rotor. A proper design method for
the SRM is imperative to overcome its
disadvantages. The suitable method will definitely
improve the potentials of SRM in various
adjustable speed drive applications. Like other
motors, the SRM has specific characteristics that
make it appropriate for certain applications and
inappropriate  for others. The degree of
appropriateness of a SRM for any application
depends on the objectives and application's
requirements.

The analytical design equation and some
specific ratios for this study, are adapted from [24]
and the IEC71 standard. These design equations

are used to evaluate different SRM traits
considering magnetic saturation. The
approximations and some simplifications are

adopted during the development of analytical
design equations are vindicated with FEM
analysis. It is worth to be pointed out that the
maximum torque density, minimum flux leakage,
and efficiency are among the various design
objectives in this study.

In this motor, the stator and rotor cores are
made by non-oriented steel lamination to reduce
the eddy current effects and skin effects as well as
hysteresis losses. The laminations of the stator and
rotor and their dimensions are shown in Fig. 1 and
Table I, respectively.
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Fig. 1. The lamination and dimensions of proposed
ERSRM.

Table 1. The dimensions of proposed ERSRM

Parameters value
Number of phases 3
R1 | 8 mm
R2 | 222 mm
R3 | 22.5 mm
R4 | 25.5 mm
RS | 28.5 mm
Bs | 14.5°
Br | 24°
I

Minimum air gap 0.3 mm

ERSRM consists of eight salient poles in rotor
with no windings, while the stator has six salient
poles which include windings wrapped around
them. In this type of SRM, rotor is placed outside
instead of the stator; both stator and rotor have
salient poles such as conventional SRMs. Based
on this structure, the motor named 6/8 ERSRM.

III. FEM MODELING AND RESULTS

To evaluate the motor design and performance
properly, a reliable model is required. The FEM
can be conveniently used to obtain the magnetic
vector potential values throughout the motor in the
presence of complex magnetic circuit geometry
and nonlinear properties of the magnetic materials.
These vector potential values can be processed to
obtain the field distribution, torque, and flux
leakage. In this paper, the field analysis was
performed using a Magnet CAD package [25].
This package is based on the variation energy
minimization technique to solve for the magnetic
vector potential. The technique utilized by the
MagNet package is based on the variational
energy minimization technique to solve for the
electric vector potential. In this method, the

electric vector potential is known as T-Q
formulation.

Magnetic flux density is derived for different
rotor position through a variety of forced currents.



The amplitude of magnetic flux density for 2A
forced current is shown in Fig. 2 at different
critical positions (unaligned, half aligned, and
fully aligned positions).
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Fig. 2. Flux density distribution at: a) unaligned, b) half

aligned, and c) fully aligned positions.

As seen from Fig. 2, when rotor moves from
an unaligned position to a half aligned position,
the maximum flux densities in stator/rotor poles
are increased from 0.65 to 1.62 Tesla; it means the
flux density in a half aligned position is 2.5 times
higher than an unaligned position. It shows the
power of the generation axial force between stator
and rotor poles. This fact helps us to produce high
torque value and improved motor speed.

In an SRM, inductance is a function of rotor
position and stator current. At an aligned position
or at higher current levels, the ferromagnetic
material in the stator and rotor poles begins to
saturate. As a result of the secondary effects such
as saturation, fringing, and leakage, nonlinearities
are introduced in the connection between
inductance, rotor position, and current. At an
unaligned position, phase inductance has a
minimum value due to high reluctance offered by
large air gap. Magnetic saturation is unlikely to
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occur at an unaligned position, and thus, the flux
linkage shows a linear behavior until the start of
overlap. Where rotor poles completely overlap
with stator poles, at a fully aligned position,
magnetic field density tends to saturate at high
current levels. It makes flux linkage a nonlinear
function of position and stator current. This
behaviour is shown in Fig. 3.

——5A
_ 35 3A
I 3
E ——2A
< 25 —8-1A
@
e 20
g8
g 15
2
£ 10

5

0+ y 4 y 4 |

0 10 20 30 40 50

Rotor Position(deg)
Fig. 3. Self-inductance of phase A vs. rotor position
under various forced currents.

As shown in Fig. 3, with increasing forced
current from 1 to 5 Amperes, the self-inductance
in phase A goes up from 12 to 35mH (in
maximum value). Furthermore, it illustrates the
shape of inductance in the low currents is linear
but in high current is nonlinear because of
saturation phenomena. As seen from Fig. 3, by
exciting at the position where the slope of
inductance always increases, the ERSRM always
produces high positive torque and can rotate
continuously with minimum ripple.

Suppose two coils are placed near each other,
the same as coils in the proposed motor. Since the
two coils are close to each other, some of the
magnetic field lines through the former coil will
also pass through the other coil. As a result, there
will be an induced electro motive force associated
with the changing magnetic flux in the second
coil. The fact that a change in the current of a coil
affects the voltage and current in another coil is
defined as mutual inductance. In a proposed
motor, when phase A is excited and two other
phases are off, mutual inductance appears in two
other inactive phases (B,C) as shown in Figs. 4
and 5.
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Fig. 4. Mutual inductance of phase B vs. rotor position
under various forced currents.
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Fig. 5. Mutual inductance of phase C vs. rotor position
under various forced currents.

As it is depicted from Figs. 4 and 5, the
mutual inductances in coils B1, B2, C1, and C2
have very low amplitude, as the maximum mutual
inductance is 1.6mH in 5A forced current. In
addition, the mutual inductances in inactive phases
are decreased when the current has descended. It is
mentionable that this feature is very promising in
this type of machine than conventional SRM to
decrease the losses and improve the efficiency.

On the other side, the ratio of mutual
inductance in inactive phases respect to self-
inductance in active phase (A) is considerable in
this machine. Figures 3 and 5 demonstrate with an
increase in forced current, the produced mutual
inductance in the phase B respect to self-
inductance in phase A (in maximum value of
(Lg, /L, )x100%) increases from 0.7% to a

maximum of 4.5% (for i=0.1A to i=5A).

Similarly, this manner is repeated in the phase C
respect to phase A. This means the induced flux to
inactive phases in idle mode have very low
amplitude which it has originated from structure
and dimension of the designed ERSRM. In motor
designs, the inductance ratio (mutual inductance/
self-inductance) should be minimized, so the
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proposed ERSRM is usually guaranteed for a well-
designed motor.

In a SRM, inductance and reluctance are
functions of a phase current, which causes the
establishment of flux and rotational motion. At an
aligned position and higher current levels,
magnetic iron begins to saturate. Due to saturation,
fringing, and leakage, nonlinearities are
introduced. At an wunaligned position, phase
inductance has minimum value as a result of high
reluctance presented by large air gap. Since the
stator and rotor poles overlap, pole corners display
local saturation due to concentration of flux into
the relatively small area of the pole corners and
hence flux linkage curve begin to be nonlinear.
When rotor poles completely overlap with stator
poles, at fully aligned position, stator/rotor poles
and stator yoke saturate at high current levels
making flux linkage a nonlinear function of
position and current.

Saturation effects tend to lower the aligned
inductance, which in effect, decreases the rate of
change of inductance. As torque is proportional to
slope of inductance, saturation lowers the torque
produced at given current on one hand; while on
other hands it improves the ratio of mechanical
energy to the energy supplied by a controller. For
the numerical calculation of torque, this paper uses
the flux profiles obtained from 3D-FEM
simulations and measurements.

Based on the fundamentals of torque concept,
Fig. 6 shows the static torque profiles for the
ERSRM from 1to 5 A.

—e—5A
—*—4A
3A

0.7 Increasing Forced 1A

Current

A

Rotor Position(deg)

Fig. 6. Static torque vs. rotor position under various
forced currents.

As expected from torque equations, rising
current must result in a linear increase in torque,
but as it is shown in Fig. 6, it does not. Because,
the stator/pole cores are imported in the



nonlinearly region in high amplitude of current
and motor is operating in the saturation zone.

It is shown, the torque per ampere ration in
this motor is good for this volume. It is worthy to
mention that the increment of torque per ampere
ratio reduces the volt-ampere which is required for
the motor control converter.

As seen from Fig. 6, higher torque curve has
been obtained for the SA current. This means, with
increasing the forced current the torque will be
increased, also its ripple will be greater than
before. In solving this issue, the controller unit as
well as switching angle must be modified. Also,
considering the maximum torque per ampere for
control strategy leads to smooth torque control of
an ERSRM.

IV.Magnetic Force Characteristic
Analysis

The predicted radial and tangential force
characteristics of the ERSRM are presented by this
part. First of all, some descriptions of these forces
calculation should be pointed out. The calculations
of the radial forces are based on Maxwell stress
tensor. The radial and tangential forces based on
Maxwell stress tensor are given by (1), and (2),
respectively.

1
f =—(B>-B?),
n 2#O(n ) (1)
f—LBB )
t 2 = 2

where f,, f; are the produced radial and tangential
forces, respectively. The B,, B; and uo are the
normal component, the tangential component of
the flux densities, and the absolute permeability,
respectively.

It can be concluded that the B, and B; should
be equal in healthy motor and ideal condition,
which results in zero value for their differences as
well as radial force. This ideal condition does not
appear in all machines, because of their
asymmetric structure, assembly errors, and load
fluctuations. Therefore, it is noticeable that the
maintaining of radial force in minimum value is
essential to avoid producing noise and vibration.

According to equation (2), it can be predicted
that the maximum radial force occurs at the fully
aligned position since the radial field component
reaches its maximum value while the tangential
field component is on its minimum value. In order
to achieve the accurate results from this method, a
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circle contour was chosen in the middle of the air
gap. It is worth noting that the resulted force is
independent of the integration path. Maxwell’s
equations indicate that studying the components of
the flux density is crucial in order to understand
the force generation process.

For the first step of this analysis, the variations
of radial field component versus contour position
under different forced currents are calculated for
ERSRM. These profiles are shown in Fig. 7, for
unaligned, half aligned, and fully aligned rotor
positions.
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Fig. 8. Tangential field component vs. contour position
under different forced currents: a) unaligned, b) half,
and c) fully aligned positions.

The variations of tangential field component
versus contour position under different forced
currents are calculated for ERSRM. These profiles
are shown in Fig. 8, for unaligned, half aligned,
and fully aligned rotor positions.

As the results of Fig. 8 demonstrate, the
maximum of B; occurs at respective corner tips of
stator and rotor. Notably, effects of local
saturation at these rotor and stator tips result in
two local maxima in B;. It is important to note that
a largely normal force exists at this rotor position
that is substantially stronger than a tangential
component. As shown in Fig. 7, the amplitude of
the radial field component increases nonlinearly.
In fact, as the forced current enhances, the
amplitude of B; and B, are increased more slowly
due to the saturation effect. Radial field
components (Bp) in an unaligned position rises
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with current, but the amplitude is very low namely
0.301 Tesla and is on its maximum value when the
forced current is fixed at 6A.

As the rotor leaves the unaligned position
toward the half aligned position, the overlap
between rotor and stator poles begins. Hence,
effects of local saturation are visible in the first
and second peak of Fig. 8. As it is shown, the first
peak decreases with the ratio of 0.76, and the
second peak increases with the ratio of 1.6. As
rotor leaves the half aligned position toward the
fully aligned position, the maximum value of
radial field component remains almost constant (in
higher currents the amplitude decreases with the
0.8 ratio). Although the maximum value of radial
field stays almost constant or decreases in higher
currents, the width of the region within which the
radial component exists increases. It means that
the average radial force has its own maximum
value at fully aligned position as it was expected.

Figure 9 shows the wvariations of total
produced radial forces under 1, 4, 5, and 6
Amperes forced currents in ERSRM.
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Fig. 9. Radial force vs. rotor position under different
forced currents.

According to Fig. 9, it is realized that, the
amplitude of the radial force is almost zero in the
low level of forced current. Besides, when the
level of the forced current is increased from 4 to 5
and 6A the maximum radial force has 2 and 3
times higher value than 4A current.

As it was mentioned in previous sections, the
radial force produced due to the different factors
may be very destructive and cause harsh effects on
the control, rotor position, and performance of
ERSRM. Therefore, some methods must be
devised to control or compensate the produced
forces. In this regard, several studies proposed the
search coils which are placed on the stator poles to



produce an additional force on the opposite of
radial force direction for compensating it. On the
other side, kinds of accelerators are placed on the
generator to investigate these forces and their
amplitude and then control their values with
control unite.

V. CONCLUSION

In this paper, fundamental profiles and the
distributions of radial and tangential forces inside
the air gap of new external rotor SRM were
obtained and analyzed. The results obtained have
demonstrated the induced flux to inactive phases
in idle mode have very low amplitude, which the
produced mutual inductance in the idle phase
respect to self-inductance in active phase is 0.7%-
4.5% in maximum values. According to the
results, it was realized that, the amplitude of radial
force was almost zero in low level of forced
current. Besides, when the level of forced current
was increased from 4 to 5 and 6A, the maximum
radial force has 2 and 3 times higher value than 4A
current. It can be concluded that the proposed
ERSRM is appropriate for various applications in
small sizes.
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