
Full-Wave Analysis of Loaded Dipole Antennas using Mode-
Matching Theory 

 
 

Amir Jafargholi and Manouchehr Kamyab 
 

Department of Electrical Engineering 
K. N. Toosi University of Technology, P.O.Box 16315-1355. Tehran, Iran  

Jafargholi@ee.kntu.ac.ir, Kamyab@kntu.ac.ir 
 
 

Abstract ─ The influence of the material 
inclusions on the input impedance of the loaded 
dipoles excited by a delta function is analytically 
investigated.  Novel and accurate analytical 
expressions for the input impedance of the loaded 
dipoles are proposed based on the mode matching 
technique. The boundary conditions are also 
enforced to obtain several simultaneous equations 
for the discrete modal coefficients inside the 
radiating region. Study of the input impedance of 
the whole multilayered structure is accomplished 
by the cascade connection of mediums as 
characterized by their constitutive parameters. The 
derived formulas are successfully validated 
through a proper comparison with the results 
obtained with the commercial software CST 
Microwave Studio. 
  
Index Terms ─ Loaded dipole, mode-matching.  
 

I. INTRODUCTION 
In recent years, the introduction of 

metamaterials (MTMs) opened the way for many 
research groups to enhance antenna performances. 
Due to unique electromagnetic properties, MTMs 
have been widely considered in monopole and 
dipole antennas to improve their performance [1-
5]. The problem of dielectric loaded wire antenna 
is heretofore analyzed using numerical methods, 
e.g., method of moment (MoM) [6], finite 
difference time domain (FDTD) [7], and 
simulations based on commercial software [8]. 
However, the analytical analysis of the dielectric 
loaded dipole antennas has not been reported in 
the literature. 

The novelty of this paper is to introduce a 
mode-matching analysis of a dipole antenna 
loaded with material inclusions. The concept of 
the MTM loaded dipole is very important and, as 
to the authors’ best knowledge, there are no papers 
reporting analytical expressions and full-wave 
analysis of this class of loaded antennas. In this 
paper, a theoretical formulation for a multiply 
dielectric loaded slotted spherical antenna is 
proposed based on the mode-matching method, to 
predict the behavior of the loaded dipole. It is 
worth noting that the radiation pattern of a finite 
length small angle biconical antenna differs only 
slightly from the pattern of a dipole [9]. Here, 
since the biconical antenna can be exactly 
analyzed and it also reduces, in the limiting case, 
to a cylindrical dipole antenna [10], this structure 
is considered for the analytical investigations. The 
obtained analytical formulas confirm the general 
conclusions recently presented in [7, 8], regarding 
the effect of material inclusions on the dipole 
antenna performance. It is demonstrated that the 
inclusion influence on the input impedance of a 
dipole is significant only for double-negative 
(DNG) MTM inclusions. The analytical results 
have been successfully validated through a 
comparison with the numerical results. The CST 
MICROWAVE is adopted for the simulations. 
 

II. FIELD ANALYSIS 
Figure 1a, illustrates a slotted dielectric loaded 

hollow conducting sphere of radius a, containing a 
Hertzian dipole ( )rrJzJ ′−= δˆ , placed at the center (

ϕθ ,0, =′= rr ), here ( )ϕθ ,,r  are the spherical 
coordinates and δ  is a delta function. The time 
convention is tje ω−  suppressed throughout. Due to 

915

1054-4887 © 2011 ACES

ACES JOURNAL, VOL. 26, NO. 11, NOVEMBER 2011

Submitted On: Aug. 15, 2011
Accepted  On: Dec. 18, 2011

mailto:Jafargholi@ee.kntu.ac.ir


azimuthally symmetry, the fields depend on ( )θ,r  
and the fields are then TM waves, which can be 
expressed in terms of magnetic vector potentials. 
The total magnetic vector potential for the un-
slotted sphere (First region, I) is a sum of the 
primary and secondary magnetic vector potentials, 
[11]. 

 ( ) ( ) ( )i p s
z rˆˆA r, zA r, rA r, ,θ θ θ= +  (1) 

while, the primary magnetic vector potential is a 
free-space Green’s function as 

( )
1ik R

p 1
z

J eA r, ,
4 R
µθ
π

=                (2)                                                                           

ẑ  and r̂  are the unit vectors and 
θcos222 rrrrR ′−′+= . And the secondary 

magnetic vector potential is 

( ) ( ) ( )s
r n n I n

n 0

ˆA r, a J k r P cos ,θ θ
∞

=

=∑                (3) 

where ( ).ˆ
nJ  and ( ).nP  are the spherical Bessel and 

Legendre functions, respectively, and [11] 

( ) ( )
( )

( )( )
( )

1

2n1
n 0

1 n 1

2 2 ik R1

52 2 2
1

P cosaJ 2n 1a sin dˆ n n 18 k J k a

a 2r ar cos ik R 1 e .
Rk R a ar cos

π θµ Ω θ θ
θπ

θ
Ω

θ

∂+
=

′ + ∂

 ′ ′− + − =  
′+ −  

∫






(4) 

Now consider a slotted conducting sphere, as 
shown in Fig. 1a. The total magnetic vector 
potential in region (I) consists of the incident iA  
and scattered I

rA  potentials as  

( ) ( ) ( )I
r n n I n

n 0

ˆA r, C J k r P cos .θ θ
∞

=

=∑                   (5) 

Here, nC  is an unknown modal coefficient. The r-
component of the magnetic vector potential in 
region (II, III, IV, and V) of the l-th slot is 

( ) ( ) ( ) ( )l l
v v

l , l , l ,
r v v v

v 0

ˆ ˆA r, R cos D J k r E N k r ,γ γ γ γ
γ γξ ξ

θ θ
∞

=

 = + ∑  (6) 

where VIVIIIII ,,,=γ and  

( )

( )

( ) ( )

( ) ( )
( ) ( )

l
v

l l
v v

l l
v v

l l l
v v v

l
2l ,

v l
2

Q cos v 0

Q cos P cos
v 1R cos

P cos Q cos

P cos G Q cos III ,IV

ξ

ξ ξγ

ξ ξ

γ
ξ ξ ξ

θ

α θ
θ

α θ

θ θ

=

 − ≥= 



+

 (7) 

 

The r-component of the magnetic vector potential 
in region (VI) is 

( ) ( ) ( ) ( )2VI
r n n VI n

v 0

ˆA r, F H k r P cos ,θ θ
∞

=

=∑         (8) 

where nF  is an unknown modal coefficient and 

( )( ).ˆ 2
nH  is the spherical Hankel function of the 

second kind.  

 
                                (a) 

                                 (b) 
 

 
 

(c) 
Fig. 1. (a) Multiply- (b) single slotted dielectric 
loaded conducting hollow sphere, and (c) 
dielectric loaded dipole antenna: cross-sectional 
view, a=0.1mm, b=2.5mm, h=|c-b|=0.5mm, 
d=5mm, r0=0.1mm, H=2.4mm, Ld=4.9mm, and the 
dipole radius, rd, is equal to 0.1mm. 
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To determine the modal coefficients, we 
enforce the field continuities as Table 1. 

 
Table 1: Boundary conditions 

Layer Electric Field Magnetic Field Limit 
I,II 



 <<

=
otherwise

E
E

qqI
II

0
21 αθαθ

θ  
IIIi HHH ϕϕϕ =+  4Br=a 

II, III 


 <<

=
otherwise

E
E

qqII
III

0
21 αθαθ

θ 
IIIII HH ϕϕ =  r=b 

III, V 


 <<

=
otherwise

E
E

qqV
III

0
21 αθαθ

θ 
VIII HH ϕϕ =  r=c 

VI, V 


 <<

=
otherwise

E
E

qqV
VI

0
21 αθαθ

θ 
VVI HH ϕϕ =  r=d 

III, IV III
r

IV
r EE = 

IIIVI HH ϕϕ =  
b<r<c, 

q
2,1αθ =  

 
Applying orthogonal integrals and 

mathematical manipulation some can write the 
equations as follow, [18] 

 

( ) ( )

( ) ( )l l
v v

I I
n

II II n I

L 1
l ,II l ,II l ,II
v II v II vn

l 0 v 0

2n 1 1C ˆ2n n 1 J k a

ˆ ˆD J k a E N k a I ,
ξ ξ

µ ε
µ ε

− ∞

= =

+
= −

′+

 ′ ′+ ∑∑

        (9) 

( ) ( )

( ) ( )

( )

l l
v v

l l
v v

l ,II ql l ,II
L 1 v II uv II v ql uv

l ,II ql l ,IIl 0 v 0
v II uv II v ql uv

2
q q ,IIII II
u n n I un

n 0I

ˆ ˆD J k a J k a K

ˆ ˆE N k a N k a K

Ja ˆL a J k a I ,
4

ξ ξ

ξ ξ

Χ δ δ

Χ δ δ

µ µ
π µ

− ∞

= =

∞

=

  ′ −   
 

 ′+ −   

= − +

∑∑

∑

  (10) 

( ) ( )

( )
( )

l l
v v

l
v

l
v

L 1
l , l , l ,
v v v

l 0 v 0

l ,
L 1 v l ,

vl ,
l 0 v 0 v

ˆ ˆD J k r E N k r K

ˆD J k r
K ,

ˆE N k r

γ γ γ
γ γξ ξ

γ
γξγ γ γγ

γ
γ γ γξ

µ ε
µ ε

′

′

− ∞

= =

′
− ∞ ′ ′ ′

′′
′= =′ ′ ′ ′

 ′ ′+ 

 ′
 =
 ′+ 

∑∑

∑∑

    (11) 

( ) ( )

( )
( )

l l
v v

l
v

l
v

L 1
l , l , l ,
v v v

l 0 v 0

l ,
L 1 v l ,

vl ,
l 0 v 0 v

ˆ ˆD J k r E N k r K

ˆD J k r
K ,

ˆE N k r

γ γ γ
γ γξ ξ

γ
γξγ γγ

γ
γ γξ

µ
µ

′

′

− ∞

= =

′
− ∞ ′ ′ ′

′′
′= =′ ′ ′

 + 

 
 =
 + 

∑∑

∑∑
     (12) 

( ) ( )

( ) ( )

l ,III
v vl l l ,III

v v v 0l ,III
v 0 v vw

l ,IV
v v vl l l ,IVIII III

v v v 0l ,IV
v 0IV IV v v w

D U
1 R cos

E U

D U
1 R cos ,

E U

ξ ξ θ

µ ε ξ ξ θ
µ ε

∞

=

∞
′ ′

′ ′ ′
′= ′ ′

 
+ = 

+  
 

+  
+  

∑

∑

(13) 

( ) ( )

( ) ( )

l l
v v

l l
v v

l ,V ql l ,V
L 1 v V uv V v ql uv

l ,V ql l ,Vl 0 v 0
v V uv V v ql uv

ˆ ˆD J k d J k d K
0,

ˆ ˆE N k d N k d K

ξ ξ

ξ ξ

Ψ δ δ

Ψ δ δ

− ∞

= =

  ′ −    = 
 ′+ −   

∑∑
 (14) 

( ) ( ) ( )

( ) ( )l l
v v

VI VI
n 1

V V n VI

L 1
l ,V l ,V l ,V
v V v V vn

l 0 v 0

2n 1 1F ˆ2n n 1 H k d

ˆ ˆD J k d E N k d I ,
ξ ξ

µ ε
µ ε

− ∞

= =

+
= −

+ ′

 ′ ′+ ∑∑

       (15) 

 

where llandcbrIIIVII 210 ,,,,,, ααθγγ ===′= . 

The required definitions are illustrated in the 
appendix. For a single slot configuration (biconical 
antenna loaded with a dielectric, Fig.1-b), due to the 
magnetic field boundary condition between region 
III and IV, ( )θγ cos,l

vR  has been simplified as 

( )

( )

( ) ( ) ( ) ( )

( )
( ) ( )
( ) ( ) ( )

( )

l
v

l l l l
v v v v

l l
v v

l l
v v

l l
v v

l
v

2 2

1,
v 1 2III

IV 1 2

Q cos v 0
II ,V

Q cos P cos P cos Q cos v 1

R cos .P cos P cos
P cos 1 Q cos III

Q cos Q cos

P cos IV

ξ

ξ ξ ξ ξ

γ

ξ ξ
ξ ξ

ξ ξ

ξ

θ

α θ α θ

θ α αµθ θ
µ α α

θ

  =  − ≥



=  ′ ′ − 
 + −   ′ ′−     





(16) 
Finally, the unknown coefficients are  

n
V
v

V
v

IV
v

IV
v

III
v

III
v

II
v

II
vn FEDEDEDEDC ,,,,,,,,, . 

 
III. NUMERICAL ANALYSIS 

From the formulas presented in the previous 
section, it is straightforward to write short 
programs that illustrate the difference between the 
different types of material inclusions. To this aim, 
the cone angle of the biconical antenna is selected 
to be as small as possible, e.g., 2α1=2.5 degree. It 
should be noted that, based on [12-13], it is well 
known that the input impedance of a biconical 
antenna changes significantly by changing cone 
angle. Hence the input impedance of a biconical 
antenna is investigated with regards to its cone 
angle. The inverse radiation impedance vZ  for 
biconical antennas is given by [11] 

( )
( )

( )

( ) ( )

v v

v 1

II
v II1

2 1 II
v 0 v II

v II II
0 0 II 0 0 II

ˆD J k b R cos
j sin ln cot ˆ2 E N k b

Z .ˆ ˆD J k b E N k b

ξ ξ

ξ θ α

θαη α
θ

π

∞

= =

  ∂     ∂   + =
 ′ ′+ 

∑

(17) 
The analytic simulations have been compared with 
the CST simulation results of an equivalent dipole 
antenna (radius, rd). The results have been 
presented in Fig. 2. According to this figure, for 
the antenna radius rd <0.01λ (≈biconical antenna 
2α1≤3.4 degree, with regards to f=25GHz as main 
frequency) the loaded dipole may be considered as 
a limit case of a loaded biconical antenna (the 
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approximation meet numerical simulations with 
good agreement). The simulation parameters are: 
a=0.1mm, b=2.5mm, h=0.5mm, d=5mm, 
r0=0.1mm, H=2.4mm, Ld=4.9mm, εr=2.2, and 
μr=1. For the radius 0.01λ<rd<0.02λ, the antenna 
input impedance has been extracted 
approximately, and larger values cause significant 
errors in impedance computations. 

 
     (a) 

 
      (b) 

Fig. 2. Input impedance of a DPS-loaded dipole 
v.s. dipole radius, (a) real, and (b) imaginary parts: 
analytical (Blue) against numerical results (Red). 
Analytical results are obtained using proposed 
analytical expressions; while the numerical results 
are extracted using CST software. 
 
A. Dielectric-covered biconical antennas 

To validate the proposed method, it is useful 
to consider a conventional covered biconical 
antenna (Fig. 3) as the first limiting case. The 
input impedance of a thin biconical antenna 
embedded in dielectric material has been derived 

by Tai [14]. A slightly more general expression 
applicable to a biconical antenna embedded in a 
lossless material of arbitrary permeability and 
permittivity has been given by [15]. Assuming

1=L , the region III fills by PEC, and 11 <<ak ; the 
slotted sphere becomes a simple biconical antenna, 
(Fig. 3). In Fig. 4, the effects of the numbers of 
modes in computation convergence have been 
depicted. It is clear that good convergence has 
been achieved. 

 In Fig. 5, the analytic results for the return 
loss of a biconical antenna have been compared 
with CST simulation results. As it is stated before, 
the antenna cone angle is 2α1=2.5 degree. 
According to this figure, a good agreement has 
been achieved between analytic and numeric 
simulations.  

 

 
Fig. 3. Dielectric-covered biconical antenna: 
cross-sectional view, a=0.1mm, b=5mm, εr= μr =1. 
 
B. Dielectric-loaded biconical antennas 

In order to demonstrate the capability of the 
MTM loading to realize a miniaturized antenna, 
two examples are studied here. The first one is a 
dipole antenna filled with double positive (DPS) 
material inclusions, (εr=2.2 and μr=1). A DNG-
loaded dipole antenna, whose parameters are 
labeled in Fig. 1-c, is also studied.  

Here, the Drude model [16] is used to simulate 
the MTM inclusions, since it can yield a negative 
real part of the permittivity/permeability over a 
wide frequency range. For the DNG inclusions, 
both μ and ε obey the Drude model (with plasma 
frequency ωp=15×1010 rad/s and collision 
frequency fc =0.01GHz) as 

( ) ( ) { }
2
p

r
c

, .
iv

ω
ξ ω ξ ξ ε µ

ω ω∞= − ∈
−

      (18) 

It should be noted that, this selection has been 
affected by all the other relative parameters, e.g., 
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k, [17]. In Fig. 6, the effects of the numbers of 
modes in computation convergence have been 
presented. Again, it is clear that good convergence 
has been obtained. The analytical and simulated 
results for the reflection coefficient of the DPS- 
and DNG-loaded dipole antennas are presented in 
Fig. 7. As can be seen from this figure, the 
analytical results for the reflection coefficient of a 
loaded dipole are in good agreement with the CST 
simulation results. Simulations show that for the 
dipole antenna loaded with DNG-inclusions, an 
additional resonance frequency is introduced at the 
frequencies lower than the antenna resonant 
frequency where the antenna radiates an 
omnidirectional radiation pattern. 

In contrast, for the dipoles loaded with DPS-
inclusions, changing DPS locations on the antenna 
arms causes no resonances at frequencies lower 
than the main resonant frequency. An important 
advantage of the proposed antenna is that the 
dipole length does not need to be increased to 
lower the resonant frequency. Consequently, a 
compact antenna is obtained. The proposed 
method, suggested a bandwidth of 0.3% at 2.2GHz 
(which is wider than the bandwidth of other 
miniaturized MTM loaded dipoles [1-2]) while it 
means 11.8 times frequency reduction with 
regards to resonance frequency of DPS loaded 
antenna (26GHz). Since changing the locations 
and dimensions of the DPS/DNG materials does 
not have any significant effect on the antenna 
radiation patterns, the proposed antennas radiate 
omnidirectional radiation patterns at all resonant 
frequencies. However, these are not plotted here 
for the sake of brevity. 
 

 
        (a) 

 
        (b) 

Fig. 4. Convergence analysis of the dielectric- 
covered biconical antenna, input impedance, (a) 
real, and (b) imaginary parts. 
 

 
Fig. 5. |S11| [dB] of a dielectric-covered biconical 
antenna: analytical against numerical results. 
Analytical results are obtained using proposed 
analytical expressions; numerical results are 
computed by CST software. 

 
IV. CONCLUSION 

The behavior of a biconical/dipole antenna 
loaded with MTM inclusions has been examined 
both analytically and numerically. The theory is 
compared with different simulation results 
resulting in a very good agreement between them. 
The analytical investigations also reveal that 
embedding DNG-inclusions in a simple 
biconical/dipole antenna can provide an 
opportunity to design miniaturized antenna. 
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(a) 

 
(b) 

Fig. 6. Convergence analysis of the dielectric- 
loaded biconical antenna, input impedance (a) real, 
and (b) imaginary parts. 

 
(a) 

 
(b) 

Fig. 7. |S11| [dB] of a (a) dielectric, and (b) DNG-
loaded biconical antenna: analytical against 
numerical results. Analytical results are obtained 
using proposed analytical expressions; numerical 
results are computed by CST software. 
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APPENDIX 

In Eqs. (9)-(15) the required definitions are 
defined as follow:  

( ) ( ) ,sincoscos
2

1

θθθ
θ

θ
θ

α

α

dPRI nvvn ∫ ∂
∂

∂
∂

−=     (A-1) 

( )
( )
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n Iql q ,II l ,IIII I
uv un vn

n 1I II n I

Ĵ k a2n 1 I I ,ˆ2n n 1 J k a
µ εΧ
µ ε

∞

=

+
=

′+∑    (A-2) 

( )
l
2 1

l
1

qik R
uq

u

R coseL sin d ,
R

α

α

θ
θ θ

θ θ
∂ ∂

=  ∂ ∂ 
∫   (A-3) 

( ) ( )

( ) ( )

( ) ( )

l
2

l
1

l
2

l
1

l , l , l ,
v v v

l l
0 2 0 1

2l l l ,
v v v

K R cos R cos sin d , II ,V

Q cos Q cos v 0

, II ,V ,
1 R cos sin d v 1

α
γ γ γ

α

α
γ

α

θ θ θ θ γ
θ θ

α α

γ
ξ ξ θ θ θ

′
∂ ∂

= =
∂ ∂

 − =
= =

 + ≥  


∫

∫

(A-4) 

( ) ( )
l
2

l
1

l , l , l ,
v v v

II ,V
K R cos R cos sin d , ,

III

α
γγ γ γ

α

γ
θ θ θ θ

γθ θ
′ ′

′

=∂ ∂
=

′ =∂ ∂∫
(A-5) 

( )

( ) ( )
( ) ( )

2
n VIql q ,V l ,VV VI

uv un vn2
n 1VI V n VI

Ĥ k d2n 1 I I .ˆ2n n 1 H k d
µ εΨ
µ ε

∞

=

+
=
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