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Abstract ─ This paper presents a wideband filtering 

power divider with harmonic suppression. By embedding 

two coupled-line sections to each way of the conventional 

Wilkinson structure, four resonant modes excited by two 

coupled lines and one original mode of the Wilkinson 

structure are incorporated to improve the in-band filtering 

responses. In order to enhance the frequency selectivity, 

a pair of long open stubs are inserted between these 

coupled-line sections to produce a pair of transmission 

zeros on both sides of the passband. Meanwhile, two 

additional transmission zeros at the upper stopband can 

be introduced to broaden the bandwidth of the stopband. 

Moreover, a short open stub is installed at the input  

port, which can also introduce one transmission zero to 

enhance upper stopband rejection. Finally, a prototype  

of the wideband filtering power divider operating at the 

center frequency of 3 GHz is designed and fabricated. 

The measured results show a 15-dB bandwidth of 56%, 

an isolation better than 18-dB and a 35-dB wide stopband 

from 4.44 to 7.73 GHz. 

 

Index Terms ─ Coupled line, filtering power divider, 

harmonic suppression, wideband. 
 

I. INTRODUCTION 
In the modern wireless communication system, 

power dividers and filters as indispensable components 

have been widely used in the RF front ends of both 

receivers and transmitters. In order to meet the demands 

of high integration and multiple function, the filtering 

power dividers which combine both characteristics of 

filters and power dividers have attracted much attention 

in recent years.  

To realize the filtering function, the techniques  

of coupling matrix and J/K inverter for the filter design 

can be applied to the filtering power divider design  

[1, 2]. Based on the coupling coefficients, a compact 

power divider with Chebyshev filtering response was 

implemented by using folded net-type resonators [1]. 

Although a good in-band isolation can be achieved, the 

frequency selectivity is poor. In order to achieve a high 

selectivity, the K-inverters implemented by dual-path 

coupling structure were proposed to produce two 

transmission zeros on both sides of the passband and 

provide arbitrary power ratios at the same time [2].  

In addition, E-shaped dual-mode resonators [3] and 

quarter-mode substrate integrated waveguide (SIW) 

circular cavities [4] were utilized to further reduce the 

circuit size. Nevertheless, the existing harmonic at upper 

stopband could degrade the out-of-band performance of 

the system. Therefore, the mixed electric and magnetic 

couplings as well as the cross coupling could be used to 

generate transmission zeros near the passband and the 

second harmonic [5]. Additionally, the discriminating 

coupling structure [6], short-circuited half-wavelength 

resonators [7] and open stubs [8] were also applied to 

achieve a wide upper stopband of the filtering power 

divider.  

For the wideband applications, the hybrid slotline to 

microstrip line transition was proposed to be integrated 

with the Wilkinson power divider [9]. Although the 

response is ultra-wideband [9, 10], the out of band 

rejection level is not enough. By utilizing the first few 

resonant modes, the multi-mode resonator [11, 12] and 

ring resonator [13, 14] can be embedded to the power 

divider for a wide bandwidth and a filtering response. 

Since the coupled line provides not only a suitable 

coupling but also a filtering performance, it was often 

used to form the main structures of a wideband filtering 

power divider [15-18]. They can be installed at each port 

as matching networks to achieve a wideband response 

[15]. In [16], a pair of coupled lines terminated with open 

stubs were applied to replace the quarter-wavelength 

transmission lines in the conventional Wilkinson power 

dividers. A 70% fractional bandwidth can be achieved, 

whereas the out-of-band rejection level needs to be 

improved. Although the bandwidth and stopband 

suppression are acceptable by using the multi-sections 

quasi-coupled lines and short/open stubs [17], the in-

band return loss was unsatisfactory. By utilizing two-

sections coupled lines with center-loaded open stubs and 

two shorted stubs, the stopband can be extended [18]. On 

the other hand, the filtering power divider can be also 

designed to meet other special demands such as dual-
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band [19, 20], balanced-to-balanced/unbalanced [21, 22], 

and multi-output [23-25].  

In this paper, a wideband filtering power divider 

with wide stopband rejection is proposed. Conventionally, 

quarter-wavelength transmission lines are used in the 

design of Wilkinson power divider. By installing a short 

open stub at the input port, the required length of 

transmission lines can be shortened and a transmission 

zero would be produced at the upper stopband. Two 

coupled-line sections are embedded to each way of the 

power divider, which can excite four resonate modes. 

Together with the original mode of the Wilkinson 

structure, totally five transmission poles can be produced 

to construct a wideband filtering response. By choosing 

different even-odd mode impedances of embedded 

coupled lines, these resonate modes can be controlled to 

adjust the bandwidth of the filtering power divider. In 

addition, a long open stub is inserted between these two 

coupled lines, which not only considered provides the 

couplings between two coupled lines as a K-inverter 

[24], but also produces two transmission zeros on both 

sides of the passband to enhance the roll-off skirt. 

Meanwhile, two additional transmission zeros could  

also be produced at the upper stopband to broaden the 

bandwidth of upper stopband. These transmission zeros 

with the one produced by the short open stub can well 

suppress the harmonic and thus improve the upper 

stopband rejection. The theoretical analysis and design 

procedures are presented in the following sections in 

detail. To verify our proposal, a prototype of the wideband 

filtering power divider operating at center frequency of 

3 GHz is finally designed, fabricated and measured. The 

measured results have good agreement with the simulated 

ones. 

 

II. ANALYSIS AND DESIGN 
Figure 1 shows the configuration of the two-way 

wideband filtering power divider. It consists of a 

transmission line, two section coupled lines and a long 

open stub in each way. A short open stub is loaded at the 

input port and a resistor R is connected between the two 

output ports. Zi and Zei, Zoi (i = 1, 2) are the characteristic 

impedances of the microstrip lines and the even-odd mode 

impedances of the coupled lines, while θ and θS are the 

electrical length of the corresponding transmission lines, 

respectively. In this work, θ is chosen to be θ0 = π/2, 

which is quarter-wavelength at the center operating 

frequency f0. For simplicity, the phase velocities of the 

even and odd modes are assumed to be the same so that 

the coupled line structures have the same even/odd-mode 

electrical length. Due to the fully symmetric structure, 

the proposed filtering power divider can be decomposed 

into two half equivalent circuits under the even and odd 

excitations, as shown in Figs. 2 (a) and (b). When the even 

mode is excited, the ABCD-matrix of the half circuit 

model can be derived as: 

   e e

e
e e

A B
A

C D

 
  
 

. (1) 

 

Fig. 1. The schematic of the proposed wideband filtering 

power divider. 
 

Then, the S-parameters [Se] of the even-mode circuit 

with two different port impedances can be obtained by 

using the following relationships: 
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On the other hand, when the odd mode is excited, 

the second coupled line is loaded with a short-circuited 

and an open-circuited terminations. The equivalent circuit 

of this coupled line is also shown in Fig. 2 (b). It can be 

found that the frequency response of this coupled line is 

all-stop. Therefore, the S-parameters [So] of the single-

port odd-mode circuit can be expressed as: 

 0

22

0

o in

in

Z Z
S

Z Z





, (5) 

where 
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2 2

2 2

2 tan

4 tan

e o

in

e o

j R Z Z
Z

R j Z Z








 
. (6) 

Based on the even-odd mode analysis, the S-

parameters [S] of the filtering power divider can be given 

as: 

    11 11

eS S  , (7) 
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and the S11 can be further written as: 
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Fig. 2. The decomposed equivalent circuits of the 

filtering power divider. (a) Even-mode circuit model. (b) 

Odd-mode circuit model. 

 
In order to achieve a good in-band return loss, we 

can solve the equation of S11(θ) = 0 at the center frequency. 

Then, Z1 and Z3 can be deduced as: 
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From (12) and (13), it can be noticed that once  

the even-odd mode impedances of the coupled lines are 

determined, Z1 and Z3 can be evaluated by choosing a 

proper value of θS. According to (12) and (13), Z1 and Z3 

increase as θS increases. When θS = 0, Z1 can be calculated 

as: 

 1 1

1 0

2 2

2 e o

e o

Z Z
Z Z

Z Z





. (14) 

In this work, (Ze1 − Zo1) is larger than (Ze2 − Zo2). Therefore, 

compared with the conventional Wilkinson power divider, 

the value of Z1 is larger than 02Z  due to the influence of 

the embedded coupled lines. 

Figure 3 shows the S-parameters of the filtering 

power divider with different θS. The corresponding 

realizable characteristic impedances of each curve plotted 

in Fig. 3 are summarized in Table 1. As θS, increases, the 

frequency response has little influence, as shown in Fig. 

3. However, when θS increases to 60o, Z3 becomes very 

large and exceeds the maximal realizable characteristic 

impedance of the microstrip line. Thus, the in-band 

response is deteriorated extremely. Considering that the 

maximal characteristic impedance of the realizable 

microstrip line on the substrate of RO4350B with a 

thickness of 0.508 mm and a dielectric constant of 3.66 

is 134 Ohm, and (Ze1 − Zo1) is about 100~107 Ohm, and 

(Ze2 − Zo2) is 90~95 Ohm, the maximal θS is about 52o 

when the performance is acceptable and the impedance 

is realizable.  

 

Fig. 3. The S-parameters of the wideband filtering power 

divider with different θS. 
 

Table 1: The corresponding realizable characteristic 

impedances of the filtering power divider with different 

θS 

θS Z1 Z2 Z3 Ze1 Zo1 Ze2 Zo2 

0o 80 36 - 156 51 154 61 

20o 82 36 120 157 51 155 61 

40o 87 34 126 148 48 147 56 

60o 105 26 134 134 45 136 53 

 

As shown in Fig. 3, when θS equals to 0o, 20o, and 

40o respectively, there are five transmission poles in the 

passband and two transmission zeros on two sides of the 

 
(a) 

 
(b) 
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passband. In comparison with the conventional Wilkinson 

power divider, the two embedded coupled lines can 

provide four in-band poles and the length of the 

conventional quarter-wavelength transmission line can 

be reduced to be π/2 − θS. The two transmission zeros 

near the passband are introduced by loading the long 

open stubs between coupled lines. When the impedance 

of the long open stub equals to zero, the current of the 

circuit would be directly shorted to the ground, which 

can produce a transmission zero. Therefore, the location 

of these two transmission zeros can be found by solving 

the following equation: 

 1 2 cot 2 0SinZ jZ    , (15) 

the positions are finally obtained as: 

 
0

1 0 0

(2 1) 90 2 1

2 2
S n

n n
f f f



  
     (n=1, 2…). (16) 

As it can be found in (15), the impedance of the  

open stub is a pure reactance or susceptance within the 

passband, which can be equivalent to a K-inverter [24]. 

Therefore, the two long open stubs can not only produce 

the out-of-band transmission zeros, but also can provide 

the in-band coupling between the two coupled lines as a 

K-inverter. Similar to the long open stub, the short open 

stub at the input port can also provide transmission zeros 

at higher frequency band. By solving the equation: 

 
2 32 cot 0Sin SZ j Z    , (17) 

the locations of the transmission zeros can be obtained 

as: 

  
0

2 0

(2 1) 90
S n

S

n
f f



 
     (n = 1, 2…). (18) 

In order to improve the in-band isolation between two 

output ports, the resistor can be loaded and determined 

as R = 2Z0 by letting S23 = 0. 

Figure 4 illustrates the influence of Z2 on the in-band 

response. As Z2 increases, the reflection at port 2/3 is 

almost unchanged and in-band |S22(33)| is below -20 dB. 

However, the in-band performance of |S11| and |S23| are 

deteriorated near the edge frequency of the passband. 

Therefore, a proper value of Z2 needs to be determined 

in order to achieve a good in-band return loss and isolation. 

Figure 5 shows the influence of impedances on the 

bandwidth. Once the operating center frequency f0 is 

chosen, the transmission zeros introduced by the long 

open stub are determined according to (16), and the 

passband of each way is limited between the first two 

transmission zeros. However, these transmission zeros 

cannot be independently controlled by only one open 

stub, so that the bandwidth cannot be adjusted by only 

changing the length of the long open stub. If the length 

is changed, these two transmission zeros can move at  

the same time and the operating center frequency of the 

passband f0 is also shifted. Therefore, in order to maintain 

f0 unchanged, the lengths of all the transmission lines  

are fixed and the impedances is utilized to control the 

bandwidth of the filtering power divider. Three cases 

with θS = 0 are given to demonstrate the bandwidth 

control with the different characteristic impedances of 

transmission lines, and the detail specifications and results 

are shown in Table 2. As illustrated in Fig. 5 and Table 

2, Case III has a wider bandwidth than other two cases. 

Although the out-of-band rejection level and the in-band 

isolation is unsatisfactory compared with the others, a 

sharp roll-off skirt can be achieved. For the Case I, the 

bandwidth is narrower than Case II and III with very  

high even-odd mode impedances and low characteristic 

impedance of the long open stub (Z3). It can be also 

found that as the increase of the bandwidth, Z2 increases 

gradually while the other impedances decrease. Therefore, 

according to Table 2, different bandwidths can be achieved 

by choosing proper characteristic impedances with fixed 

electric length of the transmission lines. 

 

Fig. 4. The S-parameters of the wideband filtering power 

divider with different Z2 when θS = 20o. 

 
Finally, the design procedure of the proposed 

wideband filtering power divider can be summarized as 

follows: 

1) Determine the operating center frequency f0 and  

the positions of the two transmission zeros near the 

passband can be calculated by (16); 

2) Choose the positions of the transmission zeros at  

the higher frequency band according to (18) and 

determine the θS.; 

3) Based on Tables 1, 2, Fig. 4 and Fig. 5, choose the 

proper Z2 and even-odd mode impedance of the 

coupled lines. According to (12) and (13), Z1 and  

Z3 can be determined; 

4) Determine the isolation resistor R=2Z0. 
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Fig. 5. The magnitudes of S-parameters for the Case I, 

II, and III. (a) The magnitudes of |S11| and |S21|. (b) The 

magnitudes of |S23|. 
 

Table 2: The corresponding characteristic impedances 

and simulated results for Case I, II, and III 

Case Z1 Z2 Ze1 Zo1 Ze2 Zo2 
FBW/ 

RL1 

R2/ 

I3 

I 83 25 192 81 180 86 
51.7%/ 

19.6 dB 

45 dB/ 

21 dB 

II 80 36 156 51 154 61 
65.0%/ 

18.0 dB 

35 dB/ 

19 dB 

III 79 76 142 30 143 42 
78.6%/ 

19.5 dB 

21 dB/ 

17 dB 
RL1: return loss; R2: out-of-band rejection level; I3: in-band isolation 

 

III. IMPLEMENT AND RESULTS 
A prototype of the wideband filtering power divider 

is designed and fabricated on the substrate of RO4350B 

with a thickness of 0.508 mm and a dielectric constant of 

3.66 at the operating center frequency of 3 GHz. In order 

to suppress the second harmonic around 6 GHz, θS is 

chosen as 45o, while the circuit size becomes smaller 

accordingly. The circuit layout and the photograph of the 

fabricated wideband filtering power divider are depicted 

in Fig. 6 and Fig. 7, respectively. In order to realize the 

high even-odd mode impedance and provide strong 

couplings, two apertures are etched on the ground plane. 

vAs shown in Fig. 6, the main dimensions of the proposed 

wideband filtering power divider are finally optimized  

to be: w0 = 0.95, w1 = 0.1, w2 = 0.23, w3 = 1.36, l1 = 6.37, 

l2 = 7.57, l3 = 14.7, l4 = 29.28, l5 = 15.7, s1 = 0.12, and  

s2 = 0.11 (units: mm). The isolation resistor is calculated 

as 100 Ohm. Figure 8 shows the circuit simulated 

frequency responses when θS is 0o and 45o respectively. 

It can be found that when there is no short open stub, the 

second harmonic is generated at 6 GHz. When θS is 45o, 

the harmonic at 6 GHz is suppressed by the transmission 

zero. However, the harmonic mode still exists and is 

pushed up to a higher frequency, so that there is a peak 

on S11 at 6.5 GHz. Although the harmonic mode still 

exists, the magnitude of S21 is pulled down below -20 dB 

due to the introduced transmission zero. Figure 9 shows 

the EM simulated surface current at 6.5 GHz. There is 

very strong current distribution on the short open stub 

and the first coupled-line section. Since the width of 

coupled lines is small and two apertures are just etched 

behind them on the ground plane to provide strong in-

band couplings, some radiation from the apertures could 

happen at 6.5 GHz. 
 

 

Fig. 6. The layout of the wideband filtering power 

divider. 
 

 

Fig. 7. The photograph of the fabricated wideband 

filtering power divider. 

 

The full-wave simulated results and measured results 

are plotted in Fig. 10. The in-band return loss is better 

than 15 dB and the minimum insertion loss is -3-0.7 dB. 

The measured fractional bandwidth of 15-dB in-band 

return loss is about 56% over the frequency range from 

2.30 to 3.98 GHz. The in-band isolation is better than  

 
           (a) 

 
           (b) 

 

 

YU, SUN, LIU: DESIGN OF WIDEBAND FILTERING POWER DIVIDERS 472



18 dB. In addition, a 35-dB harmonic suppression can  

be achieved at the stopband from 4.44 to 7.73 GHz, 

although the leakage from the apertures seems more 

obvious at 6.5 GHz. As shown in Fig. 10 (a), it can be 

noticed that there are six transmission zeros over the 

concerned frequency band. The first two transmission 

zeros (ftz1, ftz2) and the last one (ftz6) are located at 1.5 GHz, 

4.5 GHz and 7.5 GHz, which is introduced by the long 

open stub. ftz3 introduced by the short open stub is allocated 

at 6.18 GHz to suppress the second harmonic of the 

center frequency. Because of the existing of coupled 

lines, two more transmission zeros ftz4 and ftz5 are 

introduced at 6.73 GHz and 7.05 GHz. Owing to the four 

transmission zeros (ftz3, ftz4, ftz5, and ftz6) at the upper 

stopband, the spurious harmonic frequencies can be well 

suppressed and a wide stopband can be obtained. The 

magnitude and phase imbalance between two output 

ports are less than ±0.2 dB and ±1.3o, respectively, as 

depicted in Fig. 11 (a). Figure 11 (b) shows the in-band 

group delay of the filtering power divider. Comparison 

with the other design in previous work is tabulated in 

Table 3. It can be found that the proposed filtering power 

divider has achieved a wide bandwidth of 56%, a well 

harmonic suppression of 35 dB and six transmission zeros 

in total.  

 

Fig. 8. The circuit simulated frequency responses of the 

filtering power divider with and without short open stub. 

 

Fig. 9. The surface current of the filtering power divider 

at 6.5 GHz. 
 

 

 

Fig. 10. The EM simulated and measured results of the 

wideband filtering power divider. (a) The magnitudes of 

S11 and S21. (b) The magnitudes of S22 and S23. 

Fig. 11. (a) The in-band magnitude and phase imbalance. 

(b) The group delay of the filtering power divider. 

 

 

 

 
          (a) 

 
            (b) 

 
(a) 

   
(b) 
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Table 3: Comparison with the wideband filtering power 

divider in the literature 

Ref. 
f0 

(GHz) 

FBW/RL1 

(In-band) 

BW/IL2 

(Stopband) 
Isolation TZs3 

[8] 6.80 
85.3% 

15 dB 
- 15.0dB - 

[9] 2.15 
31.0% 

17 dB 

4.2 f0 

20 dB 
17.0 dB 2 

[10] 2.05 
62.0% 

10.14 dB 

0.95 f0 

15.8 dB 
10.0 dB 5 

[11] 1.50 
60% 

14 dB 
- 20 dB 2 

[12] 2.00 
62.0% 

15 dB 
- 20.0 dB - 

[13] 3.00 
70.0% 

20 dB 

2.6 f0 

13 dB 
16.7 dB 4 

[14] 3.00 
104.5% 

15 dB 

3.4 f0 

15 dB 
15.0 dB 3 

[15] 1.00 
43.0 % 

20 dB 

3.9 f0 

20 dB 
20.0 dB 5 

This 

work 
3.00 

56.0 % 

15 dB 

1.1 f0 

35 dB 
18.0 dB 6 

1RL: Return Loss; 2IL: Insertion Loss; 3TZs: Transmission zeros 

 

IV. CONCLUSION 
In this paper, a wideband filtering power divider 

with wide stopband has been proposed. Based on the  

two embedded coupled lines and long open stubs, the 

wideband filtering response has been achieved with a 

sharp roll-of skirt. The introduced short open stub at the 

input port not only reduced the length of the conventional 

quarter-wavelength in Wilkinson structure, but also 

provided a transmission zero at upper stopband to improve 

the out-of-band rejection level. With the help of total five 

resonances and six transmission zeros, a 56% bandwidth, 

a high 35-dB stopband rejection and an isolation better 

than 18 dB have been achieved.  
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Abstract ─ In the paper, a passive and chipless IR-UWB 

indoor positioning system is proposed that follows the 

criteria of spectral and temporal joint identification. In 

the scenario of a 2D positioning, the system is coordinated 

by three anchors; a node can then be positioned by 

recognizing the pulse’s time-of-arrival (TOA) and the 

pulse’s band-notch in its backscattered spectrum. The 

model of the positioning system is established and the 

numerical analysis is committed in terms of a conceived 

positioning example. Results validate the system that the 

positioning is accurate, and the accuracy can be further 

improved by calibrating the value of TOA through the 

time offset made by the pulses backscattered by the 

anchor with and without band-notch, respectively. 

 

Index Terms ─ Band-notch, indoor positioning, IR-UWB, 

TOA. 
 

I. INTRODUCTION 
Indoor positioning is quite necessary in many fields 

such as the healthcare where tracking human body and 

limbs movement is required [1]. Compared with outdoor, 

the indoor positioning is very difficult because the 

channel is more easily influenced by the phenomenon of 

reflection or dispersion. In the recent years, people began 

to seek solution in the field of transient electromagnetism, 

considering of the transient field can render radio signal 

be more constraint in time domain. Research has 

demonstrated that short pulses can be really effective in 

avoiding channel deterioration and system noise, so as to 

make positioning be accurate at least for the system 

where positioning is mainly depending on the value of 

time-of-arrival (TOA). 

One specification for the application of transient 

electromagnetic field is the ultra-wideband (UWB) that 

was released in 2002 by the Federal Communications 

Commission (FCC) for the unlicensed frequency band 

(from 3.1 GHz to 10.6 GHz) used for the short range 

communication. Nowadays, the UWB has increasingly 

become a substitution for the traditional narrow band 

circumstance in the area of radio frequency identification 

(RFID). The UWB enabled RFID (UWB-RFID) is 

recognized as a more advanced architecture used for the 

identification or the localization of an object in a very 

short range area [2-4]. 

In theory, the ultra-wideband (UWB) refers to the 

radio with a bandwidth exceeding the lesser of 500 MHz 

or 20% of the arithmetic center frequency. The UWB 

signal in time domain is therefore a very constraint pulse 

shortened in nanosecond, usually known as the Impulse 

Radio Ultra-Wideband (IR-UWB) [5]. It is the shortness 

of the pulse that can readily render IR-UWB positioning 

be accurate, and the accuracy can be improved further by 

employing shorter, more precise pulse with higher level 

of integrity. It’s sure a good solution in this regards, but 

it also brings about a lot of critical technical problems, for 

example, the shorter pulses have to make the realization 

of clock jitter or the retrieving of critical parameters from 

pulse’s figure become quite difficult [6]. 

Nevertheless, there are still some efforts had been 

dedicated to this area [7-10]. For example in [11], a  

uni-planar monopole antenna is proposed that is made  

by a passive and chipless IR-UWB tag, committing to 

positioning based on the parameters contained in the 

antenna modem and controlled by the length of 

meandrous coplanar waveguide plane (CWP) loaded, 

respectively, by impedance match circuit, open circuit 

and short circuit. The location and the polarity of the 

late-time pulse correlated by the pulse received by the 

object for positioning (node) in early time become the 

rule governing the whole procedure of positioning. 

Although the example comes forth a very simple 

and easy implementation for positioning in accordance 

with the modem of antenna mode (In the theory of 

transient field, the wave backscattered by antenna is 

composed of two modes, one is called the structural 

mode, another is called the antenna mode), it has no way 

to offer clues to make anchor be clearly identified, 

although in some circumstance, this parameter or value 

are indispensable [12]. So, in this paper, we design and 

develop a positioning system based on the IR-UWB 

architecture that is novel enough in the aspect of the 

recognition of pulse and the corresponding anchor solely 

depending on the feature of anchor’s band-notch. We 
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focus on the 2D positioning; therefore the positioning 

system is coordinated by three anchors that are the sort 

of passive and chipless IR-UWB tag decorated with 

different band-notches. A node can be positioned and 

scaled on account of them through retrieving and 

analyzing the feature of pulse both in the temporal (TOA) 

and in the spectral domain (band-notch).   

The reminders of the paper are: the IR-UWB 

positioning system for the 2D application is firstly 

introduced in Section II with interpretation of the exact 

algorithm and criteria of positioning. Secondly, the 

topology of anchor and node are illustrated with the 

details of the geometric dimensions shown in Section  

III. Thirdly, the procedure, analyzing, calibrating are 

described by a complete analysis of each result in Section 

IV. Finally, the conclusions are made in Section V.  

 

II. THE ARCHITECTURE OF PASSIVE AND 

CHIPLESS IR-UWB POSITIONING SYSTEM 

The coordinate of the proposed positioning system 

in terms of the 2D scenario is the Cartesian where a node 

can be scaled and benchmarked by three anchors that are 

distributed orthogonally each other, as shown in Fig. 1. 

According to the theory of IR-UWB, all the anchors  

are the sort of passive and chipless tags, functioning to 

make impinging pulse backscatter to node. The node is, 

however, an object for positioning that is an active and 

chip-have UWB-RFID tag for instead. In a specific 

positioning, the node works to transmitting a UWB pulse 

to anchors, and then receives the backscattered copy of 

them. As a result, the exact position of the node can be 

determined by retrieving and analyzing the TOA and the 

band-notch feature borne in the backscattered structural 

mode. 
 

 

 
Fig. 1. The model of the passive and chipless IR-UWB 

positioning system. 

 

A. Positioning model 

The Cartesian is coordinated by three anchors 

known as anchor1, anchor2 and anchor3, as shown in  

Fig. 1. The horizontal line linking the anchor1 and the 

anchor3 forms the x axial scaled by Dx, denoting the 

distance between the anchor1 and the anchor3. The 

vertical line linking the anchor1 and the anchor2 forms 

the y axial scaled by Dy that denotes the distance between 

the anchor1 and the anchor2. If one node is assumed to 

be placed at (x, y), L1, L2 and L3 are used to represent the 

distances from the node to the anchor1, the anchor2 and 

the anchor3, respectively. 
 

B. Positioning algorithm 

The positioning algorithm is configured in terms of 

the system that is based on the temporal and spectral joint 

identification. Referring to the model illustrated in Fig. 1, 

the coordinate (x, y) of a node can be determined by: 
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, (1) 

in which, L1=t1/2c, L2=t2/2c, L3=t3/2c; t1, t2 , t3 are the 

TOA at node after being backscattered by the anchor1, 

the anchor2 and the anchor3, respectively; c is the velocity 

of pulse travelling in free space. 

It is evidence that TOA in the algorithm isn’t 

sufficient to issue a positioning alone. On the contrary, it 

is quite necessary to know the pulse and the corresponding 

anchor that the pulse is backscattered. So, there shall be 

an assumption hindered in the algorithm that anchor  

can be virtually identified by the band-notch of the pulse 

in the backscattered spectrum. The algorithm plus the 

hindered assumption will determine the configurations 

of both the node and the anchor simultaneously.  
 

III. THE CONFIGURATION OF ANCHOR 

AND NODE 

A. Node topology 

Node is the object-for-positioning. Under the 

architecture of IR-UWB, the node shall be facilitate to 

transmitting and receiving UWB signals, and then give 

them an analysis. So, the topology of the node shall be 

constructed by two parts: one is the antenna covering 

UWB band, another is the digital processing unit (IC 

chipset) used for launching the algorithm of positioning. 

To make the node simple in structure, the UWB antenna 

is configured specifically by a planar metallic patch 

decorated by symmetric double concaved angles, as 

shown in Fig. 2 (a). The positioning unit is connected to 

the antenna through a microstrip line. The dimension of 

the topology of the node are listed in Table1 that make 

the node satisfy for the specifications of UWB with 

frequency range from 3.1 GHz to 10.6 GHz [13].  
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Table 1: Dimension of anchor and node (Unit:mm) 

Symbol Value Definition 

Wp 18.6 Width of rectangular patch 

Hp 15.5 Height of rectangular patch 

Hc 1.5 Height of staircase 1 

Hd 1.5 Height of staircase 2 

Wc 1.5 Width of staircase 1 

Wd 1.5 Width of staircase 2 

Hg 10.4 Height of grounding plane 

Hf 11.0 Height of microstrip line 

 

 
    (a)    (b) 

 

Fig. 2. The topology of node (a) and anchor (b). 

 

B. Anchor topology 

Anchors fabricate the coordinate of the positioning 

system. Under the architecture of IR-UWB, the anchors 

function to make positioning pulse be backscattered 

while leaves only the structural mode there. So, the 

topology of the anchor shall be constructed by a passive 

and chipless UWB tag equipped with an UWB antenna 

and an impedance match load (usually 50 Ohm resistance).  

In addition, a U-slot is etched on the facet of the antenna 

on each anchor [14], as shown in Fig. 2 (b). Study has 

shown that the U-slot can give anchor a band-notch in 

the spectrum of the backscattered structural mode [15-

17]. In terms of 2D positioning, three anchors are need, 

each is borne with different band-notch. The lengths of 

U-slot attached to each anchor are listed in Table 2. 

 

Table 2: Length of U-slot on anchor (Unit:mm) 

Symbol Anchor1 Anchor2 Anchor3 

Nw 12.0 10.0 9.0 

Nh 8.0 7.0 6.5 

 

IV. POSITIONING PROCEDURE, 

ANAYZING AND CALIBRATION 
The positioning signal is set by a Gaussian pulse as 

shown in Fig. 3. Since the anchors are all impedance 

match, the pulses backscattered by anchors are only the 

structural modes, as shown in Fig. 4.  

Figure 5 (b) shows the spectrum of the structural  

modes backscattered by anchors with different U-slots. 

Compared with the pulse that is presumed to be 

backscattered by the anchor with the same size, without 

band-notch as shown in Fig. 5 (a), the anchor1 can be 

determined to have a band-notch at 5.26 GHz, the anchor2 

has band-notch at 5.94 GHz, and the anchor3 has a band-

notch at 6.49 GHz. 

 

A. Positioning procedure 

The positioning procedure is illustrated, assuming a 

node is placed at (60, 80) mm. When the pulse shown in 

Fig. 3 is transmitted by the node, it will impinge to the 

anchor1 and be backscattered. The pulse reaching at the 

node is the pulse as shown in Fig. 6. According to the 

algorithm, the TOA of the pulse can be determined by 

the time of the peak of the pulse with correspondence to 

the time interval. The peak of the pulse from the anchor1 

is at the time of 0.8452ns. Compared with the peak of  

the pulse transmitted by the node at the time of 0.4405ns, 

the time interval in between is 0.4047ns, representing 

that the distance between the anchor1 and the node is 

101.41mm (L1). Likewise, Fig. 7 shows the pulse 

backscattered by the anchor2 and arrived at the node. 

The peak of the pulse from the anchor2 is at the time  

of 0.7214ns. Compared with the peak of the pulse 

transmitted by the node at the time of 0.4405ns, the time 

interval is 0.2809ns, indicating that the distance between 

the anchor2 and the node is 64.27mm (L2). Similarly,  

Fig. 8 shows the pulse backscattered by the anchor3 and 

arrived at the node. The peak of the pulse from anchor3 

is at the time of 0.8066ns. Compared with the peak of the 

pulse transmitted by the node at the time of 0.4405ns, the 

time interval is 0.3661ns, denoting the distance between 

the anchor3 and the node is 89.93mm (L3). 

Using the Equation (1), the position of the node can 

be determined by the coordinate of (60.94, 80.79) mm. 

The result shows that the deviation of the positioning  

in the horizontal direction is about 0.94mm; but in the 

vertical direction, the deviation is 0.79mm. 

 

 
 

Fig. 3. Ultra-wideband Gaussian pulse used for 

positioning. 
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Fig. 4. Pulses (structural mode) backscattered by anchors 

and arrived at node. 
 

B. Positioning calibration 

Since the introduction of U-slot into anchor’s facet, 

it is certainty that the pulse backscattered there will be 

distorted somewhat compared with that from the anchor 

not be equipped with U-slot. Through numerical analysis, 

we can show that the distortion of the pulse backscattered 

by the anchor1 is as illustrated in Fig. 9. The time offset 

at the peak of the pulse is 0.00349ns. This offset can be 

used to calibrate the exactness of the TOA in terms of the 

pulse backscattered by the anchor1. The TOA after being 

calibrated is turned to 0.8417ns; and accordingly, the 

distance (L1) is revised to 100.36mm [18]. 
 

 
  (a) 

 
  (b) 
 

Fig. 5. Spectrum of pulses: (a) for anchor without band-

notch; (b) for three anchors with different band notches. 

In Fig. 10, the time offset caused by the anchor2 is 

0.00247ns. The TOA after being calibrated is changed to 

0.7189ns; and accordingly, the distance (L2) is revised to 

63.53mm.  

Similarly, in Fig. 11, the time offset caused by the 

anchor3 is 0.00002ns, the TOA after being calibrated is 

to be 0.80662ns; and accordingly, the distance (L3) can 

be revised to 89.84mm. 
 

 
 

Fig. 6. Pulse backscattered by anchor1 compared with 

that transmitted by node. 

 

 
 

Fig. 7. Pulse backscattered by anchor2 compared with 

that transmitted by node. 

 

 
 

Fig. 8. Pulse backscattered by anchor3 compared with 

that transmitted by node. 

ACES JOURNAL, Vol. 33, No. 5, May 2018479



Using the Equation (1) again, the coordinate of the 

node after calibration by time offset can be revised to 

(60.00542, 80.18034) mm. It is obviousness that, through 

the calibration, the deviation of the node in the horizontal 

direction is reduced to 0.00542mm, and the deviation 

in the vertical direction can be reduced to 0.18034mm 

simultaneously.  

Fig. 9. Pulse backscattered by anchor1compared with 

that without band notch. 

Fig. 10. Pulse backscattered by anchor2 compared with 

that without band notch. 

Fig. 11. Pulse backscattered by anchor3 compared with 

that without band notch. 

V. CONCLUSION 
According to the study in the paper, it can be 

concluded that compared with the narrow band 

circumstance, the IR-UWB is more effective in giving an 

accurate positioning, and the accuracy can be further 

improved by employing shorter, more precise pulses 

with higher level integrity. It is also concluded that the 

passive and chipless IR-UWB positioning is a simple 

and cost-efficient system. The positioning under this 

architecture can be implemented by recognizing not only 

the TOA of pulse but also the band-notch for anchor 

scrutinizing. Moreover, it can be concluded that the 

positioning deviation can be compensated by calibrating 

TOA with the time offset made by the pulses backscattered 

by the anchor with and without band-notch, respectively. 
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Abstract ─ A novel broadband CPW-fed 2-iteration 

fractal antenna based on the circular patch and the 

equilateral triangle slot is designed for RF energy 

harvesting. The simulated and measured results show 

that the proposed antenna offers an impedance 

bandwidth of 162% from 0.88 to 8.45 GHz and a peak 

gain of 8.7 dBi. Afterwards, the single-stage voltage 

multiplier rectifier with a T shape LC matching network 

to reduce the reflection losses is used to realize RF-to-

DC conversion in energy harvesting; here, it is also 

integrated with the fractal antenna to form the rectenna. 

Accumulating RF power from 2G (GSM), 3G (the third 

generation), 4G-LTE and WLAN frequency-bands, the 

measured results across an optimized load resistor of 

4.7-kΩ show that the maximum rectenna efficiency is 

51.8%, 46.1% and 45.08% at the center frequency of 

2.4 GHz, 2.1 GHz and 1.9 GHz, respectively. Additionally, 

the measured peak conversion efficiency of the system 

is 24.03% at 2.4 GHz. 

 

Index Terms ─ Broadband, energy harvesting, fractal 

antenna, rectenna. 
 

I. INTRODUCTION 
Recently, the ambient RF power density is growing 

since there is an increasingly frequency bands are being 

occupied such as WLAN, GSM, DCS, 3G and 4G LTE. 

The idea of using RF energy harvesting technique to 

convert these ambient RF energy into usable electrical 

energy to power low-power electronic devices has 

become an upsurge of research [1-3]. In general, the 

system of this technique is mainly composed of the 

rectifying antenna (rectenna). For weak ambient RF 

power density, the designed rectenna requires high gain 

to improve the input power and also need wide 

impedance bandwidth to accumulate more RF power 

from different frequency bands, such as Yagi antenna 

array [4] and six-band dual circular polarization (CP) 

log-periodic rectenna [5], respectively. However, the 

mentioned antennas cannot be satisfied because of their 

large dimension and complex structure. On the other 

hand, other various designs have been investigated, such 

as the anti-spiral slot resonator [6], differential structure 

[7], circularly polarized [8, 9] and so on. Analogously, 

most of these proposed antennas only accumulate RF 

power within narrow frequency-bands, which greatly 

restricts the efficiency of energy harvesting. For this, 

antennas with multiband, high gain and compact 

structure are greatly preferred. 

Since the self-similarity and spatial filling can be 

converted into multi-frequency characteristics and 

dimension reduction in antenna design, the fractal 

technique can be proposed to be one of the potential 

candidate for increasing antenna bandwidth. Numerous 

fractal techniques have been investigated, for instance, 

elliptical fractal shapes [10] and Sierpinski [11] have 

been discussed for bandwidth enhancement. In [10], a 

novel printed elliptical nested fractal antenna operates 

at 910 MHz, 2.4 GHz, 3.2 GHz, 3.8 GHz and additional 

5 GHz band, the ground plane located on both sides of 

the antenna feeding line adopts Hilbert fractal structure, 

which greatly increases the impedance bandwidth. In 

[12], a broadband bent triangular omnidirectional 

antenna with a bandwidth from 850 MHz to 1.94 GHz 

is presented. Due to the advantage of receiving both 

horizontal and vertical polarized waves, a peak rectenna 

efficiency of 60% and 17% is obtained over a resistor 

of 500 Ω at 980 MHz and 1800 MHz, respectively. 

Whereas, the input power is higher than the low-power 

density ambient too much during its measurement 

process. 

In this paper, a novel CPW-fed broadband fractal 

antenna is presented for RF energy harvesting. By using 

the novel fractal technique with a 2-iteration circular-

based triangle slot, the antenna designed for receiving 

2G (GSM), 3G (the third generation), 4G-LTE and 

WLAN RF signals can offer a relative bandwidth of 

162% (0.88-8.45 GHz). Afterwards, the rectifier with a 

T shape LC matching network is proposed for making 

up a rectenna. By actual manufacturing and debugging, 

the measurement for rectenna efficiency and system 

efficiency are performed. The results have verified that 

our proposed rectenna not only has advantages over  

the bandwidth and dimension, but also the RF-to-DC 

conversion efficiency, which make it suitable for 

multiband RF energy harvesting application. 
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II. FRACTAL ANTENNA DESIGN 
The structure of the proposed fractal antenna with a 

2-iteration circular-based triangle slot is depicted in Fig. 

1 (a). It can be seen that top of the antenna substrate 

covers radiation metal patch, while the bottom does not. 

The ground plane located on both sides of the feeder 

forms the structure of coplanar waveguide (CPW) feed, 

which decreases the losses of signal transmission. 

According to [13], antennas with CPW-fed are easy to 

be fabricated and integrated with circuits, especially the 

impendence bandwidth can be extended.  

The 0-iteration fractal antenna based on the CPW-

fed planar circular patch is depicted in Fig. 1 (b), which 

can motivate a variety of resonant modes. R1 is the 

radius of circular patch and can be explained by the 

equation: 

 1
1.841

,
2 r

c
R

f 
  (1) 

where εr is the relative permittivity of the substrate, f 

represents the center frequency of the designed antenna 

and c is the speed of light in vacuum. Meanwhile, Fig. 1 

(c) shows the 1-iteration fractal antenna, it can be seen 

that an equilateral triangle is slotted on the circular patch. 

The 2-iteration fractal antenna is based on the 1-iteration 

structure, as described in Fig. 1 (a), an inner circle inserts 

the slotted equilateral triangle, simultaneously, a smaller 

equilateral triangle horizontally symmetrical to the 

previous is slotted on the inner circle. At last, it is worth 

noting that both of the triangles and the circles have the 

same center point. 

Here, the scaling factor K (K>1) is introduced to 

describe the mathematical relationship of the proposed 

fractal structure. In general, the size of slotted equilateral 

triangles and inner circle are directly determined by the 

scaling factor K, the larger the value of K, the smaller 

the fractal slot is. Assuming the radius of the inner 

circle is Ri, the distance from the apex to the center of 

slotted triangle and the side length of slotted triangle is 

Li and Si, respectively. These mentioned parameters are 

summarized in the following equations: (i is the iteration 

of the fractal antenna): 
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The designed 2-iteration fractal antenna is fabricated 

on a substrate with a relative permittivity of 4.4 and a 

thickness of 1.6 mm. The antenna has a total size of 

100×100 mm2. The width and length of the feeder is Wk 

and Lk, respectively. The length and width of the 

coplanar waveguide is M and B, respectively. Here, an 

optimized scaling factor K is 1.5 and the optimized 

antenna parameters are illustrated in Fig. 1 (a). 

L

R1=44mm

Gap =0.5mm

B =5mm

M =48mm

W =100mm

L =100mm

h =1.6mm

Si = 25.46mm

Li =14.7mm

Ri =16.7mm

WK = 3 mm

LK = 6.2 mm

w

R1

B

h

substrate

ground plane M

GapTop metal
feeder

2-iteration

Li

Si

Ri

LK

WK  
 (a) 

0- iteration

original circle

R1

  

1- iteration

equilateral triangle 

slotted

 
   (b)   (c) 
 

Fig. 1. Geometric structure and size of the antenna: (a) 

2-iteration, (b) 0-iteration, and (c) 1-iteration. 

 

III. PERFORMANCE ANALYSIS  
For the designed antenna, the novel fractal technique 

is used to expand the impedance bandwidth. Then, the 

antenna is modeled and optimized by means of the HFSS 

software. To sufficiently investigate the impedance 

matching performance of the proposed fractal antenna 

with 2-iteration structure, here, the key parameters are 

selected and investigated as followings: the iteration of 

the fractal, the length of Gap, and the substrate thickness 

h. All these parameter simulations are based on the 

premise that the substrate thickness h is 0.6 mm and the 

value of scaling factor K is 1.5.  

The return loss of the fractal antenna with variation 

of iterations is depicted in Fig. 2. It can be seen that  

the impedance matching performance of the 2-iteration 

fractal structure is better than the 1-iteration fractal 

structure with the frequency-bands roughly from 0.8 to 

1.4 GHz and 1.85 to 6 GHz. Also, the same relationship 

that the 1-iteration fractal structure is better than the 0-

iteration fractal structure. This is because employing the 

fractal technique, the current path on radiation metal 

patch is increased, which greatly expands the antenna 

impedance bandwidth. Thus, the 2-iteration fractal 

antenna is more suitable for RF energy harvesting. 

Then, the length of Gap is varied and the effect on 

the impedance matching is investigated as depicted in 

Fig. 3. It is found that the 2-iteration fractal antenna 

ACES JOURNAL, Vol. 33, No. 5, May 2018483



with good impedance matching can be implemented 

when Gap is greater than 0.3 mm. When the frequency 

is below 3 GHz, the antenna impedance matching 

becomes better along with the increase of the length of 

Gap, which can be accounted for the reason that 

antenna input impedance is affected by the variation of 

waveguide parameters. On the other hand, to reduce  

the reflection losses and parasitic effects caused by 

electromagnetic waves when propagating in coplanar 

waveguide, the length of Gap should not be too large. 

Parasitic effects also arouse high order harmonics to 

interfere with the antenna radiation performance. Hence, 

the length of Gap is more suitable for 0.5 mm. 

 

 
 

Fig. 2. Effects of fractal iterations on the return loss. 

 

 
 

Fig. 3. Effects of the length of Gap on the return loss. 

 

Figure 4 depicts the parameter effects on the 

impedance matching of the proposed fractal antenna 

with variation of the substrate thickness h. When h is 

selected 0.6 mm, the proposed fractal antenna has 

achieved a broad impedance bandwidth, while, keep on 

increasing the value of h, the impedance matching 

performance becomes better. This can be explained by 

some reasons, one is related to the empirical formula: 

 
22 : ( ) 5.04 ( ) ( ),VSWR BW MHz f GHz h mm   (5) 

where it demonstrates the relationship between the 

thickness of substrate and the antenna bandwidth. In 

addition, the other reason can be explicated by the 

antenna cavity model calculation that antenna input 

impedance is determined by the thickness of substrate. 

Meanwhile, to restrain surface wave and improve the 

antenna radiation efficiency, the substrate thickness h 

should not too large. Thus, the parameter h = 1.6 mm is 

more suitable for antenna fabrication. 
 

 
 

Fig. 4. Effects of substrate thickness h on the return 

loss. 
 

 
 

Fig. 5. The simulated and measured return loss. 
 

Figure 5 depicts the simulated and measured 

impedance bandwidth of the designed fractal antenna.  

It can be seen that the measured return loss is more  

than 10 dB within the bandwidth from 0.88 to 8.45 GHz 

(the relative bandwidth is 162%), which shows a good 

impedance matching. Different from the ideal metal 

conductor in simulation, there may exist certain error 

partially due to the connector welding in actual 

fabrication, which directly degrades the performance of 

antenna impedance bandwidth. In general, the fabricated 

antenna meets the requirement for multiband RF energy 

harvesting. Figure 6 shows the gain of the proposed 

antenna varied with the frequency. We can find that the 
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maximum gain of the antenna is 8.7 dBi. 
 

 
 

Fig. 6. The gain of the proposed fractal antenna. 
 

 
 

Fig. 7. Measured return loss versus input power of the 

rectifier at different frequency bands. 

 

IV. ANTENNA APPLICATION IN RF 

ENERGY HARVESTING 
The rectifying circuit performs the function of RF-

to-DC power conversion, to reduce the power loss, the 

designed rectifying circuit should only consist of few 

components, as proposed in [14] the rectifier is directly 

integrated with the antenna. In this paper, a single-stage 

voltage multiplier rectifier is proposed and the Schottky 

HSMS-2852 diode is adopted as the core rectifying 

component due to its low threshold voltage, high 

switching frequency and low power consumption. It has 

been demonstrated in [15] that the number of rectifying 

diodes is sensitive to the RF-to-DC efficiency. For the 

low input power, the more voltage multiplier stages, the 

lower RF-to-DC efficiency can be gained. Whereas, it 

is the opposite for the high input power. Hence, in case 

of weak ambient sources, the designed single-stage 

voltage multiplier rectifier is more suitable for RF 

energy harvesting. Since the nonlinearity of rectifying 

diodes, the input impedance of the rectifier varies as a 

function of frequency and input power level, thus, the 

broadband matching between the rectifier and the fractal 

antenna is a huge challenge. By using harmonic-balance 

and large signal analysis of ADS software, here, an 

optimized T shape LC matching network is employed 

to decrease the power reflection. Final topology of the 

rectifier is shown in Fig. 7 with a fabricated example. 

The substrate is FR4, with a relative permittivity of 4.4 

and a thickness of 1.6 mm. To convert the accumulated 

RF power from 2G (GSM), 3G (the third generation), 

4G-LTE and WLAN bands, the main center frequency 

for measurement is selected as 1.9 GHz, 2.1 GHz and 

2.4 GHz, respectively. Figure 7 depicts the return loss 

of the proposed rectifier versus input power levels at 

three main frequency bands. It is found that the rectifier 

is well matched for input power levels between -6 dBm 

and 5 dBm at 2.4 GHz.  
 

Fractal antenna

Rectifier 

Rectenna

Storage capacitor

T shape matching 

network

 
 

Fig. 8. The structure of the fabricated rectenna. 

 

The rectenna combined by the fabricated rectifier 

and the fractal antenna is shown in Fig. 8, which is used 

as the receiver for energy harvesting. Meanwhile, the 

another identical fractal antenna is connected with the 

AV1442 signal generator to form the transmitting 

antenna. In actual measurement, the distance between 

transceiver antennas is 15 cm. The received RF power 

PRF is measured by connecting the fractal antenna with 

the spectrum analyzer. Subsequently, the spectrum 

analyzer will be removed and rectenna is placed at the 

same position, then the DC voltage Vout is measured 

across an optimized load resistor Rload of 4.7-kΩ. The 

output DC power Pout of the rectenna and the rectenna 

efficiency η1 can be calculated according to the following 

equations: 

 
2

,
out

out

load

V
P

R
  (6) 

 .
out

1

RF

P

P
   (7) 

The measured rectenna efficiency η1 is depicted in 

Fig. 9. It can be seen that the maximum efficiency is 

51.8%, 46.1% and 45.08% at 2.4 GHz, 2.1 GHz and 1.9 

GHz, respectively, in case of the input power is 0 dBm. 
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The measured efficiency η2 of the whole system is also 

depicted in Fig. 9. The system efficiency η2 including 

air loss can be calculated by the equation: 

 2 ,
out

in

P

P
   (8) 

where the input power Pin is generated by the AV1442 

signal generator. It can be seen that the maximum system 

efficiency η2 is 24.03% at 2.4 GHz with the input power 

of 0 dBm. Table 1 shows the comparison between our 

designed rectenna and other designs reported previously. 

It can be seen that our design not only has advantages 

over the antenna impedance bandwidth and dimension, 

but also the satisfied conversion efficiency in low input 

power level. 

 
 

Fig. 9. The measured rectenna efficiency η1 and system 

conversion efficiency η2. 

Table 1: Comparison of the proposed rectenna and the related designs reported previously 

Ref. 
Frequency 

(GHz) 

Antenna 

Dimension (mm3) 

Maximum Gain 

(dBi) 

Input Power Level for 

Peak Efficiency (dBm) 

Conversion 

Efficiency (%) 

[4] 
Dual-band 

1.8, 2.2 
300×380×1.6 10.9, 13.3 3 to 5  50  

[12] 0.85-1.94 94×82×1.6 2 >0  60 

[16] 
0.9-1.1, 

1.8-2.5 
NS 3.3 0-23  75 

[17] 
Dual-band 

0.915, 2.45 
60×60×60 1.87, 4.18 -10 to 0  50 

This work 0.88-8.45 100×100×1.6 8.7 -5 to 0  51.8 

 

V. CONCLUSION 
In this paper, a novel broadband CPW-fed fractal 

antenna is proposed. The simulation and measurement 

have demonstrated that the designed antenna offers a 

bandwidth of 162% (0.88–8.45 GHz) and a peak gain of 

8.7 dBi. Then, the rectifier with a T shape LC matching 

network is fabricated and integrated with the fractal 

antenna to form a rectenna. The measured results show 

that the maximum rectenna efficiency is 51.8%, 46.1% 

and 45.08% at 2.4 GHz, 2.1 GHz and 1.9 GHz, 

respectively. The peak energy conversion efficiency of 

the whole system is 24.03% at 2.4 GHz. At last, the 

designed rectenna is suitable for RF energy harvesting. 
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Abstract ─ One type of orbital angular momentum 

(OAM) reflectarray antenna is presented to radiate the 

electromagnetic wave with beam vorticity. Microstrip 

double square loops are adopted as the element for the 

proposed reflectarray. Reflect phase of the elements 

with various sizes are analyzed by HFSS software with 

periodic boundary condition and Floquet mode. Then 

massive elements with different sizes are arranged 

helically to form the reflectarray, transforming the 

incident spherical wave into a vortex phase front. Several 

OAM reflectarray examples with different OAM mode 

and different feed mode are designed and fabricated. 

The phase patterns of far-zone field are simulated by 

FEKO software and measured by near-field scanning 

system, which demonstrates the phase singularity and 

vortex. 

 

Index Terms ─ Orbital angular momentum, reflectarray 

antenna, vortex electromagnetic wave. 
 

I. INTRODUCTION 
Recently, much attention has been focused on 

vortex electromagnetic waves. Vortex electromagnetic 

waves have helical phase wavefronts and can carry 

orbital angular momentum (OAM) [1], [2]. The OAM 

is related to beam vorticity and phase singularity, which 

contains infinity eigenstates theoretically. The eigenstates 

of OAM are mutually orthogonal to each other, so the 

OAM can be used to add communication channels 

without increasing the frequency bandwidth. 

For vortex electromagnetic waves application, 

various antennas have been presented in literatures, such 

as the twisted parabolic antenna [2], circular antenna 

array [3], [4], open cylinder resonant cavity [5], planar-

spiral phase plate (planar-SPP) [6], and so on. The 

planar-SPP proposed in [6] can be seen as transmit array 

to transform the incoming phase front into a desired 

outputting phase front, in which air holes in substrate are 

adopted as the unit cell to provide the phase shift. 

Different from the planar-SPP presented in [6], 

another quasi-periodic planar structure based on the 

reflectarray theory can also be used to generate vortex 

electromagnetic wave. The reflectarray antenna can be 

seen as a hybrid of reflectors and arrays, which have 

been widely discussed and in-depth [7-9]. Recently, a 

reconfigurable graphene reflectarray has been proposed 

in [10] for the generation of vortex waves in THz band, 

in which graphene reflect units are adopted. 

In this paper, the design of an OAM microstrip 

reflectarray is presented. The proposed reflectarray 

antennas adopt double square loops printed on the 

grounded substrate as the element and the linear 

polarization horn is adopted to provide an incident 

spherical wave as a primary source. Massive elements 

with different sizes are arranged quasi-periodically to 

transform the spherical wave to waves with OAM in 

different states. 

For the OAM reflectarray, the key parameter are 

the phase response provided by the elements arranged 

in array lattice, which are specifically designed to 

compensate for the differential spatial phase delays 

from the feed and form a helical phase front on the 

reflectarray aperture. Double square loops are adopted 

as the element and analyzed in Section II. Several OAM 

reflectarray examples are presented and simulated in 

Section III, including with prime focus feed and offset 

feed. Some experimental results are shown in Section 

IV, and Section V is the conclusion. 
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II. ELEMENT DESIGN 
The OAM reflectarray antenna, presented in this 

paper is a quasi-periodic array illuminated by a horn. 

Double square loops, as shown in Fig. 1, are adopted as 

the element in view of its wide scope of phase response. 

The double square loops include an outer loop with  

edge length L1 and an inner loop with edge length L2. 

Different reflect phase response can be obtained by 

changing the edge length of the outer loop and inner 

loop. In order to create the anticipation aperture phase 

distribution to generate OAM, the scale of the element 

shall be varied according to its position.  

Reflect phase of the element is analyzed by HFSS 

software with periodic boundary condition and Floquet 

mode, as shown in Fig. 1 (b). The simulated results are 

shown in Fig. 2, in which different ratio of the edge 

length between L1 and L2 are chosen. Other parameters 

of the double square loop are chosen as follows: width 

of the outer loop and inner loop are both 0.5mm, the 

substrate Rogers RT5880 and height 2mm, plus the 

periodic size 8mm and the frequency being 12.5GHz. It 

can be seen from the results shown in Fig. 2 that the 

wider scope of phase shift can be obtained if L2 is more 

closed to L1, and the slope of the curve will become 

steeper at the same time. According to the results, L2 is 

chosen as L2=0.7L1 in this paper and then a phase shift 

range approach to 360 degrees is obtained by adjusting 

the edge-length of the outer square loop L1 from 5.0mm 

to 7.5mm, which is enough to realize the arbitrary 

required phase distribution on the reflectarray. 
 

   

  (a) (b) 
 

Fig. 1. Double square loops on a grounded substrate 

and its HFSS model: (a) double square loops, and (b) 

HFSS model with periodic boundary condition and 

Floquet mode excitation.  

 

For designing the reflectarray, we shall seek the size 

of the elements according to the requested phase shift. 

So the curve of the reflect phase shift against the element 

size is fitted piecewise by the 2-order polynomial, as 

shown in Fig. 3. It’s convenient for building the 

geometry model of the massive quasi-periodic array, 

and the edge length of the outer loop L1 of the nth 

element can be calculated directly as: 

 

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


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
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


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where βn is the requested phase shift (deg.) of the nth 

element.  

 

 
 

Fig. 2. Reflect phase shift of the double square loops 

element with different ratio between the outer loop edge 

length L1 and the inner loop edge length L2. The results 

are simulated by HFSS. 

 

 
 

Fig. 3. Reflect phase shift of the elements with various 

sizes. The cross line is obtained from HFSS, while the 

red solid line and black dash line are fitting results. 

 

III. THE ARRAY LAYOUT AND 

SIMULATED RESULTS 
As shown in Fig. 4, a reflectarray is placed on  

the xy-plane. The reflectarray is illuminated by a y-

polarization horn located at (xf, yf, F), where F is the 

distance between the aperture of the horn and the 

surface of the reflectarray elements.  

The electromagnetic wave excited by the feed  

horn can be approximated as a spherical wave which 

originates from the center of the horn aperture. When the 

feed horn is adopted to illuminate the reflectarray, there 

are some non-uniform phase distributions for the incident 

wave on the aperture of the reflectarray. Then the phase 

shift of each element is designed to compensate for the 

spatial delay of the incident wave, and provide a vortex 

phase distribution on the aperture that generates a wave 

with beam vorticity at the specific direction 
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Assume the beam direction is perpendicular to the 

aperture of the proposed reflectarray. In order to create 

vortex phase front, the requested phase shift for the 

element located at (xn, yn) can be written as: 

    




  222222

0n FyxFyyxxkl fffnfnn , (2) 

where l is the OAM mode number, φn is the azimuthal 

angle of the element position. In the right of Equation 

(2), the second part represent compensating for the 

differential spatial phase delays from the feed, and the 

first part is used to form the request vortex phase front. 

 

 
 

Fig. 4. Configuration of the reflectarray illuminated by 

a horn located at (xf, yf, F). The beam direction is 

perpendicular to the reflect elements surface. 

 

A. Prime focus feed OAM reflectarray 

The design examples of prime focus feed OAM 

reflectarray are presented firstly. The mode number of 

the OAM is chosen as “1” and “2” respectively. The 

scale of the reflectarray D×D is 160mm×160mm and the 

number of the elements is 20×20. The feed horn is 

located at (0, 0, F), and F is chosen as 80mm, which 

means F/D=0.5. By using Equation (2), size of each 

element can be calculated  

Because of electrically large size, combined with 

massive elements and thin dielectric layer, the full-wave 

simulation is a challenging task for the reflectarray. The 

surface meshing approach will be more appropriate than 

the volume meshing method for this problem [11]. As 

such, the multi-level fast multipole method (MLFMM) 

based on integral equation and method of moment 

(MoM) technique is more effective than other numerical 

techniques such as finite element method or finite 

difference method. Then the commercial MLFMM 

software FEKO v.7.1 is adopted here for full-wave 

simulation of the reflectarray. The reflectarray modeled 

in FEKO with OAM mode l=1 is shown in Fig. 5. The 

simulated gain pattern and phase pattern is shown in Fig. 

6, in which the phase pattern is obtained on a plane 50λ0 

away from the reflectarray. The observation distance 

50λ0 is only an example, and arbitrary distance which is 

much large than wavelength can be chosen. 

For the simulation of this example, FEKO uses 

1348 metallic triangles in free space, 56,486 metallic 

triangles that coincide with the surface of a dielectric, 

and 28,552 triangles for the surface of a dielectric to 

mesh the model. 232,916 unknown basis functions need 

to be calculated by the FEKO MLFMM solver. The peak 

memory usage during the whole solution is 13.31GB 

and the CPU time is 1854 seconds on a 4 core 2.80GHz 

Intel(R) Xeon(R) Dell Precision 7710 computer.  

It can be seen in Fig. 6 that there is a radiation null 

at the beam direction and the phase varied from 0° to 

360° around the center singularity point, which conforms 

to the vortex wave with “1” order OAM.  

The FEKO model of the reflectarray with OAM 

mode l=2 is shown in Fig. 7, and the simulated results 

are shown in Fig. 8. The phase pattern is also obtained 

on a plane 50λ0 away from the reflectarray. It can be 

seen that the phase varied from 0° to 720° around the 

center singularity point, which conforms to the vortex 

wave with “2” order OAM. 

 

      
 (a)  (b) 

 

Fig. 5. FEKO model of the reflectarray with OAM 

mode l=1: (a) perspective view and (b) top view. 

 

 

 

Fig. 6. Simulated results for the 1 order OAM 

reflectarray: (a) gain pattern and (b) phase pattern. 

 

B. Offset feed OAM reflectarray 

The OAM reflectarray can also be designed as 

offset feed configuration. Assuming the feed horn is 

located at (0, -D/2, F), substitute the yf in Equation (2) 

with -D/2 and build the layout of the reflect elements for 

the vortex beam with OAM mode l=1, as shown in Fig. 

9. The beam direction is assumed perpendicular to the 

reflectarray surface. It can be seen that the layout of 

elements for offset feed is much different to the case of 

prime focus feed. The elements are not arranged helically 

but more complicated.  
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 (a)  (b) 
 

Fig. 7. FEKO model of the reflectarray with OAM mode 

l=2: (a) perspective view and (b) top view. 
 

 

 (a) (b) 
 

Fig. 8. Simulated results for the 2 order OAM 

reflectarray: (a) gain pattern and (b) phase pattern. 
 

      
 (a)  (b) 
 

Fig. 9. FEKO model of the 1 order OAM with offset 

feed: (a) perspective view and (b) top view. 
 

The radiation pattern and phase pattern of the offset 

feed OAM reflectarray are shown in Fig. 10, which is 

obtained on a plane 50λ0 away from the reflectarray and 

demonstrate the helical phase front and field singularity 

along the beam direction, which is in line with the radio 

vorticity well. 
 

C. Discussion of the aperture efficiency 

Because of the radiation null at the beam direction, 

it’s ambiguous for evaluating the gain or efficiency of 

the OAM antenna as conventional antenna. A conversion 

efficiency for the OAM metasurface was considered  

in [12] as the ratio of the energy carried by the OAM 

wave to the total energy of the transmitted wave. This 

conversion efficiency can be seen as an OAM mode 

efficiency. In order to evaluate the gain of the OAM 

reflectarray, we introduce a relative efficiency here 

which is defined as the aperture efficiency relative to 

the twisted parabolic antenna [2] with same area and 

same feed source.  

 

 (a)   (b) 
 

Fig. 10. Simulated results for the 1 order OAM reflectarray 

with offset feed: (a) gain pattern and (b) phase pattern. 

 

As example, the relative efficiency of the 1 order 

OAM reflectarray proposed in Part A is invetsgated.  

A twisted parabolic antenna with radius 90mm is 

established and modeled in FEKO. The twisted parabolic 

antenna has same aperture area and is fed by the same 

horn as that of the OAM reflectarray. 
 

 
 

Fig. 11. FEKO model of the twisted parabolic antenna 

which is used as a referenced antenna to evaluate the 

aperture efficiency of the proposed  reflectarray. 

 

The FEKO model of the twisted parabolic antenna 

is shown in Fig. 11, and the simulated results of gain 

pattern are shown in Fig. 12, in which simulated results 

of the OAM reflectarray are also given. It can be seen 

that the gain patterns of the OAM reflectarray are 

approached to that of the twisted parabolic antenna and 

have about 1.8dB descrease than the latter in E-plane 

when θ is near to the beam direction. It means that the 

relative aperture effciency of the OAM reflectarray is 

about 66% relative to the twisted parabolic antenna. The 

decrease of the aperture efficiency can be attributed to 

the aperture shape and phase distortion. 
 

 
  (a)  (b) 

 

Fig. 12. Gain pattern of the proposed OAM reflectarray 

and the twisted parabolic antenna: (a) H-plane (xoz-

plane), and (b) E-plane (yoz-plane). In the label, OAM 

RA represents OAM reflectarry and twisted PA represents 

twisted parabolic antenna. 
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IV. PROTOTYPE AND EXPERIMENTAL 

RESULTS 
The designed prototypes are fabricated using printed 

circuit board (PCB) technology and shown in Fig. 13, 

in which (a) is the 1-order OAM reflectarray with prime 

focus feed, (b) is the 2-order OAM reflectarray with 

prime focus feed and (c) is the 1-order reflectarray with 

offset feed. 

 

 
   (a) (b)   (c) 

 

Fig. 13. Photographs of the fabricated OAM reflectarrays: 

(a) OAM l=1 with prime focus feed, (b) OAM l=2 with 

prime focus feed, and (c) OAM l=1 with offset feed. 
 

 
  (a)  (b) 

 
  (c)  (d) 

 
  (e)  (f) 

 

Fig. 14. The intensity patterns and the phase patterns of 

the OAM reflectarray propotypes. Those results are 

calculated from the measurement near-field data and 

plotted using Matlab code. The left-side figure (a), (c), 

(e) are the intensity patterns for the three prototypes 

shown in Fig. 13 respectively, and the right-side figure 

(b), (d), (f) are the phase patterns for those prototypes 

respectively. 

 

The measure results of those prototypes are 

obtained by using a near-field scanning system in 

anechoic chamber. Electromagnetic fields near to the 

aperture of reflectarrays are measured and recorded. 

With aperture equivalence principle, a Matlab clode is 

developed to calculate the field patterns on the plane 

50λ0 away from the reflectarray by using the near-field 

measurement data. The intensity patterns and the phase 

patterns of the three prototypes are shown in Fig. 14 

and accord with thoe simulated results well. 

 

V. CONCLUSIONS 
Reflectarray technique is used to generate the 

vortex electromagnetic wave in this paper. Design of  

the reflectarray with different feed mode and different 

OAM mode has been demonstrated. The HFSS software 

is used to calculate the phase shift of the double square 

loops element and the FEKO software to simulate the 

OAM performance of the reflectarray. Prototypes and 

experimental results are introduced to validate the design. 

The proposed antenna in this paper can be used as a 

substitute for the twisted parabolic antenna to generate 

the electromagnetic wave with beam vorticity. The next 

step of our work is to develop an experimental transmit 

and receive system for radio vortex. 
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Abstract ─ This paper proposes a printable chipless tag 

that encodes more bits than a conventional tag, and also 

a dual circularly polarized (CP) reader that achieves high 

isolation with insensitive orientation. To demonstrate 

this concept, a radio-frequency identification (RFID) tag 

of 13mm×13mm is designed to encode 5 bits covering 6 

- 9 GHz. This tag is investigated and measured with dual-

CP backscattering characteristics for the first time. The 

versatile dual-CP reader, along with this tag which is 

feasible to print on other flexible substrate including 

papers, clothes and plastics, are promising to benefit the 

Internet of Things (IoT). 

 

Index Terms ─ Chipless tag, dual circular polarization, 

Internet of Things (IoT), Radar Cross Section (RCS), 

Radio-Frequency Identification (RFID). 

 

I. INTRODUCTION 
Different from the widely employed barcode 

technology, radio frequency identification (RFID) adopts 

electromagnetic wave to identify targets [1]. RFID has 

been widely applied to many scenarios including 

transportation tolls, animal ID, and anti-thief systems, 

etc. [2]. RFID system usually consists of three parts: tags 

that carry binary information, readers that extract the 

encoded data, and a general platform connected with  

the Internet. Printable RFID tags, which features long 

reading range, non-line-of-sight (NLOS) reading, and 

automated identification and tracking, have the potential 

to supplement the existing barcode technology [3]. The 

popularity of RFID is mainly dependent on the cost of 

the tag, especially the cost of silicon chip in a tag. 

Therefore, chipless RFID tag without expensive chips has 

become the industry trend and attracts intensive research 

interest for low-cost, and massive item identification and 

tracking. 

A chipless tag contains neither IC chips nor battery. 

Therefore, it’s very challenging to encode as many data 

bits as chipped tag. To solve this problems, four encoding 

methods based on time, frequency, phase, and image are 

investigated. Among these, the frequency-domain-based 

approach are demonstrated with the highest data storage 

capabilities [4]. Using this method, chipless tags are 

designed with resonators to encode data into 

predetermined spectrum, and each data bit is associated 

with the presence or absence of a resonant peak [3]. 

Based on this principle, many different tags are proposed 

in [5-7]. However, to date, there still exist two issues. 

Firstly, the reading accuracy is seriously dependent on 

the position, orientation, and polarization of chipless 

tags. Secondly, the RFID system generally requires high 

isolation between transmitting (Tx) and receiving (Rx) 

antennas in reader, which causes the complexity and 

high cost of reader [8]. 

To alleviate the above issues, this paper demonstrates 

a novel dual circularly-polarized (dual-CP) RFID system 

as proposed in [9]. This dual-CP RFID system includes 

a compact linearly-polarized tag and a pair of reader 

antennas operating with left-handed circular polarization 

(LHCP) and right-handed circular polarization (RHCP) 

respectively. This system features high isolation between 

Tx and Rx, which not only alleviates the complexity of 

the following front-end circuits for signal extraction, but 

also makes the tags orientation insensitive. Additionally, 

by introducing a dummy structure, one more bit is 

achieved in the upper ultra-wideband (UWB) frequency 

range of 6-9 GHz. This paper is organized as follows. 

Section II introduces the design and analysis of chipless 

tag and presents the RCS measurements of chipless 

RFID tags. Section III shows the tag’s performance as 

well as the measurement of RCS for the tag. And last 

part, Section IV is the conclusion. 
 

II. TAG DESIGN AND MEASUREMENT 

PRINCIPLE  

A. Tag design principle 

The proposed dual-CP RFID system is shown in Fig. 

1. It consists of two antennas with crossed polarization, 

i.e., LHCP and RHCP, for transmitting and receiving 

respectively. Therefore, the isolation between Tx and Rx 

of the RFID readers is significantly increased. Moreover, 

this dual-CP configuration enables the proposed RFID 

system to detect tags with arbitrary orientation. The 

operation frequency is set as 6-9 GHz which is assigned 

by the Ministry of Industry and Information Technology 

of the People’s Republic of China for ultra-wideband  
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applications [10]. 
 

 
 

Fig. 1. The proposed RFID system with a dual-CP reader 

and a chipless tag. 
 

Coplanar square slots with nested concentration 

structure are used for the tag design. The structure 

features narrower bandwidth than other resonators such 

as circular rings. In addition, square slots are more 

reluctant to the printing errors than other shapes [4], 

especially when the operating frequency is much higher 

than the ultra-high-frequency (UHF), the printing 

accuracy should be the first priority. 

For the square-slots, the length dimension of each 

half-loop should be a multiple of the half-wavelength for 

resonance to occur, which means each half-loop is acting 

as a dipole element and the length dimension of the 

whole loop needs, therefore, to be a multiple of one full 

wavelength. However, to avoid weak resonances of re-

radiated energy in hemisphere of a single element, the 

length of the loop must be one wavelength instead of a 

multiple-wavelength [11]. 

Square slots resonators with different lengths are 

formulated to generate different signature to represent 

one bit. Actually, each square slot works as a λ resonator, 

which means its circumference is equal to one phase 

wavelength (λg) as expressed in Equation (1): 

 λg = 2(𝐿𝑖 + 𝐿𝑖 − 2𝑊𝑖), (1) 

and  

 𝐿𝑖 = 𝐿𝑖−1 − 𝑊𝑖−1 − 𝐺𝑖−1, (2) 

where Li is the side length of corresponding slot 

resonator, Wi is the width of corresponding square  

slot, Gi is the gap between them. However, the loop 

width (W) and substrate thickness (h) are also considered 

for calculating the guided wavelength (λg) of the square 

loop resonator. These empirical equations are derived 

from least square curve fitting techniques [12] which is 

quite complex to construct the design. 

For simplicity, we can derive the resonant frequency 

as: 

 𝑓𝑖 =
𝑐

2(𝐿𝑖+𝐿𝑖−2𝑊𝑖)
√

2

𝜀𝑟+1
, (3) 

where c is the speed of light in free space, Li is the side 

length of corresponding square slot resonator, and 𝜀𝑟 is 

the relative permittivity of the substrate. 

Therefore, if N square slots of different lengths are 

placed concentrically, it will generate signatures with N 

different frequencies. Meanwhile, the harmonics have  

no effect on the tag’s performance: the second harmonics 

of the resonance are absent in the backscattered signal, 

while the third harmonics are out of the operation band 

(6-9 GHz) and small enough to be neglected. 

 

 
 (a) 

 
 (b) 

 

Fig. 2. The proposed chipless tag: (a) design schematic 

and (b) tag parameters. 

 

As shown in Fig. 2 (a), the tag is excited by LHCP 

plane wave and the frequency-encoded backscattered 

signal from the tag is received by an RCS probe placed 

at 50 mm away. Open (add space) boundary condition is 

used during the simulation. 

The layout of the proposed 5-bit tag is shown in Fig. 

2 (b) with design parameters, where L1 and L5 are the  

side lengths of the outermost and innermost square slot 

resonator respectively, Ld is the side length of the dummy 

structure. The square slots are with the same width of Ws 

and gap of Gs between each other. They are calculated 

using Equation (1), with detailed parameters of L1 = 8.4mm, 

L5 = 6.0mm, Ld = 5.4mm, and Ws = Gs = 0.15mm. The 

substrate is Rogers RO4350, with dielectric constant of 
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3.48, and a thickness of 0.76 mm.  

The resonators are numbered according to their 

lengths: resonator 1 is the longest resonator and generates 

the lowest frequency, which is denoted as most significant 

bit (MSB); while resonator 5 with highest frequency is 

denoted as least significant bit (LSB). 

When the incident plane wave excites this square 

slot tag as shown in Fig. 2 (a), a frequency-selective 

behavior with deep notches appear at the resonant 

frequencies in the backscattered signal. However, 

because of the same width and gap of these square loops, 

the resonant quality factor will drop at higher resonant 

frequency points, with increased resonant bandwidth. 

Therefore, a dummy structure is innovatively proposed 

and located at the inner part of resonator 5. This 

introduced dummy structure will bring one more bit. 

 

 
 (a) 

 
 (b) 

 

Fig. 3. (a) RCS performance of the four different tags, 

and (b) the isolation between two horn antennas in the 

two different RFID systems (@200mm distance). 

 

As shown in Fig. 3 (a), if employing the conventional 

structure with five square resonators, the six resonant 

frequency is out of the frequency range of 6-9 GHz, and 

its Q-factor is too low to be detected as a resonance.  

Thus, a dummy is innovatively added at the inner of the 

shortest square resonator to narrow the bandwidth of the 

highest resonance. 

The isolation between two CP and LP horn antennas 

was demonstrated respectively. The two antennas were 

placed straightly at 200mm distance. As depicted in Fig. 

3 (b), at comparatively lower frequency (5-7 GHz), the 

isolation between the two LP horn antennas is quite 

lower compared with CP ones. Since the RCS response 

of single tag is weak, one tag reading range is quite limited 

in LP RFID system. As a result, our dual-CP RFID 

system is free from poor isolation performance, and thus 

has a farther reading range of tags than conventional LP 

RFID system. 

 

B. RCS measurement methods  

RCS measurement is usually based on the far-field 

measurement of the backscattered power from the target, 

namely the tag in this circumstance. The value can be 

obtained by using vector network analyzer (VNA). As 

illustrated in Fig. 4, there are two possible measurement 

configurations: the bi-static bench with two antennas  

and the mono-static bench with only one antenna. The 

backscattered power transfer is characterized by the 

transmission coefficient in bi-static bench and the 

reflection coefficient in mono-static bench [13]. 

 

 
 (a) 

 
 (b) 

 

Fig. 4. Configuration of two possible measurement 

benches: (a) bi-static (measurement of the S21 parameter), 

and (b) mono-static (measurement of the S11 parameter). 

 

If the target responds in cross-polarization, a dual-CP 

antenna can be used as probe, avoiding the environmental 

contribution such as in [14] and overcoming the incident 

angle issue [13]. In this configuration, the isolation 

between the two ports of this antenna will be a critical 

parameter of the testing accuracy. Hence, we use bi-static 

RCS measurement configuration. RFID systems can  

be treated as radar systems because the backward 

communication link (from tags to the reader) is purely 
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scattering.  

Basically, the RCS can be determined by measuring 

the backscattered power and using the radar equation in 

which transmitting power and receiving power have 

relation formulating in Equation (4) [15]: 

 
2

3 4(4 )

t t r

r

PG G
P

R

 


 , (4) 

where 𝑃𝑡  is transmitting power, 𝑃𝑟   is receiving power, 

𝐺𝑡 , 𝐺𝑟  are respectively gain of Tx and Rx, λ is transmitting 

wave length, R  is distance between antenna and tag, σ  

is the RCS of the tag. The Tx and Rx transmission 

coefficient from VNA can be obtained using Equation 

(5): 

 
2

21r tP P S . (5) 

As a result, the RCS of the tag is calculated with (2) 

and (6):  

 

23 4

21

2

(4 )

t r

R S

G G





 , (6) 

Another RCS calculation method can be found in 

[16] that RCS 𝜎𝑡𝑎𝑔 of tags under test is as a function of 

the frequency based on the known RCS 𝜎𝑟𝑒𝑓   of the 

reference scatter: 

 

2

21 21

21 21

tag background

tag refref background

S S

S S
 

 
  

 
, (7) 

where 𝑆21
𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑

  is measured S21 parameter when 

nothing is mounted and 𝑆21
𝑟𝑒𝑓

 is measured S21 parameter 

when the reference scatter is mounted. Normally, a flat 

metal plate or a metal ball is used as the reference target. 

When a perfectly-conducting square flat plate, of 

side length a, is considered, its RCS can be expressed as 

[17]: 

 
4

2

4
=

a



, (8) 

or in general, for a plate of area A, 

 
2

2

4
=

A



, (9) 

the RCS has units of 𝑚2 and is often expressed in decibels 

relative to square meter (dBsm): 

 σ(dBsm) = 10log10[𝜎(𝑚2)]. (10) 

 

III. RESULTS 
Tag measurement was setup in the bi-static form as 

shown in Fig. 5 (a). The tag doesn’t have ground plane; 

therefore, when the tag was illuminated with LHCP wave, 

EM waves can be received at both sides of the tag. Figure 

6 (a) shows the backscattered signal. The RHCP component 

is dominant and in the front direction, i.e., the ratio of 

RHCP/LHCP is much higher than 0 dB. On the contrary, 

as shown in Fig. 6 (b), LHCP is dominant from the back 

side. Therefore, it is feasible to use dual-CP antennas to 

detect these tags. 

To improve the RCS response of proposed chipless 

tags, we fabricated the tag in the form of 4×4 arrays as 

depicted in Fig. 5 (b). From Equation (4), we can derive 

the relation between the two RCS response of array and 

unit: 

 𝜎𝑎𝑟𝑟𝑎𝑦(𝑑𝐵) − 𝜎𝑢𝑛𝑖𝑡(𝑑𝐵) = 10𝑙𝑜𝑔10(16)=12.04. (11) 

The RCS response in Fig. 7 shows that, when the 

incident plane wave has limited angle with the tag, there 

is almost no obvious orientation mismatch, i.e., the 

proposed dual-CP system can read tags with different 

orientation. 

As Fig. 4 depicts, when we employ the bi-static 

measurement of S-parameter or RCS response, deviation 

is unavoidable as the angle deviation increases. Given in 

Fig. 8, keeping the resonant frequency within acceptable 

range, the angle between the two antennas can be up to 

45 degrees, which is enough for real applications. 

 

 
 (a)  (b) 

 
Fig. 5. (a) Tag measurement setup using two CP horn 

antennas, and (b) prototype of proposed tag with ‘11111’ 

(4x4 array). 

 

 
 (a)   (b) 

 
Fig. 6. Dual-CP backscattering characteristics of the 

proposed tag: (a) RHCP/LHCP ratio at the front side, and 

(b) LHCP/RHCP ratio at the back side. 

 

IV. CONCLUSION 
A dual-CP RFID system with high isolation and 

printable chipless nested square slots tag with higher 

density is proposed and demonstrated. By introducing a 

dummy, we achieved 1 more bit covering 6-9 GHz. This 

tag can be directly printed on versatile substrate. In 

addition, the dual-CP system is orientation insensitive 

and have 45 degrees tolerance between Tx and Rx.  

The measured results show that, the proposed dual-CP 
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system with chipless tag is promising for low-cost IoT 

applications. 

 

 
 

Fig. 7. Measured RCS results for tag with dummy 

structure, for three angles of incident wave (tag lying on 

the xoy plane). 

 

 
 

Fig. 8. Angle deviation tolerance of tag with dummy 

structure for example. 
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Abstract ─ In this paper, an adaptive compensation loop 

control method is presented for dynamic range wireless 

power transfer (WPT) based wireless endoscopic capsules 

(WEC) applications. Rather than a fixed external resistor 

feedback network utilized in the DC-DC converter with 

maximum power point control (MPPC) capability, an 

enhanced nMOSFET based adaptive compensation loop 

is introduced to extract maximum power transfer from 

the RF-DC rectifier within overall operational power 

range of the WEC system. Simulation in ADS and 

measurement among three rectifiers with an LDO, a 

fixed external resistor feedback network and an adaptive 

compensation loop control are performed respectively to 

achieve a steady 3.3V on a resistive load of 100Ω, which 

validates that the proposed adaptive compensation loop 

control method realizes an extended dynamic power 

range with a lower limit of 21.5dBm to realize a minimum 

100mW load DC power delivery for the IPT enabled 

WEC system. 

 

Index Terms ─ Adaptive compensation loop, dynamic 

range, enhanced nMOSFET, MPPC, resistor feedback 

network, WEC, WPT. 

 

I. INTRODUCTION 
Wireless endoscopic capsules (WEC) technology 

has been developing and researching rapidly in recent 

years since it provides an alternative solution to the 

traditional endoscopies for the painless diagnosis of 

cancer or other diseases affecting the gastrointestinal 

tract [1]. It releases patients from the painful surgical 

operations thanks to its specific attributes of the 

convenience and non-invasion compared with a traditional 

endoscopy, which enables the patients to have more 

comfortable medical check-ups and allow a doctor to get 

a comprehensive profile of the patients’ physiological 

conditions.  

However, the power capacity limitation of the cell 

batteries has become a bottleneck in the WEC’s wide 

applications. Typically, an inductive power transfer 

(IPT) [2] is introduced to get rid of this constraint (see 

Fig. 1). A receiving coil captures the alternative magnetic 

field generated by a transmitting coil to convert into the 

alternative electrical field as a power source. Then this 

portion of power is delivered into an RF-DC rectifier for 

the rectification to achieve a direct voltage Vin. However 

Vin is usually not stable for the DC voltage supply 

requirement of some commercial electronics, such as a 

micro-programmable control unit (MCU) and sensors. 

Therefore it’s needed to regulate Vin by a DC-DC 

converter (see Fig. 1). In the traditional IPT system, a 

low dropout (LDO) regulator is typically adopted as the 

DC-DC converter. When Vin is slightly more than the 

rated operational voltage Vo, LDO is an effective and 

simple choice for the battery-powered applications [3]. 

Nevertheless, if Vin is much more than Vo, LDO will 

introduce much power loss as its operation mechanism  

is only to regulate Vin without considering the DC-DC 

conversion efficiency. 
 

 
 

Fig. 1. Block diagram of a IPT receiver. 
 

Therefore, it’s essential to adopt a DC-DC bulk with 

a maximum power point control (MPPC) capability 

instead of a traditional LDO, which enables a maximum 

power transfer extraction from a non-ideal DC voltage 

source when Vin is much more than Vo in the IPT system. 

Nevertheless, some commercial DC-DC converters (e.g., 

LTC3129-1) can only be controlled with a fixed external 
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high resistor feedback network, which maximizes power 

transfer from a specific and fixed non-ideal DC voltage 

source [4].  

In this paper, rather than a fixed external high 

resistor feedback network employed in the DC-DC 

converter, an enhanced nMOSFET Si2342DS based 

adaptive compensation loop control is proposed to extract 

the maximum power transfer from the HSMS282P based 

voltage doubler rectifier over a wide dynamic range of 

the WEC system. Measurement and fabrication validate 

that the proposed adaptive compensation loop control 

enables an extended dynamic power range with a lower 

limit of 21.5dBm (22.5dBm for the fixed external high 

resistor network and 25dBm for the LDO SPX3819 in 

our previous work [8]) to realize a minimum 100mW 

load DC power delivery, which brings a practicality for 

the IPT enabled WEC applications.  

 

II. THEORY ANALYSIS 
To maximize power extraction from a non-linear 

DC power source, the DC-DC converter maximum power 

transfer incident voltage Vin(MPPC) can be controlled by a 

constant external resistor feedback network consisting of 

two high resistors Rhigh and Rlow as: 

 𝑉in(MPPC) = 𝑉ref(
1 + 𝑅low/𝑅high

𝑅low/𝑅high
), (1) 

where Vref is the reference voltage of the implemented 

DC-DC converter (e.g., Vref =1.175V in LTC3129-1). 
 

 
 

(a) (b) 

 
Fig. 2. (a) HSMS282P based voltage doubler rectifier; (b) 

power conversion efficiency versus output voltage. 

 
However, the RF-DC rectifier, as a non-ideal power 

source, can generate different Vin(MPPC) as the incident 

voltage supply of the LTC3129-1 within various incident 

powers [5]. Therefore, it addresses an extreme challenge 

for the fixed voltage Vin(MPPC) in (1) to extract a maximum 

power transfer within a wide dynamic range IPT enabled 

WEC system, which requires an adaptive compensation 

loop to dynamically adjust the ratio of Rlow/Rhigh. For the 

validation, a HSMS282P based voltage doubler rectifier 

(see Fig. 2 (a)) is designed with harmonic balance (HB) 

simulation in ADS at 200KHz by sweeping a resistive 

load RL. Incident power varies from 21dBm to 24dBm, 

which covers a WEC system’s operational power range. 

Parallel-diode topology of HSMS282P is implemented 

to reduce the semiconductor resistive loss of Rs in its 

current path when charging and discharging during the 

procedure of RF-DC rectification [6]. Power conversion 

efficiency versus output voltage is then calculated in Fig. 

2 (b). Thus Vin(MPPC) of HSMS282P based voltage doubler 

rectifier with the maximum power transfer efficiency is 

confirmed to be increased with its incident powers [5]. 

When a trade-off Vin(MPPC)=6V is selected with a fixed 

ratio Rlow/Rhigh around 0.24, a maximum overlap RF-DC 

conversion efficiency of 74% can only be achieved over 

power range from 21dBm to 24dBm. Even worse, when 

the IPT receiver acquires more conversion efficiency, 

there may be no trade-off Vin(MPPC) for the input voltage 

supply of the DC-DC converter, which degrades a WEC 

system performance considerably. Detailed simulation 

and calculation of a HSMS282P based voltage doubler 

rectifier (see Fig. 2 (a)) is provided in Table 1 over the 

WEC operational power range from 21dBm to 24dBm. 

Vin(MPPC) of the implemented DC-DC converter equals 

output voltage Vout with the maximum power conversion 

efficiency Effmax in Fig. 2 (b). Ratio of Rlow/Rhigh can be 

calculated by reference to the Equation (1). Consequently, 

Vin(MPPC), Effmax and Rlow/Rhigh can be determined within 

different power levels (i.e., Table 1). Noticeably, it’s 

observed an obvious Rlow/Rhigh variation occurs, which 

seriously degrades the Vin(MPPC) extraction for the 

LTC3129-1 to maximize power transfer from a non-ideal 

DC voltage source (i.e., a rectifier in Fig. 2 (a)). 
 

Table 1: Simulation data of the rectifier in Fig. 2 (a) 

Pin (dBm) Vin(MPPC) (V) Effmax (%) Rlow/Rhigh 

21 5.27 79 0.29 

22 5.98 79.2 0.25 

23 6.74 80.1 0.21 

24 7.61 81.1 0.18 

 

So as to get rid of the constraint mentioned, ratio of 

Rlow/Rhigh in the external high resistor feedback network 

should be compensated dynamically to achieve Vin(MPPC) 

within different incident power levels. In order to enable 

a simple and compact circuit, dynamic adjustment of Rlow 

is introduced in this research. Moreover, the voltage drop 

along Rlow is constant and equal to the internal Vref of 

1.175V [4] under maximum power transfer condition of 

HSMS282P based voltage doubler based rectifier. Thus, 

an initial rectifier design with an adaptive loop control is 

proposed in Fig. 3 with a compensation resistor Rc, 

which functions to dynamically adjust the current (i.e., 

I3) in the external high resistor feedback network. 

When input power increases, the output current I1 of 

RF-DC rectifier rises accordingly along with the input 

voltage Vin. Then it requires a higher Vin(MPPC) for the 

input supply of the LTC3129-1 in Table 1 to extract  

the maximum power transfer efficiency. Therefore the 

compensation resistor Rc should be reduced to increase 

c c

RL

HSMS282P
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I3 until the voltage at MPPC pin equals the internal 

reference Vref. Then the input voltage Vin(MPPC) of the DC-

DC converter can be expressed: 

 𝑉in(MPPC) = 𝑉ref + 𝑅high𝐼3. (2) 

In this research, an enhanced nMOSFET based 

compensation control is introduced to function as Rc in 

Fig. 3. Typically VGS biased nMOSFETs are applied to 

achieve a variable resistor in its deeply linear operational 

region and the drain-to-source channel current ID before 

approaching its saturation value can be expressed as: 

 𝐼D = 𝜇n𝐶ox
𝑊

𝐿
[(𝑉GS − 𝑉TH)𝑉DS −

1

2
𝑉DS
2 ], (3) 

where W is gate width, L is gate length, 𝜇n is a foundry 

concerned constant, Cox is the capacitance in the oxide 

layer and VTH is the intrinsic threshold voltage. 

Therefore VGS controls the value of channel current 

ID. When ID reaches its saturation with VDS ≥VGS-VTH, the 

maximum channel current remains constant as: 

 𝐼D,max =
1

2
𝜇n𝐶ox

𝑊

𝐿
(𝑉GS − 𝑉TH)

2. (4) 

Typically, if VDS<<2(VGS-VTH), the nMOSFET 

operates in its deeply linear operational region and the 

DC-IV characteristic can be simplified as: 

 𝐼D ≈ 𝜇n𝐶ox
𝑊

𝐿
(𝑉GS − 𝑉TH)𝑉DS. (5) 

Thus, the drain-to-source channel can be expressed 

as a VGS controllable resistor RDS: 

 
𝑅DS =

1

𝜇n𝐶ox
𝑊
𝐿
(𝑉GS − 𝑉TH)

. (6) 

Then RDS is regarded as a linear function of VDS when 

VGS remains constant. However, when VGS decreases, RDS 

increases inversely. Therefore, variable drain-to-source 

channel resistor RDS can be realized with variation of VGS. 

However, the value of RDS in its deeply linear operational 

region of nMOSFET is typically not high enough for the 

compensation resistor Rc variation requirement in Fig. 3. 
 

 
 

Fig. 3. Proposed circuit with a compensation resistor Rc. 

 

In order to realize an efficient adaptive compensation 

control loop design, the internal reference voltage Vref of 

the implemented DC-DC converter is utilized. As shown 

in Fig. 3, the function of Rc is to dynamically adjust I3 

through the external high resistor feedback network. 

Rather than the application of RDS in its deeply linear 

region, VGS biased nMOSFET current source is adopted 

to enable the current I3 control with VDS equal the internal 

voltage reference Vref of the implemented DC-DC bulk 

under the maximum transfer from the rectifier in Fig. 2 

(a). Therefore, VGS biased current source can replace Rc 

to behave like an equivalent enhanced variable resistance 

RDS,en, which functions to dynamically adjust I3 within 

different powers. When VDS ≥ VGS-VTH, ID maintains its 

maximum value ID,max in (4). Hence, the drain-to-source 

channel can still be controlled by the VGS while VDS 

maintains constant with Vref of 1.175V. Under this 

condition, the equivalent enhanced RDS,en functions as the 

compensation Rc: 

𝑅DS,en =
𝑉DS
𝐼D,max

=
2𝑉DS

𝜇n𝐶ox
𝑊
𝐿
(𝑉GS − 𝑉TH)

2
 

=
2𝑉DS

(𝑉GS − 𝑉TH)
𝑅DS. 

(7) 

Therefore, the current I3 adjusting capability from 

RDS is enhanced by a coefficient of 2VDS/(VGS- VTH) when 

VDS=Vref ≥VGS-VTH under the maximum power extraction 

from the rectifier in Fig. 2 (a). When an ultra-small VGS 

is selected, the ultra-high channel equivalent RDS,en in (7) 

can be realized to satisfy Rc requirements for I3 current 

variation in the external high resistor feedback network. 

Thus, Vin(MPPC) can be dynamically adjusted to enable the 

maximum power extraction from the HSMS282P based 

voltage doubler rectifier (see Fig. 2 (a)). If the applied 

nMOSFET is ultra-sensitive, the drain-to-source channel 

can be threshold with a current of several µA under ultra-

small VGS bias. Then equivalent RDS,en is achieved with a 

super I3 current adjusting capability for the adaptive 

compensation loop control. When input power increases, 

the output current I1 of the RF-DC rectifier rises as well 

as Vin in Fig. 3. Therefore, the implemented nMOSFET 

achieves more VGS from the input voltage of LTC3129-1 

with more ID,max to enable higher I3. Then higher Vin(MPPC) 

can be achieved in (2) since Rhigh is fixed, by which the 

adaptive compensation control is realized. 

 

III. CIRCUIT DESIGN 
In order to implement the internal reference Vref for 

the adaptive compensation control design, nMOSFET 

drain connects the MPPC pin of the applied DC-DC 

converter to enable a constant VDS=1.175V under 

maximum power transfer condition. While VGS is biased 

through a high resistor voltage divider consisting of Ra 

and Rb to achieve an ultra-small VGS=VinRb/(Ra+Rb). 

As Vin(MPPC) increases with the incident power in  
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Table 1, the implemented high resistor voltage divider 

captures Vin(MPPC) variation within incident powers from 

21dBm to 24dBm. Then the captured VGS=VinRb/(Ra+Rb) 

biases the nMOSFET gate to enable current I3 adjustment 

of the drain-to-source channel. Therefore, the equivalent 

current command RDS,en is realized, which compensates 

the Vin(MPPC) in (2) dynamically for the maximum power 

extraction from a non-ideal source (e.g., a rectifier in Fig. 

2 (a) once the incident RF power changes.  

Accordingly, it demands the adopted nMOSFET 

with a high current sensitivity with small VGS bias  

to threshold the drain-to-source current channel. Thus,  

an enhanced nMOSFET Si2342DS [7] is implemented  

to realize VGS controlled RDS,en in (7). Meanwhile, VGS 

should be ultra-small to ensure RDS,en ultra-high to 

minimize the current flowing through the drain-source 

channel of Si2342DS with VDS=1.175V, due to which the 

voltage divider of Ra and Rb is high enough for current I3 

in (2) control requirement to capture different Vin(MPPC) 

(see Table 1) simultaneously with a subtle power 

consumption. For accurate DC-IV measurement of the 

Si2342DS, an SMA based 24mil FR4 test fixture is 

fabricated in Fig. 4 (a). VGS is swept from 0.4V to 0.58V 

with a high resistor voltage divider of Ra=620KΩ and 

Rb=51KΩ to sense and capture Vin(MPPC) variation from 

5.27V to7.61V exactly according to VGS=VinRb/(Ra+Rb) 

and maintains VDS=Vref of the implemented DC-DC 

converter. The compensated ratio of Rlow/Rhigh can be 

plotted with Rlow=27KΩ and Rhigh=100KΩ, which is 

shown by the blue dotted curve (i.e., Ratio-Compensate) 

in Fig. 4 (b). By contrast, a fixed ratio of Rlow/Rhigh=0.24 

is provided with Rlow=24 KΩ and Rhigh=100KΩ by a 

black dash curve (i.e., Ratio-Fixed) and optimal ratio of 

Rlow/Rhigh is calculated with various Vin(MPPC) from 5.27V 

to 7.61V in Table 1, which is plotted by a solid red curve 

(i.e., Ratio-Optimal). 
 

 

 
(a) (b) 

 
Fig. 4. (a) SMA based DC-IV 24mil FR4 test fixture; (b) 

measurement of Ratio-Compensate with blue curve. 

 

In this research, different VGS would adaptively 

adjust the current I3 in Fig. 5 based on Vin(MPPC) from 

5.27V to 7.61V in Table 1. The current I3 with different 

VGS can be precisely measured by the test fixture in Fig. 

4 (a). Therefore, Vin(MPPC) in (2) can be calculated with a 

fixed Rhigh=100KΩ. Then the ratio of Rlow/Rhigh in (1) is 

achieved, which can be plotted as Ratio-Compensate 

curve in Fig. 4 (b) under different VGS. For the comparison 

with the Ratio-Compensate curve, Vin(MPPC) from 5.27V 

to 7.61V is normalized by (Ra+Rb)/Rb (i.e., VGS=Vin(MPPC) 

Rb/(Ra+Rb)) in the Ratio-Optimal. Then Ratio_Optimal 

can be achieved from Rlow/Rhigh in Table 1 under different 

VGS=Vin(MPPC)Rb/(Ra+Rb). Thus, Ratio-Compensate and 

Ratio-Optimal can be plotted with same horizontal 

coordinate in Fig. 4 (b). There are two intersection points 

A and B between the Ratio-Optimal and Ratio-Compensate 

curves. When VGS < 0.46V (i.e., Vin(MPPC) =6.05V) satisfies 

at A, Ratio-Compensate curve is closer to Ratio-Optimal 

than Ratio-Fixed. Especially between A and B, Ratio-

Compensate and Ratio-Optimal are almost unanimously. 

Whereas the Ratio-Compensate and Ratio-Fixed deviate 

in opposite direction compared to Ratio-Optimal when 

VGS > 0.515V (i.e., Vin(MPPC)= 6.78V) at the intersection 

point B, delta ratio of the Ratio-Fixed and the Ratio-

Compensate between Ratio-Optimal could be calculated 

with △1=0.06 and △2=0.04, which indicates the Ratio-

Compensate precedes Ratio-Fixed even with a maximum 

input voltage VGS = 0.58V (i.e., Vin(MPPC)=7.6V). Therefore, 

when VGS increases from 0.4V to 0.58V (i.e., Vin(MPPC) 

from 5.27V to7.61V in Table 1), the proposed adaptive 

compensation loop satisfies variation requirement of 

Rlow/Rhigh for the overall Vin(MPPC) in Table 1 within all 

power ranges of the implemented LTC3129-1 to 

maximize DC power transfer from HSMS282P based 

voltage doubler rectifier. 

However, in the circuit design, it suggests that the 

bulk-boost DC-DC converter LTC3129-1 should be 

restricted with a maximum input voltage up to 15V [4]. 

Though HSMS282P based voltage doubler rectifier has 

a limited maximum output voltage of 15V due to its 

breakdown voltage [5], the semiconductor fabrication 

variation or other factors may cause breakdown voltage 

Vbr more than 15V slightly, which will make its maximum 

output voltage more than 15V to damage LTC3129-1 

permanently. Therefore, a 15V Zener diode is adopted 

for protection as shown in Fig. 5. 
 

 
 

Fig. 5. Final proposed circuit with nMOSFET Si2342DS 

and 15V Zener diode (Dz). 

 

The power conversion efficiency is more concerned 

in a WEC system. Thus, the power consumption caused 
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by Zener diode is analyzed and proven to be ultra-low if 

the switching frequency of LTC3129-1 is high enough. 

When open circuit voltage of HSMS282P based voltage 

doubler rectifier is more than 15V, a limited 15V for 

protection could only be applied as input voltage of the 

DC-DC converter LTC3129-1. Then the high resistor 

feedback network captures the input voltage to 

dynamically increase I2 until the input voltage less than 

15V. Meanwhile, linkage current I4 of the Zener diode 

decreases to zero when input voltage less than 15V. This 

procedure responds transiently as switching frequency at 

PWM mode of LTC3129-1 is ultra-high of 1.2MHz [4] 

with a subtle power consumption. Therefore, the final 

circuit with a Si2342DS based adaptive compensation 

loop is proposed for the DC-DC converter to extract the 

maximum power transfer from the RF-DC rectifier as 

shown in Fig. 5. 

 

IV. MEASUREMENT AND RESULTS 
Three WPT receiver circuits are fabricated with LDO 

SPX3819 [3] and DC-DC bulk LTC3129-1 with/without 

nMOSFET based adaptive compensation control loop 

respectively as shown in Fig. 6 (a). HSMS282P Schottky 

diodes and several 0603 packaging passive elements are 

soldering on the 24mil FR4. For the measurement setup, 

signal generator AV1441A outputs 200 KHz RF signal. 

Then the RF signal is amplified by a commercial power 

amplifier (PA) and pre-calibrated by the spectrum 

analyzer AV4037. A 100 Ω load resistor is employed as 

a representative of the MCU and sensor networks. As 

these three WPT receiver circuits are designed with  

a fixed output steady DC voltage of 3.3V to satisfy 

minimum 100mW load power supply requirement, thus 

the output voltages along RL are measured as shown in 

Fig. 6 (c). When the input power approaches 22.5dBm, 

the WPT receiver with a fixed ratio Rlow/Rhigh=0.24 

satisfy 100mW load power supply requirement at input 

power 22.5dBm and outperforms one with LDO SPX3819 

from 22.5dBm to 24.5dBm. By comparison, Si2342DS 

based adaptive compensation loop of LTC3129-1 can 

further extract maximum DC power transfer from 

HSMS282P based voltage doubler rectifier over lower 

input powers. Measurement indicates that the power 

supply of 100mW with a output voltage around 3.3V can 

be achieved by the adaptive compensation loop based 

WPT receiver at 21.5dBm, which realizes an extended 

dynamic power range with a lower limit of 21.5dBm 

(22.5dBm for the fixed external high resistor network 

and 25dBm for the LDO SPX3819 in our previous work 

[8]) to realize a minimum 100mW load DC power 

delivery for the IPT enabled WEC system.  

 

V. CONCLUSION 
In this paper, an adaptive compensation loop control 

method is presented for dynamic range wireless power 

transfer (WPT) based wireless endoscopic capsules 

(WEC) applications. Rather than a fixed external resistor 

feedback network utilized in the DC-DC converter 

LTC3129-1, an enhanced nMOSFET Si2342DS based 

adaptive compensation loop is introduced to facilitate the 

maximum power transfer of the HSMS282P based 

voltage doubler rectifier from 21dBm to 24dBm, which 

can cover overall operational incident powers of the 

WEC system. Measurement validates that the proposed 

adaptive compensation loop control method realizes an 

extended dynamic power range with a lower limit of 

21.5dBm to realize a minimum 100mW load DC power 

delivery for the IPT enabled WEC system. The method 

presented in this paper can be applied to combine with 

numerical solution to enable fast simulation of maximum 

power transfer efficiency based on coils modeling, which 

brings a practicality for an efficient IPT enabled WEC 

system. 
 

 

 

(c)  (a) 

 
(b) 

 
Fig. 6. (a) Fabrications of three applied WPT receivers; 

(b) measurement setup; (c) measurement results. 
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Abstract ─ In this paper, the precision loss problem in 

calculation of EM wave propagation in the extreme reentry 

plasma sheath environment is analyzed. Furthermore, we 

propose a numerical calculation method with controllable 

precision to deal with this problem. The simulation 

results show the effect of computational precision loss 

on EM wave propagation in reentry plasma sheath and 

also illustrate the validity of the controllable precision 

calculation method.  

 

Index Terms ─ Controllable precision, EM wave 

propagation, numerical calculation, precision loss, reentry 

plasma sheath. 

 

I. INTRODUCTION 
It has generated increasing concern about the 

interactions of electromagnetic (EM) wave with plasma 

in recent decade years [1-6], which refers to several 

applications, such as, analysis of reentry plasma sheath, 

plasma stealth, nuclear fusion control, etc. The reentry 

plasma sheath, as a special type of plasma, has several 

distinct characteristics, such as, extreme electron density 

and time variation, which severely influence the 

communication with the reentry object and the radar 

detection of the object. The extreme parameters 

(especially for the electron density) will cause precision 

loss in calculation of EM wave propagation, further 

causing computational error or even misdirection in EM 

calculation and simulation. The extreme characteristics 

mainly occur at the head location of a plasma-covered 

object. For the electron density, it has reached 
19 310 / m

 
or even 

20 310 / m
 
at the head location in a reentry flight 

[7,8]. However, the researchers [1-3, 9-11] studying the 

interaction between EM wave and reentry plasma sheath 

mainly focus on the side or tail locations of the object, 

where the plasma is far less extreme than that at the head 

location. Certainly, due to this reason, the computational 

error in their studies is trivial and can be ignored. 

Whereas, the plasma influence with extreme parameters 

(especially for the head location of object) cannot be 

ignored. This will inevitably give rise to the precision 

loss problem. 

In our previous work [12], we have pointed out  

that the precision loss problem in calculation of EM 

wave propagation in plasma sheath lies in the limited 

numerical calculation precision of computer (usually it 

is double precision). In this paper, we will give further 

qualitative and quantitative analysis on the precision loss 

problem. Then, we propose a computing method with 

controllable precision based on python platform. By this 

method, the EM wave propagation in plasma sheath can 

be computed in a much higher precision by a controllable 

number of digits, eliminating the precision loss problem. 

In the simulation, the effect of computational precision 

loss on EM wave propagation is presented, and the 

validity of the controllable precision calculation method 

is illustrated. 

The remainder of the paper is organized as follows. 

Sec. II presents the background of EM wave propagation 

in plasma. The precision loss analysis and its solution in 

calculation of EM wave propagation in plasma sheath  

are shown in Sec. III. Section IV shows the simulation 

results. The conclusions are finally given in Sec. V. 
 

II. BACKGROUND OF EM WAVE 

PROPAGATION IN PLASMA 
A typical stratification model [4,13] for EM wave 

propagating in plasma environment is presented in Fig. 

1. As can be seen in Fig. 1, an EM plane wave (with its 

electric part labeled by iE ) is transmitted along x-axis 

into a nonuniform plasma slab. In each sub-slab (or layer), 

the plasma is thought to be uniform. The layers are 

labeled by 0 1, ,..., pl l l  from front-layer (where the EM 

wave enters into the plasma) to bottom-layer (usually 
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corresponding to the metallic surface of an object), 

respectively. The thickness of layer ml  is represented  

by 1 ,m md d  {0,1,2,..., }m p (note: d1=d0=0), and B 

denotes the background magnetic field in the plasma 

environment.  

 

 
 
Fig. 1 Stratification model of nonuniform plasma. 

 

The total electric field in layer ml  can be expressed 

as the following form: 

 
 

 

( ) ( )
0

( )
0

( ) exp ( )

             exp ( ) ,

m m
z m x m

m
m x m

E x E B jk x d

E C jk x d

  

 
1[ , )m mx d d  , (1) 

where 0E  is the input electric field at location x=0, ( )m
xk  

is the complex propagation coefficient in layer ml , and 

mB  and mC  are the transmission coefficient and the 

reflection coefficient at the interface between layers 1ml   

and ml , respectively. The detailed expression of 
( )m
xk  

can be found in Appendix Section. 

There are two important parameters: the total reflection 

coefficient 0C  and the total transmission coefficient pB , 

which reflect the EM reflection and transmission properties 

of the whole plasma, respectively. These two parameters 

can be obtained by iteratively solving the equations of 

boundary conditions [4,14]: 

 

( 1)

1 1

( 1)

1 1

( ) ( ) ( 1) ( 1)
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                                     exp( ( ))
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x
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C jk d d
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k


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 

 

 

   

 

   

 1) ( 1)

1 1exp( ( ))m m

m x m mC jk d d 

 






 

, 

 {1,2,..., }m p , (2) 

For conveniently analysis in next section, the Equation 

(2) is expressed as a matrix form by: 

   
1

1

m m

m m

B B

C C





   
   

   
mS ,  {1,2,..., }m p , (3) 

where mS
 
is called scattering matrix, expressed by: 

1 ( 1)

1

( ) ( ) ( 1) ( 1)

1

( 1)

1

( 1) ( 1)

1

1 1 exp( ( ))

exp( ( ))

exp( ( ))
                              

exp( ( ))

m

x m m

m m m m
x x x x m m

m

x m m

m m

x x m m

jk d d

k k k jk d d

jk d d

k jk d d
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
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



 



   
  

    




  

m
S

. 

 (4)

  

The iterative description of (3) containing the 

coefficients 0C
 
and pB

 
can be expressed by: 

 
1

0 0

1 1

0

p

m p

B

C C


     
       

    
 m gS S , (5) 

where 
1

m p

 g mS S

 

is the cascaded scattering matrix. The 

coefficients 0C  and pB  can then be obtained by solving 

(5).  
 

III. PRECISION LOSS AND ITS SOLUTION 

IN CALCULATION OF EM WAVE 

PROPAGATION IN PLASMA SHEATH 

A. Analysis of precision loss 

The extreme plasma environment almost always 

occurs in the reentry flight of a reentry vehicle, especially 

for the head portion of the vehicle, accompanied by 

extreme plasma parameters [8]. Among those parameters 

shown in Sec. II, ( )m
xk  is a key one, since it is included in 

the exponent part of the term exp( ) . A larger ( )| |m
xk  will 

lead to a much higher rate of increase or decrease of the 

term | exp( ) | . This will produce a quasi-singular form of 

the scattering matrix mS . In detail, it is due to the coexist 

of the term ( 1)

1exp( ( ))m

x m mjk d d

   and its reverse form 

( 1)

1exp( ( ))m

x m mjk d d


 
in matrix mS  as shown in (4). 

The quasi-singular expression of (4) is adverse to the 

iterative solution of coefficients and may cause the 

precision loss. For simplifying description below, let: 

 ( 1)

( 1) 1exp( ( ))m

m x m mjk d d 

    

 and 1 ( 1)

( 1) 1exp( ( ))m

m x m mjk d d  

    . 

It is not difficult to find that the iterative calculation 

of (3) and (4) can be divided into the four basic 

operations: add, subtraction, multiplication, and division. 

For the case of extreme parameters, the precision loss is 

possible to occur in the operation of the subtraction of 

two large quantities with the same sign or approximate 

argument. Specifically, when the two large numbers are 

numerically approximate, the precision loss is highly 

probable to occur. Putting the quasi-singular expression 

of (4) into consideration, we find that the subtraction 

operations of two large numbers with numerically 

approximation occur in a high probability in the iterative 

calculation of coefficients. It should be noted that the 

CHEN, SHEN, LIU, AI, LI: PRECISION LOSS ANALYSIS AND ITS SOLUTION 506



number of valid digits of a double-precision number 

(adopted by most computers) is only 16. Whereas, the 

digits of the term ( 1)| |m   
in (4) may be significantly 

larger than 16 for the extreme plasma sheath. If this case 

occurs, the subtraction of two big numbers in calculation 

of (4) will result in obvious or even huge precision loss. 

The exact estimation of the digits of ( 1)| |m  , however, 

is intractable, which relates to a complicated interaction 

of several parameters as shown in Appendix Section. As 

an available way, the numerical estimation on digits and 

on precision loss under selected reasonable parameters 

will be workable.  

Before the presentation of numerical estimation, the 

computational error of the total reflection coefficient 0C  

and that of the total transmission coefficient pB  caused 

by the precision loss should be analyzed. Based on our 

analysis, we find that the precision loss is not applied 

equally to 0C  and pB , but most of it is applied to pB . 

This can be explained by exploring the equation form of 

(5). For clear description, the Equation (5) is rewritten as 

the following form: 

 
11 12

021 22

1

0

g gp

g g

S SB

CS S

    
            

, (6) 

where 11 12 21 22,  ,  ,  g g g gS S S S
 
are the four elements of 

matrix gS . Suppose we have had the prior knowledge 

that the elements of gS

 

are large numbers. Then, one can 

find that the solution of 0C
 
relates to the division of 21gS  

by 22gS , which will generate little or trivial precision 

loss. Whereas, the solution of pB
 
refers to the add (or 

subtraction) of two large numbers 11gS
 
and 12 0gS C , 

which will generate obvious precision loss. 

 
Table 1: Calculated plasma parameters

 
for three selected 

electron densities 

Calculated 

Parameters 

Electron Density en  (m-3) 

1018 1019 1020 

(1)| |  21.87 10  
221.24 10  

745.03 10  

0C  0.19 0.18 j  0.62 0.56 j   0.92 0.22 j   

pB  
6

6

3.98 10

1.71 10 j





 


 55.24 10 j  

573.14 10 j  

Abs. Err. of 

0C  
161.00 10  0 

163.38 10  

Abs. Err. of 

pB  
154.25 10  55.24 10  

573.14 10  

 
To show the precision loss as well as the number of  

digits in a numerical view, we give an example of the 

absolute calculation errors for three selected electron 

densities as shown in Table 1. The main selected constant 

parameters in Table 1 are shown below: number of layers 

p=2, plasma thickness dp=0.1m, collision frequency 

5GHzvf  , incident frequency of EM wave 10GHzf  , 

material of floor media: titanium alloy with conductivity 
62.3 10 S/m   .  

The calculated parameters (1)| | , 0C , and pB  in 

Table 1 are computed in double precision based on  

the algorithm in Sec. II. For the true coefficients 0C
  

and pB
 
(not the calculated ones in Table 1), they are 

obtained in an analytic way that is only possible for the 

ideal plasma case with 2 layers in Table 1 but almost 

impossible for realistic case. The detailed relation between 

the electron density en
 
and the complex propagation 

coefficient 
( )m
xk

 
can be found in Appendix for interested 

readers.  

As shown in Table 1, the calculated parameters for 

the three electron densities en
 
are very different. Only the 

case for 
18 310 / men 

 
generates no or trivial calculation 

errors. Whereas, with the increase of en , the parameter 

(1)| |
 
changes quite rapidly and generates large calculation 

errors. But, coinciding with our analysis, only the 

calculation of pB
 
generates large errors but that of 0C

 
 

nearly produces no error. 
 

B. Solution of precision loss 

The precision loss in the calculation of EM wave 

propagation can be traced to the shortage of precision in 

numerical calculation of computer. The commonly used 

data representation format in most computer systems is 

double precision with 64-bit. This data format shows 

limitation when it is used to calculate the EM wave 

propagation in the extreme environment of reentry 

plasma sheath. One solution is to increase the numerical 

calculation precision. There are two ways which can be 

used to implement it. 1) increasing the float representation 

bits, such as, 128-bit, 256-bit; 2) converting to integer 

representation. Considering the complexity and availability, 

we use the second way.  

A matrix calculation technique with controllable 

precision is put forward here to deal with the precision 

loss problem. It can be found that the matrix computation 

procedure shown in Sec. II can be decomposed into the 

four fundamental arithmetic operations of the elements 

of the matrixes. To carry out the high-precision 

calculation, each element of the matrixes is expressed by 

an integer form (including real part and imaginary part) 

with fixed digitals. Then, the whole EM wave calculations 

can be implemented in integer arithmetic operations.  
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For any a complex element number real imagj    , its 

integer form can be expressed by: 

 
INT 10 10n n

real imagj         
, (7) 

where ‘    ’ denotes the ‘round down’ operation, and n 

is the fixed digital number. The add or subtraction of two 

numbers 
(1)

 
and 

(2)
 
is simple and not shown here. For 

the multiplication of the two numbers, it is implemented 

by: 

 
(1) (2)

(1) (2) INT INTmul( , )  
10n

def
 

 


, (8) 

where ‘mul( ) ’ denotes the integer multiplication operation, 

and 
(1)

INT
 
and 

(2)

INT
 
are the integer expressions of the 

numbers 
(1)

 
and 

(2) , respectively. The division of the 

two numbers is implemented by: 

 
(1) (2)*

(1) (2) INT INT

2
(2)

INT

10
div( , )  

n

def
 

 


 
, (9) 

where ‘ ( )div  ’ denotes the integer division of 
(1)  by

 
(2) , 

and 
(2)*

INT  is the conjugation of 
(2)

INT . 

Complying with the above operations, one can 

calculate the total reflection and transmission coefficients 

0C  and pB  in a high accuracy. Clearly, the more digitals 

n is set, the more accuracy in calculation one gains. Here, 

we suggest this technique is implemented by Python, in 

which the setting of digital numbers has no limit.  

Finally, we talk about the computational complexity 

of the algorithm. The stratification algorithm shown in 

Sec. II has the complexity of ( )fO pN
 
(with p: number of 

layers, and Nf: samples of incident frequency for analysis). 

When the controllable-precision method is put into 

consideration, the complexity becomes to be ( )fO npN , 

where n is the digital number. 

 

IV. SIMULATIONS 
The EM wave propagation in reentry plasma sheath 

with extreme parameters is simulated by both the 

commonly used double precision and the proposed 

controllable-precision method. The Python (Version 2.7.6) 

is utilized to implement the calculation with controllable 

precision. The digit number for controllable-precision 

calculation is set as n=80 (referring to Table 1). The 

incident frequency f ranges from 1MHz to 30GHz (creating 

50 frequency samples). The collision frequency of plasma 

is set to be a constant 5GHz. The number of plasma layer 

is set as p=13. 

Figure 2 shows the simulation results of magnitudes 

of total transmission coefficient pB . Figure 2 (a) and 

Fig. 2 (c) are the results calculated by double precision,  

and Fig. 2 (b) and Fig. 2 (d) are the results calculated by 

controllable-precision method. In Fig. 2 (a) and Fig. 2 (b), 

the electron density is set to be 
19 310 / m . In Fig. 2 (c) 

and Fig. 2 (d), the electron density en  ranges from 

18 310 / m  to 
20 310 / m , generating 50 samples of en . It 

should be noted that the setting of parameters above is 

reasonable and complies with the realistic case. The 

results of total reflection coefficient 0C  are not presented 

here due to the weaker comparison effect. 

It can be found from Fig. 2 (a) that the precision 

losses or calculation errors by double precision are 

prevalent for most of the tested incident frequency f (see 

the error regions), whereas the correct points or regions 

occupy a small range of f. This wrong result is severe 

which even gives a misleading wrong trend. Further 

considering the variation of electron density en  in Fig. 

2 (c), one can find clearly that the precision loss changes 

toward larger and wider directions with the increase of

en . Whereas, the controllable-precision method shows 

accurate results for all the tested incident frequencies f 

and electron densities en
 
as shown in Figs. 2 (b) and (d).  

For the time consumption, it is 0.24s for the 

controllable-precision method (Fig. 2 (b)) and 0.11s for 

the commonly used double precision case (Fig. 2 (a)) for 

the 1-D figures. For the 2-D figures, it is 10.91s for the 

controllable-precision method (Fig. 2 (d)) and 2.67s for 

the double precision case (Fig. 2 (c)). Based on the 

complexity analysis in Sec. III-B, the complexity of the 

algorithm combined by the controllable-precision method 

is a multiple of that of the original algorithm with double 

precision. According to the simulation result and 

theoretical analysis, this multiple is estimated to be in the 

range 0.02n~0.06n (n is the digital number). Although 

there is some time-consuming increase of the controllable-

precision method, it is acceptable compared to its gain in 

precision improvement.  

 

 
 (a) 
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 (b) 

 
 (c) 

 
 (d) 
 

Fig. 2. Magnitude of transmission coefficient | |pB  

calculated by double-precision method and that by 

controllable-precision method. (a) | |pB
 
vs. f by double 

precision with fixing 
19 310 /en m , (b) | |pB

 
vs. f by 

controllable-precision method with fixing 
19 310 /en m , 

(c) | |pB
 
vs. f and en

 
by double precision, and (d) | |pB

 
vs. f and en

 
by controllable-precision method. 

V. CONCLUSION 
The precision loss problem in calculation of EM 

wave propagating in reentry plasma sheath is analyzed 

in this paper, and then a solution by numerical 

calculation with controllable precision is put forward to 

deal with it. The simulation shows the effect of the 

precision loss clearly. Also, the proposed controllable-

precision calculation method is illustrated to be effective 

in solving the precision loss problem. 
 

APPENDIX 

Relation of propagation coefficient ( )m
xk , relative 

complex permittivity 
( )m
r , and electron density en  [4,15]. 

The propagation coefficient ( )m
xk

 
of the nonuniform 

plasma in layer ml  is an important parameter related to 

the EM wave propagation in plasma as described in (1). 
( )m
xk

 
can be expressed by: 

 ( ) ( )m m
x rk

c


 ,    {0,1,2,..., }m p , (A1) 

where c is the light speed in vacuum, 2 f   is the 

radian frequency of incident EM wave, and 
( )m
r  

is the 

relative complex permittivity. 
( )m
r  

is related to the 

electric characteristics of a medium. For the plasma 

medium with layer ml  
as shown in Fig. 1, 

( )m
r  can be 

expressed by: 

 

2 2
,( )

2 2

2 2
,

/
1

/
1

1 / /

p mm
r

m ce

p m m

v
j

jv

 


 

   

 

 
 

, 

 {0,1,2,..., }m p , (A2) 

where ,p m  and mv  are the plasma frequency and the 

collision frequency in m-th layer, respectively, ce  is 

the cyclotron frequency of background magnetic field, 

and all the above symbols are with unit of rad/s. The 

plasma frequency ,p m
 
is expressed by: 

 

2
,

,
0

e m
p m

e

n e

m



 ,    {0,1,2,..., }m p , (A3) 

where ,e mn  is the electronic density in plasma layer ml , 

0  is the permittivity of vacuum, e  and 
em  are the 

electronic quantity and the mass of an electron, 

respectively. 

All the detailed deduction of the above equations 

(A1~A3) can be found from [15].  
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Abstract ─ Post-processing techniques for polarimetric 

passive millimeter wave (MMW) imagery are proposed 

to display imaging information comprehensively. 

Initially an image fusion method based on two-scale 

decomposition is proposed to realize polarimetric passive 

imagery fusion. The fusion rules are separately designed 

for base layer and detail layer to reconstruct weight maps. 

Then an improved technique for displaying polarization 

information through color is proposed to present 

polarization features simultaneously with unpolarized 

imagery. Experimental results demonstrate that the 

proposed post-processing techniques are capable of 

presenting more informative imagery. 

 

Index Terms ─ Millimeter wave passive imaging, 

polarimetric imaging, remote sensing. 

 

I. INTRODUCTION 
Millimeter wave (MMW) passive imaging sensor 

constructs the MMW images of the observed scene by 

recording radiometric temperature distributions. Recently 

passive MMW imaging sensors have been increasingly 

applied in a variety of fields, including security screening, 

surveillance and person recognition due to their ability 

to image through textiles, smoke, fog, light rain, dust 

storms [1-2]. Moreover, several polarimetric passive 

MMW imaging sensors have already been developed to 

provide polarimetric information of the observed scene 

[3-5]. 

Due to the wide applications of polarimetric passive 

MMW imaging system, how to process polarimetric 

information of objects is becoming an important research 

topic. Polarimetric brightness temperatures have been 

successfully used for remote sensing of wind speed  

and direction over sea surfaces [5-6]. Polarization-based 

techniques are presented to classify materials and acquire 

object surface orientation information using polarimetric 

passive MMW imagery [7-8]. A linear polarization sum 

imaging method which is based on the combination of 

the different polarization images is presented in [9] to 

increase the intensity contrast between the target area 

and background area. In our previous work [10], linear 

polarization characteristics of various terrains at MMW 

band for image interpretation were experimentally 

investigated. And it was proved that polarization has a 

decisive advantage over the single intensity for terrain 

identification. 

However, there are few literatures have discussed 

the post-processing techniques for polarimetric passive 

MMW imagery collected by polarimetric imaging sensors. 

Siegenthaler et al. illustrated the image registration  

and fusion for the MMW images of 91 GHz Scanning 

Polarimetric Imaging Radiometer (SPIRA) and optical 

images [11]. A technique defined as polarization display 

through Color (PDC) is proposed in [12] to display 

polarization information from passive MMW sensors 

within a single image.  

As the fused information is useful for the 

understanding enhancement of surroundings and is 

beneficial to human and machine vision for planning and 

decision-making, a method based on computationally 

efficient two-scale decomposition is proposed for 

polarimetric passive MMW imagery fusion. In addition, 

an improved technique for displaying polarization 

information through color which is capable of providing 

more details compared with the conventional PDC is also 

presented in this paper. 

 

II. STOKES VECTOR DEFINITION 
The signal received by MMW radiometer comes 

from the emitted radiation of objects and refracted or 

reflected radiation of objects and background. Therein, 

MMW radiation emitted by objects are not polarized. 

However, it differs in the reflection and refraction of 
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polarized radiation from various media and leads to 

partial polarization of radiation energy collected by MMW 

radiometer. Stokes parameters are commonly employed 

to characterize the polarization of electromagnetic wave 

and are well applied to describe the polarimetric 

information of passive MMW imagery. The expression 

of Stokes parameters is comprised of four elements, 

which can be written as: 

 

 0

1

2 45 45

3

2h v

v h

RHC LHC

S T T

S T T

S T T

S T T


  
  

   
   
       

, (1) 

where, 
0S , 1S , 2S  and 

3S  represent the total intensity of 

radiation in all polarizations, the difference in intensity 

between two orthogonal linear polarization states, the 

degree of linear polarization at an angle of 45  to  

the horizontal and the degree of right-hand circular 

polarization respectively [5]. T denotes the radiometric 

temperature with different polarization modes, the 

subscripts of h, v, 45 , -45 , RHC and LHC represent 

horizontal, vertical, linear 45 , linear -45 , right-hand 

circular and left-hand circular polarization mode 

respectively. 

Polarimetric passive MMW imaging systems are 

usually constructed with incoherent or coherent methods. 

For the incoherent PMMW imaging system, it requires 

simpler hardware with one receiver, thus it cannot 

measure Stokes parameters simultaneously. One the other 

hand, correlation polarimetric MMW system with parallel 

receivers is preferable to measure all Stokes parameters 

at a time. But the additional components will lead to 

higher cost and decreased performance of imaging system. 

To make that the proposed techniques can be applied to 

both incoherent and coherent imaging systems, the first 

two Stokes parameters, i.e., the sum and difference 

between the vertical and horizontal polarization states, 

are easily obtained for both kinds of imaging systems 

and thus will be processed to demonstrate the proposed 

post-processing techniques. 
 

III. POST-PROCESSING TECHNIQUES 

A. Polarimetric imagery fusion 

It is known from the Rayleigh-Jeans law that the 

radiation emitted from the object is linear with the 

temperature at MMW frequencies, the retrieved parameter 

of imaging radiometer is radiometric temperature instead 

of intensity by calibrating the sensor with hot and cold 

calibration sources. So the measured Stokes parameter 

0S  is the average of horizontal and vertical radiometric 

temperatures and it can be regarded as the unpolarized 

image, whereas Stokes parameter 1S  is radiometric 

temperature difference between the two orthogonal linear 

polarization states In this section, an image fusion 

algorithm which retains both radiometric intensity and 

polarimetric difference features is proposed to improve 

image readability. The processes sketch of the presented 

method for polarimetric passive MMW imagery fusion 

is presented in Fig. 1. 
 

 

 

Fig. 1. Schematic diagram of the proposed fusion method 

for polarimetric passive MMW imagery. 

 

An average filter based two-scale decomposition 

[13] is employed to decompose the polarimetric passive 

MMW images into the base layers and detail layers.  The 

base layer of each source image is expressed as: 

 n nB S Z  , (2) 

where 
nS  is the polarimetric passive MMW source 

image, Z is the average filter. The detail layer of the 

decomposed image can be obtained based on base layer 

with the following expression: 

 n n nD S B  . (3) 

By performing the above decomposition steps, each 

separate passive MMW image is decomposed into a base 

layer containing the large-scale variations in intensity 

and a detail layer containing the small-scale details. 

Based on achievements of the base layer and detail  

layer which correspond to the low-frequency and high-

frequency components separately, the fusion of the base 

layer and detail layer can be respectively completed by 

constructing proper weights with: 

 
0 0 1 1

B B

S S S SB w B w B  , (4) 

 
0 0 1 1

D D

S S S SD w D w D  , (5) 

where, 
0

B

Sw  and 
1

B

Sw  are the weight factors constructed 

for the base layer fusion, and 
0

D

Sw  and 
1

D

Sw  are the weight 

factors constructed for the detail layer fusion. The final 

fused image can be constructed by the addition of the 

updated base layer and the updated detail layer: 

 F B D  . (6) 

The human perception system is sensitive to the 

contrast of visual signals, such as color, intensity and 

texture, and this phenomenon is regarded as the spatial 

attention [16]. As the low-frequency component is the 
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approximation of an image, the visual spatial attention 

based fusion rule is employed for the low-frequency 

component to keep the salient profiles of the both source 

images as much as possible. Based on the saliency map 

proposed in [14] which is built upon the color contrast 

between image pixels, a similar saliency value of a pixel 

kP  in image P is computed as: 

  
i

k k i

P P

SalS P P P
 

  . (7) 

where,    denotes the radiometric temperature distance 

metric. Assumed that the gray value of the pixel 
kP  is  

ma  after mapping the measured radiometer temperatures 

linearly to range of [0,255], the above expression can be 

rewritten as: 

  
255

0

m n m n

n

SalS a f a a


  . (8) 

where nf  denotes the frequency of pixel value 
na  in the 

image and it can be obtained in histograms. Subsequently, 

the saliency maps  ,SalS x y  of the source images can be 

constructed and the fusion weight factors are determined 

using the following expression: 

  
 

   
0

0

0 1

,
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w x y

SalS x y SalS x y
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
. (10) 

The detail layer of the image presents detailed 

features, such as texture, edge. The local energy based 

weighted average method is used to keep detailed 

information. The local energy within region R of each 

pixel in source image is given as: 

    2

,

, ,
m n R

E x y a x m y n


   , (11) 

where,  ,a x y  represents the gray level of the pixels. 

Based on the constructed local energy maps of source 

images, the fusion weight factors can be determined by: 

  
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0

0 1

,
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As above, the base layer and detail layer weigh maps 

construction method is able to keep salient and interested 

features of the source images, it will lead to a better 

fusion performance compared to most weight factors 

construction methods like simply averaging of the source 

images. 
 

B. Polarization information display 

Though the fused image preserves the details of 

separate polarimetric passive MMW images, it provides 

less information than a color image due to the limitations 

of image grayscale. There is an alternative approach to 

display polarimetric information of passive MMW 

imagery with a color image determined by polarization. 

An example of that is the technique named PDC 

(polarization display through color) introduced in [12]. 

For the convenience of comparison, the hue, saturation, 

lightness cylindrical-coordinate color mapping system is 

used to deliver a color image in this paper as done in [12]. 

As the difference between the two orthogonal linear 

polarization states is applied to target identification in 

some biological systems, the imaged scene is classified 

into three categories by setting thresholds for the Stokes 

parameter 
1S . Here the mean value of 

1S  is employed  

as the offset 
offsetT  which is resulted by the kinetic 

temperature of object. And the threshold   is determined 

with the following expression: 

  = 2med dfT T  , (14) 

where 
medT  is the median of 

1S , 
dfT  is the difference 

between 
medT  and the maximum or minimum value of 

1S  which leads to a smaller number. So the pixels of 

image will be classified into three groups by determining 

the values position relative with thresholds of 
offsetT  , 

including pixels smaller than -offsetT  , pixels between 

-offsetT   and +offsetT  , and pixels larger than +offsetT  . 

And the hue value of each pixel in the color image is 

assigned to one of the three different constants which 

would determine the color of the image depending on the 

classification results. As for the saturation, it is shaped 

with the values of Stokes parameter 1S  which are linearly 

scaled to a range of  ,1sat  for each classification. 

Compared with a constant saturation value, more details 

can be provided by the varying color saturation. At last 

the unpolarized image is mapped to the lightness of color 

mapping system, where the maximum is scaled to 1 and 

the minimum is scaled to 0. 

 

IV. EXPERIMENTAL RESULTS 

A. Fusion results and evaluation analysis 

Several polarimetric passive MMW images collected 

by the raster-scanned polarimetric imaging sensor [15] 

are processed with the proposed method. The window 

size of the average filter Z in Equation (2) is set to 31*31 

for numerical results as suggested in [13], [18]. And the 

size of region R in Equation (11) is 2*2 to obtain optimal 

comprehensive performances. A scene of the experiment 

is shown in Fig. 2 (d). It can be seen that a digger is 

adjacent to an asphalt road which went laterally across 

the lawn. A metal plate with a tilting angle of 45  to the 

horizon is put on the right side of the vehicle. Behind the 

lawn there are mountains and buildings as well. The first 
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two Stokes parameters of collection are shown in Fig.  

2 (a) and Fig. 2 (b) respectively. Disturbances resulted 

from the radio frequency interference of the second 

imaging sensor working simultaneously can be clearly 

seen around the cab, and the temperature range is 

adapted to display more details. 

 

  
   (a) (b) 

  
   (c) (d) 

 

Fig. 2. Polarimetric MMW imagery and fusion result  

of a digger. (a) Unpolarized image 0S , (b) polarization 

difference image 
1S , (c) fused polarimetric image, and 

(d) photo of the imaging scene. 

 

It can be seen in Fig. 2 (a) that the sky and the tilted 

metal plate have a lower radiometric temperature. The 

cold temperature of metal plate is resulted by the 

reflection of sky due to its high reflectivity close to 1. 

The radiometric temperature of the asphalt road is lower 

than that of the lawn due to a higher reflectivity. The 

above results can be explained with the expression of 

detected radiometric temperature given by: 

          , , , + 1- , ,a inc objT x y R x y T x y R x y T x y    , (15) 

where 
aT  is the radiometric temperature, R denotes the 

reflectivity, 
incT  stands for the radiometric temperature 

incident on the object at the reflection angle, objT  is the 

kinetic temperature of the object. For the observed scene, 

radiometric temperature incident on the objects is the 

radiometric temperature of clear sky which is a cold 

source. As the reflectivity of the metal plate is close to 1, 

it is known from the above equation that 
aT  is almost the 

same with the radiometric temperature of sky and thus  

it resulted in a low temperature of the metal plate. Also, 

it can be concluded from Equation (15) that a higher 

reflectivity will bring a lower radiometric temperature if 

two targets have the same kinetic temperatures. 

In Fig. 2 (b), radiometric temperature difference 

between horizontal and vertical states for the asphalt 

road is higher which is caused by a big Fresnel 

coefficient difference between the orthogonal states. 

Also the inverted reflections of the vehicle and the tilted 

metal plate on the road are also obvious from the both 

figures. With the proposed fusion method, more details 

can be found in the fused image compared with the 

source images. 

As shown in Fig. 3 (d), a basin full of water is placed 

on the lawn and imaged with the polarimetric MMW 

imaging system. The delivered polarimetric images are 

presented in Fig. 3 (a) and Fig. 3 (b) respectively. 

 

  
   (a) (b) 

  
 (c) (d) 

 

Fig. 3. Polarimetric MMW imagery and fusion result  

of a basin. (a) Unpolarized image 
0S , (b) polarization 

difference image 1S , (c) fused polarimetric image, and 

(d) photo of the imaging scene. 

 

It is seen from the imaging results that the 

radiometric temperature of water is lower than that of the 

lawn because it reflects more radiation of the cold sky. 

Also a big polarization difference is observed for water 

because the reflectivity difference between horizontal 

and vertical polarization is larger. And the horizontal 

radiometric temperature of water is lower due to a lager 

reflectivity in this polarization. The fused image obtained 

with the proposed method is shown in Fig. 3 (c). It can 
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be also found that the fused image provides more details 

than any single source image. 

Though the subject evaluation is a direct and effective 

method, it varies a lot as this depends on the individuals’ 

experiences. As a result, some metrics such as standard 

deviation (SD), entropy (EN), mean gradient (MG), and 

spatial frequency (SF) are employed to evaluate the 

quality of the fused images objectively. 

The standard deviation delivers an overview of the 

contrast of image. A larger standard deviation means a 

higher image contrast. In the field of imaging processing, 

information entropy denotes the average information 

included in the image. A larger information entropy 

means a better fusion effect as it provide more details and 

information in the image. The mean gradient indicates 

the clarity of image and detailed texture features. The 

spatial frequency computed in the spatial domain is used 

to measure the overall activity level of an image. 

The objective performances of the proposed fusion 

method are summarized in Table 1. Also the fusion 

quality indexes of the multi-scale transform based  

dual-tree complex wavelet transform (DTCWT) with a 

decomposition level of 4 [16, 17] and two-scale image 

fusion using saliency detection (TS-SD) [18] are given 

for comparison.  

 

Table 1: Quality metrics of various fusion methods for 

polarimetric MMW imagery 

Source 

Images 
Metrics DTCWT TS-SD Proposed 

Digger 

SD 32.7446 34.4488 47.5733 

MG 3.7212 3.0040 3.7862 

EN 6.6312 6.5985 7.0216 

SF 13.4614 10.4936 13.4021 

Basin 

SD 63.4588 64.5289 65.5313 

MG 1.8458 1.6210 1.8706 

EN 5.2473 5.3465 5.4157 

SF 7.0857 5.7857 6.8539 

 

As shown in Table 1, the proposed fusion method is 

able to outperform TS-SD in terms of all quality metrics 

for the both experiments. The proposed method also  

has a better performance than DTCWT in most quality 

indexes except SF. We think that the excellent ability  

of details preservation contributes a better performance  

in SF for the DTCWT. Given that the passive MMW 

imaging sensors suffer from a problem of low resolution 

compared with high resolution optical imagery, the 

spatial attention model introduced for fusion weight 

maps construction plays a significant role to achieve the 

best performances in most cases for the proposed method. 

To evaluate the computational performance of the 

presented fusion method, the computational time for 

processing the digger and basin images is summarized  

in Table 2, and time for DTCWT and TS-SD algorithms 

is presented for comparison. Experiments are conducted 

on a computer with 2.6 GHz CPU and 8 GB RAM. The 

decomposition level of DTCWT is 4 in the experiment. 

From the above experimental results, it is concluded  

that two-scale decomposition based methods are more 

efficient than DTCWT, and the proposed method runs a 

bit faster than TS-SD. 

 

Table 2: Computational time of various methods 

Source Images 
Computational Time in Seconds 

DTCWT TS-SD Proposed 

Digger 0.219 0.020 0.016 

Basin 0.275 0.029 0.022 

 
B. Polarization information display results 

Also, the above collected polarimetric passive 

MMW imagery is dealt with the proposed polarization 

information display technique. Here the minimum 

saturation value sat  is set to 0.3 for a better visual effect. 

The color images obtained with the proposed method  

and PDC are presented in Fig.4 and Fig.5 for the digger 

imagery respectively. The parameters for PDC are chosen 

with the second method which would produce the most 

informative images qualitatively [12]. 

 

 
 

Fig. 4. Polarimetric passive MMW imagery of the digger 

displayed with the proposed technique. 

 

 
 

Fig. 5. Polarimetric passive MMW imagery of the digger 

displayed through PDC. 
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It can be found from the figures that a color image 

provides a more intuitive effect as objects are 

differentiated by color. Compared with PDC, the 

proposed technique in this paper offers a superior ability 

of object classification. Moreover, more details are featured 

with a various color saturation for each classification. 

Though the lawn is marked with green color, there is  

a minor difference between the lawn covered and 

uncovered by the reflection of digger. In addition, the 

radio frequency interference spots on the digger can be 

easily distinguished due to the highest saturation level. 

 

 
 

Fig. 6. Polarimetric passive MMW imagery of the basin 

displayed with the proposed technique. 

 

The color basin polarimetric passive MMW imagery 

displayed with the proposed method and PDC are 

presented in Fig. 6 and Fig. 7 respectively. It can be seen 

from the results that the lawn and gravel ground are 

separated with different colors by the proposed technique, 

whereas the difference cannot be distinguished in the 

color image generated with PDC. 

 

 
 

Fig. 7. Polarimetric passive MMW imagery of the basin 

displayed through PDC. 

 

V. CONCLUSION 
As the polarimetric radiation of object provides 

supplementary information for passive MMW imaging, 

the post-processing techniques are increasingly significant 

for polarimetric passive MMW imagery analysis and 

understanding. The polarimetric imagery fusion method 

and polarization display technique are discussed in this 

paper. The performances of the proposed fusion method 

are better than the methods of DTCWT and TS-SD in 

terms of objective imagery quality metrics. Additionally, 

it’s simple and computing efficient due to that the two-

scale decomposition does not rely on complex image 

decomposition steps. Also a technique for displaying 

polarization information through color is presented to 

provide a more informative image. The unpolarized image 

can be displayed simultaneously with the polarization. 

Compared with the conventional PDC technique, the 

proposed method has a better performance in the object 

classification and details presentation. 

As for the future work, more experiments will be 

conducted to further verify the performances of the 

proposed post-processing techniques for polarimetric 

passive MMW imagery. Additionally, there is a large 

quality of fusion algorithms which are applied in optical 

and infrared image processing. More efficient and  

better fusion methods can be explored to demonstrate  

the potential of radiometric polarization information 

application. 
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Abstract ─ An imperfect coating shall cause uncertainties 

in the analysis of electromagnetic properties. To quantify 

the influence of irregularity, complexity, and uncertainty 

of the coatings for electronic devices, an adaptive mesh 

algorithm combined with the discontinuous Galerkin 

time domain (AM-DGTD) method is developed. The 

uncertain variations are incorporated into the proposed 

algorithm by an appropriate parameterization. The 

standard statistical analysis is performed to calculate  

the appropriate moments, i.e., mean and variance. The 

developed method is validated by modeling a dielectric 

coating with uncertain flaws in an adaptive mesh grid. 

The computed quantities of interest from numerical 

estimations are compared with the analytical values, 

these results agree with the physical explanation, and  

are in good agreement with the exact values, as 

demonstrated by numerical experiments.  

 

Index Terms ─ AM-DGTD method, reflection coefficient, 

statistical analysis, uncertainty quantification. 
 

I. INTRODUCTION 
Dielectric coatings applied to surfaces of aircraft 

frames, automobile frames and ship hull are able not  

only to protect objects from sunlight, moisture, dust and 

abrasion but also to improve their appearance [1]. For 

example, cracks, voids, inclusions, structural flaws and 

material defects [2], these uncertain flaws may impact 

the coating’s electromagnetic performance and cause 

difference from the ideal manufacturing objectives, or to 

damage the essential functions of the dielectric coatings. 

In order to engage in the practical analysis and simulation, 

one must find a suitable, flexible and efficient method to 

deal with these electromagnetic problems.  

In the recent years, the method of moments (MoM) 

with probabilistic technique outlined in [3] was applied 

to determine the uncertainty in practical EM compatibility 

measurements. Polynomial chaos technique was used  

in the finite difference time domain (FDTD) method  

to study microwave circuits and free-space scattering 

problems [4]-[5]. An efficient stochastic finite difference 

time domain (S-FDTD) method [6], which uses truncated 

Taylor series approximations in the derivation, is 

employed for evaluating statistical variation in the EM 

fields caused by variability or uncertainty in the electrical 

properties of the materials in the model. To obtain static 

response characteristics of graphite/epoxy composite 

laminates with random material properties, Navaneetha 

Raj et al. employed Monte Carlo simulation and the 

finite element method (FEM) with different boundary 

conditions [7]. A hybrid approach was adopted in the 

spectral stochastic finite element method (SSFEM) and 

polynomial chaos expansion (PCE) to provide response 

analysis of a linear structure with uncertainties in both 

the structural parameters and the external excitation [8]. 

In [9], a probabilistic approach based on high-order 

accurate expansions of general stochastic processes and 

high-order discontinuous Galerkin method was applied 

to solve the time-domain electromagnetic problems with 

uncertainty in initial conditions, boundary conditions, 

sources, materials, computational domain, and/or 

geometries. In [10], Li et al. proposed a hybrid method 

which integrated an adaptive hierarchical spare grid 

collocation (ASGC) method and the discontinuous 

Galerkin time-domain (DGTD) method. The ASGC 

method is employed to approximate the stochastic 

observables of interest using interpolation functions over 

a set of collocation points determined by the Smolyak’s 

algorithm integrated with an adaptive strategy. Owing to 

the random flaws in the coatings are generally smaller, 

irregular, and more arbitrary in nature. Moreover, the 

DGTD method offers high-order accuracy to a coarse 

resolution, geometrical flexibility through fully 

unstructured grids and higher computational efficiency, 

so it could be more suitable to be employed for the 

uncertainty quantization [9]-[14].  

In this work, using the node displacement method 

and the node insertion method[15]-[17], we develop an 
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adaptive spatial discrete algorithm for the high order 

DGTD method to generate an optimal number of mesh 

elements and to adapt the locations of the global nodes 

for uncertain and complex structures. The AM-DGTD 

method is used to evaluate the statistical variations of 

reflection coefficients of dielectric coating with random 

flaws in one-dimensional model. Firstly, we compare the 

high-order convergence of the AM-DGTD algorithm for 

different values of the number of element K and the order 

of polynomial N. Then, we solve three typical uncertain 

flaw problems using the developed approach: (i) slight 

deviation in the permittivity of the dielectric coating,  

(ii) variable tolerance in the thickness of coating, and  

(iii) uncertain holes in the coating. For the first two  

cases, there is only one uncertain input parameter, i.e., 

permittivity and thickness, respectively. For the third 

case, we investigate multivariable situation, e.g., the 

diameter, position, and number of holes as the stochastic 

variables. Furthermore, this article not only provides 

results of uncertainties but also insight into the expected 

statistical properties. 

 

II. ADAPTIVE MESH DGTD METHOD 
To use unstructured finite element methods, the 

computational domain must be decomposed into 

geometric elements, e.g., lines in one dimension, 

triangles in two dimensions and tetrahedral in three 

dimensions. Suppose one-dimensional computational 

domain is  = [xmin, xmax], which can be tessellated by 

K equidistant nodes. If the meshes are uniform then each 

element has the same size h = Ω/K. When the desired 

nodes, which represent the interfaces of the structure 

under study, do not coincide with the positions of the 

equidistant nodes, the uniform meshes are terrible and 

unserviceable. If setting a larger h, the discretization error 

will increase; if setting a smaller h for capturing fine 

details and maintaining Courant-Friedrichs-Levy (CFL) 

condition of the numerical methods, the computational 

memory and execution time will increase. 

For problems with uncertain desired nodes, dynamic, 

intelligent, and more robust meshes are needed to 

achieve accurate identification for the random objects.  

In this work, two types of adaptive mesh generation 

techniques are proposed as below: 

 

A. Node insertion mesh 

Firstly, the computational domain Ω is discretized 

into K equidistant non-overlapping line segments. Each 

line segment has two end nodes. Vx is introduced to 

stand for the global uniform node vector (UNV). Using 

the insertion algorithm, the desired node vector (DNV) 

can be added adaptively into UNV and the resulting 

vector is sorted to achieve overall discretization scheme. 

The new global node vectors could become nonuniform. 

Note that the number of global nodes is increased as 

inserting DNV, as shown in Fig. 1. 

The node insertion method is simple, however, it is 

time and resource-consuming, because the insertion of 

DNV into Vx cause reduction in the minimum distance 

between adjacent nodes, then the smaller time step has 

to be employed to maintain the CFL condition. Pseudo 

algorithm for this adaptive mesh by inserting node is 

provided in Algorithm 1. 
 

 
 

Fig. 1. The mesh cell mappings for node inserting mesh 

algorithm.  

 

Algorithm 1 Insertion algorithm for desired nodes 

Input: computational domain Ω=[xmin, xmax], 

number of elements K, desired node vectors DNV 

Output: updated number of elements K*, updated 

global node vector Vx* 
 

for i←1 to K do 

/* Generate a simple equidistant grid and uniform 

node vectors Vx  */ 

Vx(i) ←(xmax-xmin)*(i-1)/K + xmin 

/* Insert the DNV into the uniform node vector Vx  */  

/* Sort and return the unique values  */ 

Vx*←unique ([Vx  DNV ]) 

K*←length(Vx*)-1 

Return K*, Vx* 

 

B. Node displacement mesh 

In this type of adaptive mesh generation, the 

adaptation can be achieved through suitably displacing 

the UNV. The algorithm identifies the nodes from the 

UNV which are nearest to the set of DNV and shifts 

these nodes to the desired locations. If a DNV coincides 

with one of the UNV, such as the node ① and ②, then 

no displacement is needed; if a structure represented by 

any two of the DNV (e.g., node ② and ③) is much larger 

than uniform elements, then the nearest uniform nodes 

are modified at the boundaries; if a structure is very 

small, such as the segment composed by node ⑤ and ⑥, 

the algorithm makes sure that at least one element is 

contained. Hence, only optimal numbers of element are 

generated, as shown in Fig. 2. 

Note that the number of global nodes remains 

unchanged, that is, K* = K. This algorithm generates 

optimal density of mesh cells over the whole Ω, 
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regardless of geometry structure. The displacement of 

nodes to different position caused non-uniformity in the 

distribution of global nodes. Realization for this adaptive 

mesh algorithm is given below in Algorithm 2. 
 

 
 

Fig. 2. The mesh cell mappings for node displacing mesh 

algorithm.  

 

Algorithm 2 Displacement algorithm for desired 

nodes 

Input: computational domain Ω=[xmin, xmax], 

number of elements K, desired node vectors DNV 

Output: updated number of elements K*, updated 

global node vector Vx* 
 

for i←1 to K do 

/* Generate a simple equidistant grid and uniform 

node vectors Vx  */ 

Vx(i) ←(xmax-xmin)*(i-1)/K + xmin 

if length(Vx) > 2*length(DNV)+2 then 

for q← 1 to length(DNV) do 
/*Generate index of DNV in set of the uniform 

node vectors UNV */ 

[Val(q) Index(q)] ← min(abs(Vx-DNV(q))) 

/* Deal with nodes which near boundary of 

the domain */ 

ConflictIndex ← find( Index(end)==Index) 

if length(ConflictIndex) > 1 then 
          Index(end) ← Index(end)+1 

return 

Vx (Index(q)) ← DNV(q) 

Vx*←Vx 

K*←length(Vx*)-1 

return 
Return K*, Vx* 

 

C. Numerical scheme for one-dimensional case 

To compute the reflection coefficients of the 

dielectric coating with random flaws, we solve the one-

dimensional Maxwell’s equations in the time domain, 

subject to a broadband initial condition, and collect one 

time-trace at an observed point in the computational 

domain. Consider a lossless material TEMz case, the 

time-dependent Maxwell’s equations can be written as  

follows: 

    0, 0,
y yx x

H HE E
z z

t z t z
 

  
   

   
 (1) 

where Ex, Hy,  and  represent the electric field, the 

magnetic field, the local electric permittivity, and the 

local magnetic permeability, respectively.  

Using the aforementioned adaptive mesh approaches, 

the computational domain  = [l, r], which is tessellated 

by K* subdomains, i.e., any one of elements of the 

physical space Dk is equal to [ , ], 1... .k k

l rz z k K *
 The 

solution of Equation (1) will be discontinuous between 

elements. In an arbitrary element Dk, the fields can be 

approximately expanded using local high-order Lagrange 

interpolation polynomial   :k

i z  
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where Np stands for the number of the local expansion. 
k

xhE  and k

yhH  contain a Np-vector of expansion coefficients 

to be solved.  k

i z  signifies an Npth order Lagrange 

polynomial. The relationship between Np and the 

polynomial expansion order N is 1.pN N   On account 

of the fact that correctly choosing interpolation nodes 

can bring about good numerical behaviors, this work 

employs the Legendre-Gauss-Lobatto (LGL) interpolating 

nodes as zi [21]-[23].  

Next, multiplying (1) by a test function  k

i z  in an 

element Dk, yields:  
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In order to couple with adjacent elements, Equation 

(3) are manipulated with integration by parts twice, and 

the strong variational formulation can be obtained as 

[21]: 
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 (4) 

Here, n̂  denotes the local outward pointing normal. 

On the right-hand side (RHS) of (4) 
* *( , )x yE H  are 

numerical fluxes to exchange the coupling between 

neighboring elements. Using the Riemann conditions 
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and for stability reasons, we use a pure upwind flux [21] 

which could strongly damp unphysical modes,   
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where  
1

,Z Y  


   represents the impedance of 

the medium.  

Now substitute the expansions in (2) with the 

numerical flux of (5) into (4) and assume a smooth 

material in each element. After some algebraic 

computations, the explicit semi-discrete scheme in 

matrix-vector form can be obtained as follows: 
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 (6) 

Here, the matrices Jk, Dr, and Mk represent the local 

transformation Jacobian, differentiation matrix and mass-

integration matrix, respectively (see [21] for details). 

The semi-discrete system of (6) is ordinary 

differential equations with respect to time. The forth-

order low-storage explicit Runge-Kutta (LSERK) solver 

is employed for the time integration of (6) [24]. 

 

III. AM-DGTD FOR DETERMINISTIC 

PARAMETERS 

A. Computation model 

The objective of this article is to analyze the 

characteristics of a dielectric coating. To reduce the 

complexity of the problem, this coating is located at the 

center (i.e., xleft = 0) of the computational domain  =  

[-6.0cm, 6.0cm]. Free space is set on the both sides of the 

coating and the relative parameters r = 1 and r = 1. The 

main sensitive variables with uncertainty are supposed to 

be mean values, i.e., the average thickness of the coating 

d = 2.0cm and its average relative permittivity r = 4. 

To model the excitation source, an x-polarized,  

z-directed Gaussian pulse with respect to space is used 

and the following initial conditions (t=0) are adopted as: 
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, (7) 

where z0 and zτ are the center position and the width  

of the Gauss curve, respectively. This Gaussian pulse 

traveling in free space normally incident upon the 

dielectric coating, as illustrated in Fig. 3. 

We collect one time-trace at the observation point 

(P = -1.0cm) in the computational domain. The frequency 

response is obtained by using fast Fourier transformation 

(FFT). Moreover, the Mur’s absorbing boundary conditions 

(ABC) [25] is employed to truncate the open domain. 
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Fig. 3. The sketch map of the dielectric coating with 

uncertain flaws. 

 

B. Reflection coefficient 

The reflection coefficients at the observation point 

are calculated by using the AM-DGTD method. The 

coating is assumed to be removed at first, that is, the 

whole computational domain lies in free space. The 

electric field data at the observation point can completely 

represent the incident field, Einc. Then, the complete 

model is simulated again. Because of the discontinuous 

interface, when the incident wave encounters the 

interface, a fraction of the wave energy will be reflected 

and part will be transmitted. Hence, the electric field data 

at the same observation point represents the total field 

Etot, which includes incident and reflected electric field 

components. The formulation for the reflected fields  

is given by .ref tot inc

x x xE E E   Figure 4 illustrates the 

relationship of incident, total, and reflected electric field 

with time at the observation point. 
 

 
 

Fig. 4. The relationship of incident, total, and reflected 

electric field. 
 

Using FFT, the frequency responses of the incident 

and reflected electric fields are obtained, then the 

reflection coefficients 
ref incE E   are achieved. 

When uncertain parameters impact on the 

computational model, supposing  is independent random 
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parameter with probability density function (PDF). The 

random parameter may come from uncertain material 

parameters, geometrical shapes, boundary conditions, 

initial conditions, computational domain, etc. To model 

the impact of these randomness and uncertainty on the 

propagation of EM waves, the solution of Einc and Eref 

can be expressed as  , ,incE z t   and  , , ,refE z t   they 

are not only a function of (z, t) but also of . Therefore, 

the reflection coefficient Γ are uncertain and stochastic, 

correspondingly. The statistical moments of the solutions, 

such as mean and variance of Γ can be quantified [18]-

[20] as: 
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where M represents the samples of the stochastic 

parameters, which are generated by using a random 

number generator. E[Γ] stands for the mean of the 

random variable Γ; Var[Γ] and Std[Γ] are the variance 

and standard deviation of the random variable Γ, 

respectively; CI[Γ] denotes the confidence interval with 

an upper and lower bounds. The n is used as the critical 

value. This value is only dependent on the confidence 

level of the test. A typical two-sided confidence level is 

as n = 1.96, which corresponds to the confidence interval 

as 95% (see [18] for details). 
 

C. Results and analysis 

To validate the approach discussed above, the 

reflection coefficients are calculated by the AM-DGTD 

method for the sensitive variables given. The constitutive 

parameters are the same as in Subsection A. 

Figure 5 plots the computed solution at final time  

T = 10s as a function of the number of adaptive elements, 

K, and the order of the local approximation, N. Comparing 

with analytic solutions, it shows a good agreement for 

different parameter sets (N, K). There are two ways to 

improve the accuracy of Γ: (i) keep N fixed, and increase 

K, known as h-refinement, and (ii) keep K fixed, and 

increase N, known as order or p-refinement [21]. As 

shown in the magnified image at around 1.85 GHz, 

simulation results using larger N or K are closer to 

analytic results. 

Figure 6 shows the results of absolute errors 

(compared to analytic results). The errors decay fast  

with increasing N or K, while both lead to a better 

approximation. Because of smaller errors at the extreme 

points, there is better manner at the maximum and 

minimum of the reflection coefficient Γ, i.e., at 1.85 GHz 

and 3.75 GHz. But with increasing frequency, the error  

values become somewhat large. 

Inspecting results in Fig. 6, one observes that the 

results of AM-DGTD scheme are clearly convergent  

for increasing K and/or N. However, the high accuracy 

comes at a price. The higher accuracy needs the greater 

execution time. Table 1 has listed the root mean square 

(RMS) error and the execution time at different 

combinations of (N, K). Consider, as an example, an error 

of O (3.0e-5). From the results in Table 1, we see that 

this can be achieved through (2, 40), (2, 160), (3, 40), 

and (4, 20) (the bold font). Comparing with these results, 

the combination of (2, 40) has the highest order of 

approximation and the fastest running time in which the 

hosting CPU is Intel Core i3-4150 with four cores and 

clock speed of 3.5 GHz. 
 

 
 

Fig. 5. The reflection coefficient for different sets of 

parameters (N, K) compared against the exact solution. 
 

 
 

Fig. 6. Absolute errors for different sets of parameters 

(N, K) compared against the exact solution. 

 

Because the stochastic problems require generally  

a large number of the variables to calculate statistical 

properties, one must make a trade-off between accuracy 

and execution time for the employed method. According 
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to the results of Table 1, the combination of (N, K) = (2, 

40) has been chosen, because of its higher accuracy and 

lesser time. 

To analyze execution time efficiency, an ultra-thin 

coating is handled by the AM-DGTD method. Comparing 

with traditional DGTD method, the AM-DGTD approach 

can save more execution time. For example, when the 

thickness of the ultra-thin coating is 0.05cm, the execution 

time is 1724.4648s and 205.0989 s, respectively, using 

the traditional DGTD and the AM-DGTD methods. It  

is clearly exhibiting that the AM-DGTD technique helps 

achieving very fast numerical computations.  

 

Table 1: RMS error (GHz), total execution time (s) 

N       K 20 40 80 130 160 

1 
5.3615e-3 1.1319e-3 2.8409e-4 1.0901e-4 7.1152e-5 

5.1219 6.4955 10.0083 14.0528 16.5547 

2 
1.8919e-3 2.4724e-5 5.1515e-5 1.4265e-5 2.7230e-5 

6.5837 9.6089 16.4490 24.8534 30.1344 

3 
5.3715e-5 2.7734e-5 1.9115e-5 2.0471e-5 1.2255e-5 

9.1618 15.0469 26.7811 42.7873 52.5584 

4 
3.0970e-5 2.3152e-5 2.0652e-5 1.3980e-5 1.2212e-5 

12.5116 21.9100 41.4415 67.3585 82.5465 

5 
2.4773e-5 1.3339e-5 1.3075e-5 1.5433e-5 1.3684e-5 

17.1342 30.7708 59.2901 97.0274 120.9001 

6 
3.1082e-5 1.7996e-5 1.5677e-5 1.4709e-5 1.2306e-5 

22.2469 41.6919 81.7953 134.7709 167.9819 

7 
1.6191e-5 1.9432e-5 1.3092e-5 1.3431e-5 1.3097e-5 

28.1425 54.0226 106.8370 176.5143 220.7351 

 

IV. AM-DGTD FOR STOCHASTIC 

PARAMETERS 
The actual form of flaws in the dielectric coating may 

not be known, causing the introduction of the uncertainty 

in some sensitive parameters. These uncertainties can  

be based on pure speculation, on measured data, or on  

other available information. In this section, a few typical 

uncertain flaws are discussed and validated by the  

AM-DGTD approach. To reduce the complexity of  

the simulations, the uncertain flaws are expressed as 

stochastic variables, characterized with appropriate 

probability distributions. And these stochastic variables 

are statistically independent. 
 

A. Uncertainty in material 

Deterministic solutions require accurate input 

parameters, however, there always exist uncertain 

material properties such as from imprecise measurement 

or manufacturing. In this section, the case of uncertainty 

in permittivity is considered, that is, tolerances and 

uncertainties lie in the relative permittivity r.  

For the model in Fig. 3, a randomness in the relative 

permittivity of the dielectric coating is assumed as [9]: 

   2

2

1

, 0.1
4 (1 )

1

r

x coating

x
otherwise

  






  
 



, (9) 

where  is a Gaussian variable with zero mean and unit 

variance. With the uncertainty of the formula (9), the 

relative permittivity r is guaranteed to remain positive 

in the domain of the dielectric coating. Note that our 

concern is not the correctness of the probabilistic law 

chosen in (9) for the uncertainty of the r, since for any 

reasonable law, the techniques presented in this paper 

should work equally well.  

Other parameters are fixed as the computational 

domain  = [-6.0cm, 6.0cm], the thickness of the coating 

d = 2.0cm, the position of the observed point P = -0.1cm, 

the total computational time T = 10s. 

The mean and standard deviation of the reflection 

coefficient Γ of have been evaluated by the AM-DGTD 

method at the observation point. Table 2 shows the 

results of the quantitative uncertainties of the Γ versus 

different tolerances of the relative permittivity r, i.e.,  

the minimum, maximum, mean and 95% confidence 

intervals (CI) of Γ at the maximum 1.85 GHz. With the 

increasing of the r, it has been found that the E[Γ] is 

far away from the value of r = 0. When the r is 

negative, i.e., the value of r turns small, the E[Γ] is 

reduced and the region of 95% CI[Γ] widens, e.g.,  

r = 3.8612, then E[Γ] = 0.5878, CI[Γ] = [0.5690, 0.6067]. 

On the contrary, the r is positive, i.e., the value of r 

turns big, the E[Γ] is increased and the region of 95% 

CI[Γ] also widens, e.g., r = 4.2994, then E[Γ] = 0.6214, 

CI[Γ] = [0.5924, 0.6505]. 

To study the relationship of the deviation of reflection 

coefficient Γ and permittivity r, another 1000 independent 

random variables are used. The results of uncertainty 

quantification of reflection coefficient with different 

deviations in permittivity r over a 0-4 GHz frequency 

range are shown in Fig. 7. It is obvious that the minimum 
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reflection point, i.e., 3.75 GHz, turn worse with the 

tolerances of r increase. When the tolerance of r is 

changed, the value of this point is increased, i.e., the 

value of r decreases, this point shifts a bit to higher 

frequency; when the values of r increases, the point 

shifts a bit to lower frequency. The increased offset 

indicates an increased tolerance existing in the results. 
 

Table 2: Uncertainty quantification of Γ versus different 

deviation in r 

r        
Γ Min Max Mean 95% CI 

-0.4056 0.4737 0.5999 0.5595 [0.4905,  0.6286] 

-0.2831 0.5287 0.5999 0.5735 [0.5311,  0.6159] 

-0.1388 0.5681 0.5999 0.5878 [0.5690,  0.6067] 

0.0 0.5999 0.5999 0.5999 [0.5999,  0.5999] 

0.1287 0.5999 0.6267 0.6098 [0.5943,  0.6253] 

0.2994 0.5999 0.6474 0.6214 [0.5924,  0.6505] 

0.4232 0.5999 0.6668 0.6286 [0.5882,  0.6690] 

 

 
 

Fig. 7. Distribution of Γ with respect to different deviation 

in r. 
 

B. Uncertainty in thickness of coating 

Suppose that the physical thickness of the dielectric 

coating is unknown, i.e., when there is uncertainty 

associated with the position of the right boundary of the 

coating. Uncertainty in the thickness of d can be modeled 

by choosing rightx  a random variable and keeping leftx  

as constant. And the randomness rightx  is a random 

parameter with some associated PDF. 

The uncertain deviation in the right boundary 

position is chosen, so that the thickness of the coating is 

of variable value. The position of the right boundary is 

assumed to be  rightx d g   , this allows 
rightx  to be 

positioned on both sides of the mean position. Here g() 

(the deviation in thickness d) is a uniform variable. The 

mean is chosen as 0.1, 0.2 and 0.3 with a tolerance  

of 0.01, i.e., g()/d is uniformly distributed in the 

interval [0.09cm, 0.11cm], [0.19cm, 0.21cm], and 

[0.29cm, 0.31cm], respectively. 

Figure 8 shows how the uncertain deviation in 

thickness of the dielectric coating affects the reflection 

coefficient Γ at the observation point P = -0.1cm, which 

are computed using the AM-DGTD formulation outlined 

in Section III. In the frequency 0-5 GHz range, the 

magnitude of the mean of Γ for 1000 samples of the 

random thickness is shown in the Fig. 8. When d = 0, 

the numerical results are in good agreement with analytic 

solutions. With the thickness d decreasing, e.g., the 

average thickness is from 2.3cm to 1.7cm, it has been 

observed obviously that the curves of the reflection 

coefficient Γ are extended towards the x axis and the 

minimum reflection frequency points shift from low to 

high frequency. 

 

 
 

Fig. 8. Mean of Γ for 1000 samples drawn from the AM-

DGTD simulations. 

 

C. Random holes in coating 

In this experiment, the AM-DGTD method is 

employed to analyze the reflection coefficients of 

imperfect dielectric coating caused by blotch, bubble, or 

recessed hole on a film. The different number, different 

radius, and random positions of holes in the dielectric 

coating of the range of [0.0cm, 2.0cm] are simulated. 

 

1) Single hole 

The hole parameters are assumed as rh = 1, rh = 1. 

The arbitrary mesh is represented in Fig. 9, the radius and 

random position of the hole are statistically independent. 

The number of the elements is set as K = 40. Degrees  

of two (N = 2) polynomials are enough to ensure that 

convergence is achieved in the physical space. The 

randomness of the holes can be incorporated into the 

AM-DGTD method by introducing uncertainty in the 

local computational mesh. To accomplish this, a 

displacement mesh is employed around each uncertain 

portion of the geometry. 

 

ACES JOURNAL, Vol. 33, No. 5, May 2018525



 
 

Fig. 9. The sketch of the model with one uncertain hole. 

 

Three cases with random position and radius r as 

0.025cm, 0.05cm, and 0.1cm are considered, respectively. 

Comparisons of the mean of the reflection coefficient Γ 

with and without these random holes over a 0-10 GHz 

frequency range are presented in Fig. 10. When the 

radius r is increased, the mean Γ becomes worse. For 

instance, the maximum reflection coefficient at 1.85 GHz 

is decreased, and the minimum value at 3.75 GHz is 

increased. And the curves of frequency-domain response 

are shifted a bit to higher frequency. 

 

 
 

Fig. 10. One hole with random positions and variable 

diameter. 

 

2) Multiple holes 

An arbitrary mesh with two uncertain holes is 

represented in Fig. 11, all parameters are same as that of 

single-hole case. With the increasing of hole radius, the 

mean of reflection coefficient Γ becomes worse. For 

example, the value of the maximum becomes smaller 

and the value of the minimum becomes bigger. 

The properties of results are similar to those of the 

single-hole case, but for the two random holes, the curve 

shifts more bit to the higher frequency, as shown in Fig. 

12. The comparison results of the mean of the reflection 

coefficient of the model with 0-3 random holes are 

summarized in Fig. 13. It has been found that the mean  

Γ becomes worse with the number of the holes increasing. 
 

 
 
Fig. 11. The sketch of the model with two uncertain 

holes. 

 

 
 

Fig. 12.  Two holes with random positions and variable 

radius. 

 

 
 

Fig. 13. Comparison of the Γ for different numbers of 

random hole. 

 

Figure 14 shows the estimation of mean Γ and 95% 

CI for the imperfect dielectric coating with random 

number of holes computed by the AM-DGTD method. 

And the radius of hole is supposed to equal to 0.1cm, and 

the positions of hole are randomly selected. The limits  

of the 95% CI are obtained from the PDF, such that  
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the 2.5% of the data goes beyond the lower and upper 

bounds, respectively. The mean Γ of 2.5% quartile near 

the minimum is observed to perturb slightly and the 

mean Γ of 97.5% near the maximum is observed to shift 

slightly, all indicating an increased uncertainty exists in 

the results. 
 

 
 (a) 

 
 (b) 

 
 (c) 

 

Fig. 14. The deviation in the mean and in 95% confidence 

intervals for Γ when the solution with stochastic holes is 

compared against the solution without holes: (a) one hole, 

(b) two holes, and (c) three holes. 

 

Figure 15 (a) shows the mean of the Γ for the 

dielectric coating without holes by using the AM-DGTD 

method. The mean Γ with only one uncertain hole at  

the maximum 1.85 GHz are concentrated in the interval 

[0.581, 0.598], however, the values drop to range of 

[0.562, 0.597] and [0.544, 0.596] for the two and three 

holes, respectively, as shown in Figs. 15 (b)-(d). These 

numerical results are agreed with the physical explanation. 

In term of the value of the interval, we clearly see the 

smaller mean Γ have worse flaws corresponding to a 

larger number of holes. 

From Fig. 16, it is clearly seen that the mean Γ at 

different frequencies is different for different numbers of 

random holes. For 0 ≤ Γ ≤ 0.4, the values are increased 

with increasing of the number of the random hole; the  

Γ = 0.5 results slightly changed; and for 0.5 < Γ ≤ 0.6, 

the values are decreased with the increasing of the 

number of the random hole. 

 

 
 
Fig. 15. Distribution of the reflection coefficient with 

different number of random holes: (a) the analytic 

solution of Γ without hole, (b) the distribution of Γ with 

one random hole at 1.85 GHz, (c) the distribution of Γ 

with two holes, and (d) the distribution of Γ with three 

random holes. 

 

 
 
Fig. 16. The relationship between the mean of Γ and the 

number of hole. 

 

V. CONCLUSION 
In this paper, we discussed the use of an adaptive 

mesh integrated into discontinuous Galerkin method  

to research the impact of uncertain flaws in the 1D 

propagation problems. These sources of uncertain flaws 

are considered: the varied relative permittivity, thickness 

of coating and multivariable holes in the medium. The 

adaptive spatial discrete algorithm for the high order 

accurate DGTD method has been developed to solve 
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these irregular, complex, and random flaws in the 

dielectric coating.  

The adaptive mesh technology, which generated by 

the displacement of nodes and the insertion of nodes, can 

provide efficient and optimum number of mesh elements 

as compared to simple uniform mesh. The simulation 

results have been shown that the new approach can save 

computational resources because of avoiding redundant 

division of the computational domain. Three typical 

experiments validate significant advantages of the AM-

DGTD approach and show potential for further study of 

uncertain problems. 
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Abstract ─ A resistive active power divider (RAPWD) 

design based on Kron’s model is introduced. The three-

way RAPWD topology is essentially constructed with  

a low noise amplifier (LNA) with input and output 

matching shunt resistances. The RAPWD S-parameter is 

analytically expressed from the Kron’s method hybridized 

with the LNA touchstone model. The RAPWD synthesis 

relation is established in function of the expected gain 

and matching access. The feasibility of the established 

Kron’s method modelling is validated with a proof-of-

concept (POC) using the surface mounted monolithic LNA 

LEE-9+ from mini-circuits. As expected, S-parameters 

are in good correlation between simulations and computed 

results from the proposed hybrid method. A relatively 

flat transmission gain of about 9+/-0.2 dB is realized  

in the very wide frequency band 0.5 to 4.5 GHz. The 

broadband tested RAPWD input and output matching 

and access port isolations are widely better than 10 dB. 

  

Index Terms─ Active microwave circuit, design method, 

hybrid model, Kron’s formalism, Power Divider (PWD), 

resistive topology, synthesis relations. 
 

I. INTRODUCTION 
The power divider (PWD) is one of the key elements 

and most useful components for the RF/microwave 

communication system. The PWD RF/microwave function 

is usually implemented in different front- and back-end 

architectures as phased array antennas [1-2] and reflectors 

[3]. 

The phased array enables to deploy several functions 

widely used in military and commercial applications as 

retrodirective antenna system for example based on the 

Van Atta Array [4]. Various design technologies have 

been deployed in function of the substrate structures [5] 

and improving the 3D radiation beam coverage [6]. The 

phased array architecture is regularly employed in the 

radar system. It allows to improve the airborne radar 

performance as can be found in the atmospheric 

meteorology research [7]. The phased array architecture 

is also popularly implemented in radio astronomy stations 

[8-10]. The array antenna is flexible to operate in low- 

frequency ranges which are potentially useful for the sky 

radio scanning [8-12]. In addition, the PWD based 

phased array architectures are potentially integrable in 

Silicon based radio frequency integrated circuits (RFICs) 

[13]. So, the phased array elements are potentially designed 

and implemented in CMOS technology for microwave 

and millimeter wave applications as 60-GHz [14] and 

77-GHz [15] transceivers.  

The PWD function can be designed in three- or 

multiple N-way topologies [16-19]. Several topologies as 

coplanar waveguide [17], metamaterial [18] and hybrid-

expanded coupled line based structures [19] were proposed. 

However, one of easiest design and implemented PWD 

are based on the Tee-shape passive circuit. The most 

popular in RF/microwave engineering is the Wilkinson 

PWD [20-25]. The Wilkinson PWD has been widely 

exploited and implemented in coplanar wave guide  

[22], microstrip [23] and hybrid technology [24] in both 

narrow- and broad-band frequencies. The Wilkinson PWD 

can be also used to design more complex microwave 

function as Balun [25]. Nevertheless, acting as passive 

devices, Tee- and Wilkinson PWD components suffer 

about insertion losses.  

To tackle this problem, active topologies may 

constitute an efficient solution in order to compensate  

the losses. The PWD active topology can be designed 

similar to multiport power amplifiers [26]. But to cope 

with the design complexity, simple implementation circuit 

as resistive and low-noise amplifier (LNA) active multi-

way PWD [27-28] is required. However, the analytical 
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modelling should require the consideration of the LNA 

touchstone model. In this paper, we are introducing  

a simple and efficient computational method of the 

resistive active PWD topology by using the Kron’s 

formalism as deployed in [29-32]. This typically unfamiliar 

computational method is based on the tensorial analysis 

of network (TAN). 

The Kron’s formalism was initially developed for 

the modelling of electrical machine. Then, recently, it 

was extended to the modelling of complex electronic and 

electrical system electromagnetic compatibility (EMC) 

[29]. Combined with the transmission line (TL) Branin 

approach, the extended Kron’s formalism has been 

employed to the modelling of TL based interconnect 

printed circuit board (PCB) [30-31]. Moreover, the 

formalism can be potentially used to determine the S-

parameter model of PWD. The fast-computational model 

of quarter wavelength arm Y-shape unequal PWD is 

communicated recently in conference ACES-China 2017 

[32], the structure is shown in Fig. 1. In progress of this 

Kron’s modelling, we may wonder on applicability of 

the proposed method for the resistive active PWD 

(RAPWD) using LNA. 
 

 
 

Fig. 1. Y-shape PWD structure [32]. 
 

To answer to this technical curiosity, a hybridized 

model of RAPWD is developed in the present paper.  

For the better understanding, the paper is organized as 

follows. Section 2 is dedicated to the proposed circuit 

computational method. The circuit modelling based on 

the Kron’s formalism and the LNA touchstone model  

is described. Section 3 addresses the developed hybrid 

modelling by considering a circuit proof-of-concept 

(POC). S-parameters simulation results are presented 

and discussed. Last, Section 4 is the conclusion. 
 

II. THEORY ON THE KRON’S FORMALISM 

AND TOUCHSTONE HYBRID MODEL OF 

RESISTIVE ACTIVE POWER DIVIDER 
The present section is focused on the hybrid 

modelling of the three-way PWD. The synoptic of the 

proposed topology is depicted in Fig. 2. In the present 

configuration, Port  is assumed as the input, and Port 

 and Port  are the outputs. 
 

 
 

Fig. 2. Synoptic of the RAPWD under study. 

 

The RAPWD is basically implemented by using 

shut resistances associated with LNA as active elements. 

Similar to all microwave circuit, in the remainder part of 

the paper, the proposed theory is established based on  

the topology S-parameter investigation referenced to  

the source and load impedance R0=50 Ω. The calculation 

principle of the hybrid modelling under study will be 

illustrated in the coming paragraphs. 

 

A. Resistive and LNA based elementary cell 

The elementary cell constituting the proposed 

RAPWD is sketched in Fig. 3.  

 

 
 

Fig. 3. Considered resistive and active cell constituting 

the proposed RAPWD. 

 

It consists essentially of an LNA combined with 

input and output shunt resistances respectively Rin and 

Rout. To establish the RAPWD S-parameter, the LNA 

model is assumed to be provided by the manufacturer in 

touchstone data. Acting as a two-port S-parameter, the 

equivalent model can be merely written as: 

 

  11 12

21 22

( ) ( )
( )

( ) ( )

LNA LNA

LNA

LNA LNA

S j S j
S j

S j S j

 


 

 
  
  

. (1) 

The LNA is supposed as a unilateral RF/microwave 

component. Furthermore, it is characterized the input 

and output matching level equal to SLNA11=SLNA22=r. 

Meanwhile, the LNA can be represented by the matrix: 

 

 
( ) 0

( )
( ) ( )

LNA

r j
S j

t j r j




 

 
  
 

. (2) 

Based on the S-to-Z transform, the equivalent Z-matrix 

is given by: 

 

 

 

0

0 02

1 ( )
0

1 ( )
( )

( ) 1 ( )
2

1 ( )1 ( )

LNA

r j
R

r j
Z j

t j r j
R R

r jr j






 



 
 
 

 
  

. (3) 
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B. Graph model of the two-way RAPWD 

The RAPWD circuit diagram is illustrated in Fig. 3. 

The LNAs are inserted at the PWD input and output  

three arms. The resistance R1 is connected in shunt at the  

input for controlling the input matching. Similarly, the 

resistances R2 and R3 are connected in shunt at the outputs 

for controlling the output matching. The intermediate 

resistance Rm ensures the stability and the LNA interstage 

matching. Before setting the Kron’s formalism, the system 

must be traduced in graph representation. The graph 

equivalent topology of the circuit introduced in Fig. 4. 

This graph is essentially built by the branches and the 

black box representing the LNA touchstone S-parameter 

model. The circuit is fed by voltage sources V1, V2 and 

V3 respectively connected at Port , Port  and Port . 

It induces the branch currents I1, I2 and I3. The LNA input 

and output voltages Vα and fictive currents Iα with α={a, 

b, … , i} are indicated in this circuit for mesh law 

elaboration. 
 

 
 

Fig. 4. Circuit topology of the RAPWD. 

 

To construct a symmetrical or balanced PWD, we just 

have to generate S21=S31 and S22=S33. This condition can be 

achieved by implementing same arms at the PWD output 

branches. In other word, same output shunt resistances 

R2=R3 must be used. This idea guarantees the symmetry 

between the PWD output arms. Consequently, the overall 

three-port device S-parameter can be determined with 

the S-parameter of two port system by taking S23=S32=0 

in addition to the equality S21=S31 and S22=S33. In this 

case, the graph introduced in Fig. 5 can be reduced as 

shown in Fig. 6. The shunt impedance ZLNA represents in 

the LNA input impedance which is previously given in 

expression (3). 
 

 
 

Fig. 5. Equivalent graph topology of the PWD introduced 

in Fig. 4. 

 

 
 

Fig. 6. Reduced equivalent diagram of the graph 

established in Fig. 5. 

 

C. Discussion on the advantages and the limitation of 

the RAPWD topology 

The combined Kron’s formalism and LNA touchstone 

data hybrid model can be established from the reduced 

graph proposed in Fig. 6. In order to calculate, the overall 

system S-parameter, we would start with the three port 

Z-matrix defined by: 

 

 1 1

2 2

( ) ( )

( ) ( )

V j I j
Z

V j I j

 

 

   
    

   
, (4) 

with 

 

  11 12

21 22

( ) ( )

( ) ( )

Z j Z j
Z

Z j Z j

 

 

 
  
 

. (5) 

The analytical expressions governing the system 

under study can be extracted from the Kron’s formalism 

by assuming that the mesh spaces represented by the 

current fictive meshes Iα with α={a, b, … , i}. It implies 

the following equation system: 

 

1 1

2 2

( ) ( ) ( ( ) ( ))

( ) ( ) ( ( ) ( ))

( ) ( ) ( ( ) ( ))
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b

c d

c d x

e f
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   

   


  

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, (6) 

by denoting the total intermediate impedance as: 

 

0

0

(1 )
/ /

(1 ) (1 )

m
x m LNA

m

R Z r
Z Z Z

R r Z r


 

  
. (7) 

In addition to this system, we can consider the LNA 

model by the transfer matrix: 

 

  11 12

21 22

( ) ( )
( )

( ) ( )

T j T j
T j

T j T j

 


 
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  
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. (8) 

This transfer matrix is obtained from the LNA 

touchstone model via the S-to-T transform:  
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
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
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. (9) 

Therefore, we have the complementary equation 

system: 
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. (10) 

The solution of the combined equations allows to 

express the unknown voltage in function of the branch 

currents given by: 

11 12

21 22

1

2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

b f

PWD PWD

b f

PWD PWD

V j Z j I j Z j I j

V j Z j I j Z j I j

    
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

 

. (11) 

Finally, the RAPWD S-parameter matrix: 

 

  11 12
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, (12) 

can be determined from the Z-to-S matrix transform. The 

expected S-parameter model is given in (13). It can be 

pointed out that in this ideal case, the PWD isolation 

losses are zero because of the LNA unilaterality: 

 

 
 

 
  

  

 
 

 

 
 

11

12

21

22

1 0

1 0

1 0

1 0

2 0

0

2 0

2 0

2 ( ) 1 ( )

2 1 ( )

0

2 ( ) 1 ( )

2 1 ( )

2 ( ) 1 ( )

1 ( )
1 ( )

3 1 ( )

2 1 ( )

2 ( ) 1 ( )

PWD

PWD

PWD

m

PWD

r j R r j R
S

R r j R

S

r j R r j R

R r j R

r j R r j R
S

r j R
r j

r j R

R r j R
S

r j R r j R

 



 



 








 

 


 

 


 


 


 


       
   


 
  

. (13) 

 

D. Proposed RAPWD synthesis relations 

The synthesis relations allowing to determine the 

RAPWD parameters R1, Rm and R2 can be extracted from 

this equation system in function of the specified PWD: 

• Input and output matching level m>0 (assumed 

to be identical). 

• And insertion gain g>0. 

Doing this, the proposed RAPWD synthesis formulas 

are determined from the equations:  
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. (14) 

As a matter of fact, the formulas enabling to express 

the RAPWD parameters are written as: 

  

0

1

0

(1 )(1 )

2( )

(1 )(1 )

2( )

R r m
if r m

r m
R

R r m
if r m

m r

 
 

 
  

 

, (15) 

 

0
2

(1 )(1 )

2( )

R r m
R

m r

 



. (16) 

 

21

21

1

3

2

2

1

2

3

2

0
3 ( 2) 3

2(1 2 )

0
3 2(1 2 )

3 ( 2)

PWD

m

PWD

if S
r g r g

m t
R

if S
g m t

r g r










   


 

 
 
   


 

, (17) 

with 
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III. SIMULATION VALIDATION RESULTS 
This section is focused on the validations of the 

developed hybrid modelling concept. A POC of RAPWD 

is designed and fabricated following the synthesis 

approach described in the previous section. The POC 

modelled computed results are compared with simulations 

run in the ADS® environment of the electronic circuit 

designer and simulator.  

 

A. RAPWD POC description 

The PWD POC is a three-port active microwave 

circuit. This POC was designed with the surface mounted 

monolithic LNA LEE-9+ from mini-circuits. Figure 7 

represents the schematic of the POC circuit prototype.  

Initially, the RAPWD expected generating 

transmission gain of about 9 dB and access port reflection 

coefficients better than 10 dB was synthesized. Therefore, 

the calculated RAPWD parameters are R1=R2=R3=200 Ω 

and Rm=62 Ω. The circuit was biased with V0=5VDC power 

supply. The designed, fabricated, simulated and measured 

POC is represented in Figs. 7. The bias circuits are 

consisted of self-inductance L=75 nH and Cp=100 pF. 

The DC blocking capacitors are C=100 pF. 

 

 
 

Fig. 7. RAPWD POC simulated circuit design  

 

B. S-parameter results 

The validation simulations were performed from 0.5  
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to 4.5 GHz by using the LNA touchstone model provided 

by the manufacturer. Figure 8 represents the comparison 

between the simulated and ideal theory S-parameters 

obtained from the POC depicted in Fig. 7. 
 

 
 

Fig. 8. Comparison of the simulated and ideal theory  

S-parameters: (a) transmission gains, (b) reflection 

coefficients, and (c) isolations. 

 

It acts as a very broadband PWD. As seen in Fig.  

8 (a), the RAPWD presents a transmission gain with 

excellent flatness of about 9+/-0.2 dB from 0.5 GHz to 

4.5 GHz. Then, as shown in Fig. 8 (c), the isolations are 

better than 10 dB. The result is very well-correlated to 

the targeted transmission gain. In addition, as shown in 

Fig. 8 (b), the three-port access matching is better than 

10 dB. 

 

C. Discussion on the advantages and the limitation of 

the RAPWD topology 

The presented RAPWD topology is particularly 

advantageous in terms of: 

 The isolation because of the LNA unilaterality. 

 The gain flatness is not easy to achieve for most 

of passive PWD expected the fully resistive 

ones. However, with the proposed topology, we 

have a possibility to generate a very wide 

bandwidth by choosing the expected LNA. 

 The stability which is not, in general, easy to 

control if the passive PWD to be cascaded with 

the LNA is not very well matched even out of 

the operating frequency band. 

However, the RAPWD presents drawbacks in matter of: 

 The power efficiency because of the shunt 

resistor which is susceptible to consume and 

waste energy via Houle effect. 

 And the complexity of bias network associated 

with the DC blocking circuitry. 
 

IV. CONCLUSION 
A hybrid modelling methodology of resistive active 

PWD is investigated. The active topology is mainly 

consisted of LNA element and shunt resistances. The 

introduced PWD topology enables to compensate losses 

and minimize the interbranch isolation in difference with 

the popular passive PWD topologies. The developed 

modelling concept is built with the Kron’s formalism  

and the LNA touchstone model. The PWD S-parameter 

model in function of the LNA S-parameter is established. 

Then, the synthesis formulas enabling to determine the 

PWD parameters are expressed. The established theory 

is validated with resistive active PWD POC. The S-

parameter simulation confirms the expected values 

specified in the synthesis formulas. 

It should be emphasized that the proposed RAPWD 

is advantageous to generate competitive gain flatness, 

isolation and matching. But it presents some weakness in 

terms of power efficiency and bias/DC blocking circuitry. 

In the future, we expect to apply the proposed hybridized 

Kron’s method to more complex active RF/microwave 

topology by taking into account the power efficiency. 
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Abstract ─ An approximate method to calculate the 

horizontal electric field from inclined lightning channel 

in frequency-domain was proposed based on the extension 

of Cooray formula and Cooray-Rubinstein formula. 

Validations of these two extended formulas were both 

performed by comparing their calculation results with 

those obtained by the numerical solution of Sommerfeld’s 

integrals using Bannister approximations. The results have 

shown that both the accuracy of these two extended 

formulas are mainly related to the observation distance 

and the ground conductivity, and will increase with the 

increasing ground conductivity and observation distance. 

The extended Cooray formula could predict the horizontal 

electric field at ground level accurately at the distance 

beyond 100m. And the extended Cooray-Rubinstein 

formula could yield an acceptable approximation on the 

above-ground horizontal electric field with the exception 

of the observation point at close range under poor ground 

conductivity less than 0.0001S/m. 

 

Index Terms ─ Approximate calculation, extended 

Cooray-Rubinstein formula, frequency-domain, horizontal 

electric field, inclined lightning channel. 
 

I. INTRODUCTION 
The calculation of lightning horizontal electric field 

at a lossy ground is very important in the field-to-line 

coupling problem. Generally, the solution of horizontal 

electric field would lead to the so-called Sommerfeld’s 

integrals, which are highly oscillatory and difficult to 

evaluate numerically. To overcome this difficulty, many 

simplified approaches have been proposed, especially in 

frequency domain. An approximate technique known as 

the wave tilt formula has been used by several researchers 

to calculate the horizontal field from lightning at ground 

level [1, 2]. However, the wave tilt formula is only 

applicable for the calculation of horizontal field at 

distances beyond a few kilometers. In order to calculate 

the horizontal field at close range, Cooray [3] introduced 

an approximate method in frequency domain to calculated 

the horizontal field at ground level with the help of the 

ground surface impedance, which is called as Cooray 

formula and can be applied for the distances as short  

as 200m. Based on the Cooray formula, Rubinstein [4] 

presented another approximate formula, known as 

Cooray-Rubinstein formula, to evaluate the horizontal 

electric field off the ground at close, intermediate and  

far distances. Several researches have shown that the 

Cooray-Rubinstein formula could yield a satisfactory 

approximation on the above-ground horizontal electric 

field at different distances [4-6]. General restrictions of 

validity of the Cooray-Rubinstein approximation were 

theoretically examined by Wait [7]. However, he 

mentioned the possibility that the errors due to the 

violation of these restrictions may not be practically 

significant. To improve the accuracy of the Cooray-

Rubinstein formula, a simple modification was provided 

by Cooray [8]. Moreover, his calculations showed that 

the accuracy of the Cooray-Rubinstein formula may 

become better when propagation effects were included 

in the magnetic field used in the surface impedance 

expression [9]. However, it is worthwhile to note that all 

these above researches are carried out in the case of 

vertical lightning channel, including the Cooray formula 

and Cooray-Rubinstein formula. In fact, the lightning 

channel is usually inclined or tortuous, which has great 

influence on the lightning electromagnetic field [10]. 

Due to traditional analytical methods in time domain are 

difficult to calculate directly the electromagnetic field 

from the inclined or tortuous channel at a lossy ground, 

some researchers used the finite difference time domain 

(FDTD) method to evaluate the effect of the inclined 

channel [11, 12]. But this method usually takes a long 

computation time, and is mainly applicable for close and 

intermediate distances. To calculate the horizontal field 

from inclined channel at far distance, Wan et al. [13] 

proposed an approximate method in frequency domain 

based on the extension of Cooray formula, which is 

applicable for the horizontal field at ground level. In this 

paper, in order to calculate the horizontal electric field 

from inclined lightning channel above a lossy ground, an 

extension of Cooray-Rubinstein formula for inclined 
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lightning channel is derived, which is applicable for 

close, intermediate and far distances. Its validity is 

verified by comparing it with the results from the 

numerical solution of Sommerfeld’s integrals using 

Bannister approximations, the accuracy of which has 

already been proved by Cooray [14]. Such an extended 

Cooray-Rubinstein approximation could be useful for 

analyzing the interaction of lightning electromagnetic 

fields with power lines or electrical installations due to 

the inclined or tortuous lightning channel. 

Due to that Cooray formula is an important part  

of Cooray-Rubinstein approximation, the extension of 

Cooray formula for inclined lightning channel and its 

validation are firstly provided in this paper. Then, the 

extension of Cooray-Rubinstein formula for inclined 

lightning channel is presented. And the influences of the 

ground conductivity, the observation distance, and the 

observation height on the extended Cooray-Rubinstein 

formula for inclined lightning channel are also discussed, 

respectively. 
 

II. EXTENSION OF COORAY FORMULA 

FOR INCLINED LIGHTNING CHANNEL 
Figure 1 shows the geometry relevant to the 

calculation of lightning electromagnetic field from 

inclined lightning channel. According to the vector 

superposition principle, the inclined current-carrying 

channel element Idl can be decomposed into horizontal 

component and vertical component [15]: 

 
 

 

d d sin cos

d sin cos sin sin cos ,

r z

x y z

I I l

I l

 

    

 

   

l e e

e e e
 (1) 

where I is the channel current,   and    are the 

inclined angle and azimuth angle of lightning channel, 

respectively. xe , ye , and ze  are the unit vectors. Here 

we will only deal with the differential segment of the 

inclined lightning channel since superposition assures 

the applicability of the result to the complete channel. 

According to the Maxwell’s equations in frequency-

domain, we have: 

   0 ,   E A A  (2) 

  0 ,j B A  (3) 

where E and B are the total electric field and the  

total magnetic field generated by the inclined channel 

respectively.   is the angular frequency, and 

x x y x z zA A A A = e e e  is the magnetic vector potential.

0 0 0 ,j   
0 and 0  are the magnetic permeability 

and electric permittivity of free space respectively. 

We use primed letters for the coordinates of the 

source points and the unprimed letters for points at which 

the desired quantities are to be determined. The magnetic 

vector potential d x
A generated by the horizontal element 

d xI xe  can be approximately expressed in the rectangular  

coordinate system by [16]: 
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where r, φ and z are the cylindrical coordinates,

 2 2 2 2 cos ,R r r z rr           sin ,z R   

   
2 2

,x x y y        1 0 0 ,rj j       

r  is the relative dielectric constant, and   is the 

conductivity of the ground. 0 1= ,   2 2

1 1 cos ,     

 
2

0 sin 2,w R       1 ,wF w j we erfc j w    

and     1 1sin sin .F w         
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Fig. 1.  Geometry relevant to this calculation. 

 

Substituting (4) into (2) and (3), and applying 
2 1 , we can obtain the horizontal electric field 

d hx

rE  and azimuthal magnetic field d hxB  from the 

horizontal element d xI xe  at observation point P as: 
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Note that if 2 1 , 
1   . Then (5) and (6) can 

be reduced to: 

     0

1

d ,0, d ,0, ,hx hx

rE r j c B r j


 


   (7) 

where c is the speed of light in free space. 

Likewise, we can obtain the relationship between the 

on-ground horizontal electric field  d ,0,hy

rE r j  and 

azimuthal magnetic field  d ,0,hyB r j   generated by the 

horizontal element d yI ye  as: 

     0

1

d ,0, d ,0, .hy hy

rE r j c B r j


 


   (8) 

The relationship between the on-ground horizontal 

electric field  d ,0,v

rE r j  and azimuthal magnetic field 

 d ,0,vB r j   generated by the vertical element d zI ze  

can be given by the original Cooray formula for vertical 

lightning channel [3]: 

     0

1

d ,0, d ,0, .v v

rE r j c B r j


 


   (9) 

Performing the vector superposition to the 

contributions of all channel elements according to (1), 

(7), (8) and (9), we can obtain the relationship between 

the horizontal electric field  ,0,rE r j  and azimuthal 

magnetic field  ,0,B r j   at ground level generated by 

the inclined channel as follow: 

     0

1

,0, ,0, .rE r j cB r j


 


   (10) 

The form of Equation (10) is the same as original 

Cooray formula for vertical lightning channel. Note, 

however, that here  ,0,B r j   is the azimuthal magnetic 

field at ground level generated by the inclined lightning 

channel. Moreover, due to all the above derivations are 

carried out based on an inclined differential segment of 

the lightning channel in the space, Equation (10) is 

suitable for even tortuous lightning channel. 
 

III. VALIDATION OF THE EXTENDED 

COORAY FORMULA 
Cooray [14] has shown that the Bannister 

approximations could basically provide an accurate 

description of the lightning generated electric fields over 

finitely conducting ground. Thus, to verify the reliability 

of the extended Cooray formula, we have calculated  

the horizontal electric fields at ground level at distances 

of 100m, 500m, and 1000m from the return stroke by 

employing the numerical solution of Sommerfeld’s 

integrals using Bannister approximations, and compared 

the results with those obtained from (10), as shown in 

Fig. 2. Note that here, for all the following calculations 

of the fields in the paper, the lightning channel-base 

current in [17] and MTLE model are adopted, and the 

return stroke speed is set to 1.5×108m/s. All calculations 

are performed using Matlab codes. 
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Fig. 2.  Comparison of the horizontal fields from the 

numerical solution of Sommerfeld’s integrals (solid line) 

at ground level with those from the extended Cooray 

formula (dotted line): (a) r=100m, (b) r=500m, and (c) 

r=1000m. The inclined angle of lightning channel 

6  , the azimuth angle 3 4  , and 2   . 

 

As follows from Fig. 2, the horizontal electric field 

waveforms from the extended Cooray formula are 

essentially coincident with those from the numerical 

solution of Sommerfeld’s integrals beyond 100m. Note 

that there is only some deviation on the peak value of the 

waveform for the distance within 100m. The deviation 

of the peak value is about 4.6% at the distance of 100m. 

In order to test the influences of the ground 

conductivity, the observation distance, the inclined  
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angle of lightning channel and the azimuth angle of 

observation point on the accuracy of the extended 

formula, the peak value ratios K of the waveforms from 

the extended formula to those from the numerical 

solution of Sommerfeld’s integrals are also calculated, as 

shown in Fig. 3.  
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Fig. 3.  Influences of the ground conductivity σ, the 

observation distance r, the channel inclined angle α and 

the observation azimuth angle φ on the accuracy of the 

extended Cooray formula. (a) The peak value ratios K of 

the waveforms under different σ and r, and (b) the peak 

value ratios K of the waveforms under different α and φ. 

 

As shown in Fig. 3 (a), the accuracy of the extended 

Cooray formula is related to the ground conductivity and 

the observation distance. The ratio K will tend to 1.0 with 

the increasing ground conductivity σ and observation 

distance r. In other words, the bigger the ground 

conductivity or the observation distance is, the smaller 

the deviation of the extended formula is. As shown in Fig. 

3 (b), the ratio K is less than 0.9733 for different inclined 

angles α and azimuth angles φ. That is to say, the deviation 

of the results calculated by the extended formula from 

the numerical solution of Sommerfeld’s integrals is 

basically less than 2.67% for different inclined angles  

of lightning channel and different azimuth angles of 

observation point, which is very small and can nearly be  

ignored. 

 

IV. EXTENSION OF COORAY-RUBINSTEIN 

FORMULA FOR INCLINED LIGHTNING 

CHANNEL 
In this Section, we will present the derivation of  

the extended Cooray-Rubinstein formula for inclined 

lightning channel. The geometry relevant to this problem 

is basically the same as Fig. 1 except that the observation 

point P(r, φ, z) is off the ground. To calculate the 

horizontal electric field generated by the inclined channel 

at a height z=h, the Faraday’s equation for a closed path 

is employed as following: 

 d d ,
l S

j


    E l B S  (11) 

where d l  is a rectangular path of width dr extending 

from z=0 to z=h, and dS is the surface surrounded by the 

rectangular path, as shown in Fig. 4. The direction of the 

surface dS is defined by the direction of the contour l  

and the right-hand rule. 
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Fig. 4.  Geometry relevant to the Faraday’s equation 

shown in (11) for the inclined lightning channel. Er, Ez 

and Bφ are the horizontal electric field, vertical electric 

field and azimuthal magnetic field generated by the 

inclined lightning channel, respectively. 
 

Integrating the Faraday’s Equation (11), we can 

obtain: 
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(12) 

where  , ,zE r z j , and  d , ,zE r r z j are the vertical 

electric field generated by the inclined lightning channel 

at radial distance r and r+dr, respectively.  

For the case of a perfectly conducting ground, the 

horizontal electric field at ground level is zero. Thus, we 

can write (12) as:  
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where rpE , zpE , and pB  are the horizontal electric field, 

vertical electric field, and azimuthal magnetic field 

generated by the inclined lightning channel for the case 

of a perfectly conducting ground, respectively. 

For distances not exceeding several kilometers, 

several researchers have shown that the perfect ground 

conductivity assumption is a reasonable approximation 

for the vertical electric field and the azimuthal magnetic 

field [4, 5, 10, 18]. Thus, we can approximate the field 

components B  and 
zE  as: 

 , and .p z zpB B E E    (14) 

Substituting (14) into (12), we can obtain: 
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 (15) 

Comparing equation (13) with (15), we can find that 

the right sides of these two equations are the same. Thus, 

Subtracting (13) from (15), we can obtain the total 

horizontal electric field  , ,rE r h j  generated by the 

inclined channel at a height z=h as: 

      , , ,0, , , .r r rpE r h j E r j E r h j     (16) 

Substituting the extended Cooray formula (10) into 

Equation (16), we can obtain the extended Cooray-

Rubinstein formula as: 

      0

1

, , ,0, , , .r rpE r h j cB r j E r h j


  


    (17) 

Just like the extended Cooray formula, the form of 

the extended Cooray-Rubinstein formula for the inclined 

channel is also the same as that for vertical lightning 

channel. Note that here  ,0,B r j   is the azimuthal 

magnetic field at ground level generated by the inclined 

lightning channel, and  , ,rpE r h j  is the horizontal 

electric field at a height z=h for the case of a perfectly 

conducting ground generated by the inclined lightning 

channel. Moreover, the derivation of the extended 

Cooray-Rubinstein formula is basically independent of 

the shape of the lightning channel. Thus, Equation (17) 

is also suitable for even tortuous lightning channel. 

Specially, if the observation point P is at ground level, 

we have  , , 0rpE r h j   in (17). Then, the extended 

Cooray-Rubinstein formula will reduce to the extended 

Cooray formula. 
 

V. VALIDATION OF THE EXTENDED 

COORAY-RUBINSTEIN FORMULA 
To verify the reliability of the extended Cooray-

Rubinstein formula, the horizontal electric fields at a 

height z=10m are calculated by adopting the extended 

Cooray-Rubinstein formula (17) and the numerical 

solution of Sommerfeld’s integrals using Bannister 

approximations. Comparisons of the horizontal electric 

fields from the extended Cooray-Rubinstein formula 

with those from the numerical solution of Sommerfeld’s 

integrals at different distances are shown in Fig. 5 (for 

the case of =0.0001 S/m) and Fig. 6 (for the case of 

=0.001 S/m). To analyze the influence of the observation 

distance r on the accuracy of the extended Cooray-

Rubinstein formula, the peak time ratios Kt of the 

waveforms from the extended formula to those from  

the numerical solution of Sommerfeld’s integrals under 

different distances, as well as the peak value ratios K of 

the waveforms, are calculated, as shown in Fig. 7. 

As follows from Fig. 5 and Fig. 7, the accuracy  

of the extended Cooray-Rubinstein formula increases 

gradually with the distance r increases. The closer the 

distance is, the less the deviations are. For the case of 

=0.0001 S/m, when the observation distance is less than 

10 m, there is a visible difference between the horizontal 

electric field waveforms from the numerical solution  

of Sommerfeld’s integrals and the extended Cooray-

Rubinstein formula after the rising edge. At distance 

r=10m, the deviation of the peak value is about 10.4%, 

and the deviation of the peak time is about 52.9%. 

However, when the observation distance exceeds 500m, 

the horizontal electric field waveforms from the extended 

Cooray-Rubinstein formula are basically coincident with 

those from the numerical solution of Sommerfeld’s 

integrals. The deviation of the peak value is less than 

6.2%, and the deviation of the peak time is less than 5.3%, 

as shown in Fig. 7. Thus, it can be concluded that, for the 

case that the observation height is 10m and the ground 

conductivity is not less than 0.0001 S/m, the extended 

Cooray-Rubinstein formula could yield an acceptable 

approximation on the horizontal electric field at the 

distance beyond 500m. 

Comparing Fig. 5 with Fig. 6, it can be found that 

the accuracy of the extended Cooray-Rubinstein formula 

increases with the ground conductivity σ increases. As 

shown in Fig. 7, the greater the ground conductivity is, 

the less the deviations are. As shown in Fig. 6, for  

the case of =0.001 S/m, the horizontal electric field 

waveforms from the extended Cooray-Rubinstein formula 

are essentially coincident with those from the numerical 

solution of Sommerfeld’s integrals, even at the distance 

r=10m. As follows from Fig. 7, the deviation of the peak 

value for the case of =0.001 S/m is less than 2.1%,  

and the deviation of the peak time is less than 6.3%. 

Especially for the observation distance beyond 500m, 

there is not any deviation on the peak time between the 

waveforms from the extended formula and the numerical 

solution of Sommerfeld’s integrals. Thus, it can be 

concluded that, for the case that the observation height is 

10m and the ground conductivity is not less than 0.001 S/m, 

the extended Cooray-Rubinstein formula could yield  

a satisfactory approximation on the horizontal electric 

field at close (10m), intermediate (some kilometers), and 

far (tens of kilometers) distances. 
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Fig. 5.  Comparison of the horizontal field from the 

numerical solution of Sommerfeld’s integrals (solid line) 

at a height z=10m with that from the extended Cooray-

Rubinstein formula (dotted line): (a) r=10m, (b) r=500m, 

(c) r=5km, and (d) r=50km. The ground conductivity is 

set to =0.0001S/m. The inclined angle of lightning channel 

6  , the azimuth angle 2  , and 4   . 
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Fig. 6.  Comparison of the horizontal field from the 

numerical solution of Sommerfeld’s integrals (solid line) 

at a height z=10m with that from the extended Cooray-

Rubinstein formula (dotted line): (a) r=10m, (b) r=500m, 

(c) r=5km, and (d) r=50km. The ground conductivity is 

set to =0.001S/m. The inclined angle of lightning channel 

6  , the azimuth angle 2  , and 4   . 
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Fig. 7.  Influences of the observation distance r on the 

accuracy of the extended Cooray-Rubinstein formula. (a) 

The peak value ratios K of the waveforms under different 

distances, and (b) the peak time ratios Kt of the waveforms 

under different distances. 

 
Comparing Fig. 5 with Fig. 6, it can be found that 

the accuracy of the extended Cooray-Rubinstein formula 

increases with the ground conductivity σ increases. As 

shown in Fig. 7, the greater the ground conductivity is, 

the less the deviations are. As shown in Fig. 6, for  

the case of =0.001 S/m, the horizontal electric field 

waveforms from the extended Cooray-Rubinstein formula 

are essentially coincident with those from the numerical 

solution of Sommerfeld’s integrals, even at the distance 

r=10m. As follows from Fig. 7, the deviation of the peak 

value for the case of =0.001 S/m is less than 2.1%,  

and the deviation of the peak time is less than 6.3%. 

Especially for the observation distance beyond 500m, 

there is not any deviation on the peak time between the 

waveforms from the extended formula and the numerical 

solution of Sommerfeld’s integrals. Thus, it can be 

concluded that, for the case that the observation height is 

10m and the ground conductivity is not less than 0.001 S/m, 

the extended Cooray-Rubinstein formula could yield  

a satisfactory approximation on the horizontal electric 

field at close (10m), intermediate (some kilometers), and 

far (tens of kilometers) distances. 

VI. INFLUENCE OF THE OBSERVATION 

HEIGHT ON THE EXTENDED COORAY-

RUBINSTEIN FORMULA 
To evaluate the influence of the observation height 

on the accuracy of the extended Cooray-Rubinstein 

formula, the horizontal electric fields at different heights 

from the extended Cooray-Rubinstein formula and the 

numerical solution of Sommerfeld’s integrals are also 

calculated here, as shown in Fig. 8. In this calculation, 

the observation distance is set to r=100m, and the ground 

conductivity is set to =0.001 S/m. Due to that there is 

basically not any deviation on the peak time between the 

waveforms from the extended formula and the numerical 

solution of Sommerfeld’s integrals, only the peak value 

ratios K of the waveforms are calculated here to evaluate 

the influence of the observation height, which are also 

shown in Fig. 8. 
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Fig. 8.  Comparison of the horizontal field from the 

numerical solution of Sommerfeld’s integrals (solid line) 

at a distance r=100m with that from the extended Cooray-

Rubinstein formula (dotted line): (a) z=5m, (b) z=10m, (c) 

z=50m, and (d) z=100m. The ground conductivity is set 

to =0.001 S/m. The inclined angle of lightning channel 

6  , the azimuth angle 2  , and 4   . 

 

As follows from Fig. 8 and the calculation results 

about the peak value ratios K of the waveforms, it can be 

found that the horizontal electric field waveforms from 

the extended Cooray-Rubinstein formula are essentially 

coincident with those from the numerical solution of 

Sommerfeld’s integrals at the height from z=5m to 

z=100m. According to the calculation results about the 

peak value ratios K, the deviation of the peak value 

increases slightly with the observation height increases. 

However, for the observation point with a height less 

than 100m, the deviation of the peak value is less than 

1.2%, which is very small and can nearly be ignored. 

Thus, it can be concluded that the influence of the height 

on the extended Cooray-Rubinstein formula can be 

negligible while it is used for analyzing the interaction 

of lightning electromagnetic fields with power lines or 

electrical installations near the ground. 
 

VII. CONCLUSION 
In this paper, an extension of Cooray-Rubinstein 

formula was presented for the calculation the horizontal 

electric field from inclined lightning channel in 

frequency-domain. For this purpose, the Cooray formula 

was extended firstly for the calculation of horizontal 

electric field at ground level generated by the inclined 

channel. The influences of the ground conductivity, the 

observation distance, the inclined angle of lightning 

channel and the azimuth angle of observation point on 

the accuracy of the extended Cooray formula were also 

analyzed. It was found that the accuracy of the extended 

Cooray formula increases with the increasing ground 

conductivity and observation distance, but is not 

insensitive to the channel inclined angle and the 

observation azimuth angle. The extended Cooray formula 

can predict the horizontal field accurately at the distance 

beyond 100m. 

Based on the extended Cooray formula, the Cooray-

Rubinstein formula was extended for the calculation of 

horizontal electric field off the ground generated by the 

inclined channel. The accuracy of the extended Cooray-

Rubinstein formula for inclined lightning channel was 

also validated by comparing the results with those from 

the numerical solution of Sommerfeld’s integrals. The 

results showed that the accuracy of the extended Cooray-

Rubinstein formula increases with the observation 

distance and the ground conductivity increase, but is not 

insensitive to the observation height. It was shown that 

the extended Cooray-Rubinstein formula could yield an 

acceptable approximation on the above-ground horizontal 

electric field with the exception of the observation point 

at close range under the ground conductivity less than 

0.0001S/m. 

It is worth noting that this extended Cooray-

Rubinstein formula has no limitation regarding the 

channel shape so that it could be used for the calculation 

of horizontal electric field generated by any tortuous 

lightning channel. 
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Abstract ─ Microwave heating usually leads to non-

uniform temperatures due to the existence of drastic- 

variation of electric field. In this paper, a numerical 

method combined with integral equation and spectrum 

analysis is proposed to find its critical condition. Results 

show that the electric field is generally unstable, and  

a tiny shift in microwave frequency, permittivity of 

dielectric object or cavity geometrical parameters will 

produce a drastic variation in electric field distribution, 

moreover, the smallest shift of parameter can be obtained 

by the reverse search. FEM method is used to verify the 

conclusions. Finally, some supplements for the interest 

regarding practical applications are presented and 

analyzed. 

 

Index Terms ─ Drastic-variation condition, electric field, 

integral equation, microwave heating. 
 

I. INTRODUCTION 
Microwave heating has been widely used for 

domestic, scientific and industrial applications due to its 

convenience and high efficiency [1-3]. However, in a 

multimode cavity, microwave heating usually leads to 

non-uniform temperatures [4], which will restrict the 

quality of a product. Since heating uniformity is mainly 

dependent on and affected by the distribution of electric 

field [5], and in a multimode cavity the electric field is 

prone to be unstable, it is necessary to study the detailed 

characteristics of electric field. 

The drastic-variation in electric field refers to the 

effects on either the distribution or amplitude, or both, 

because of the tiny shift in system parameters. The drastic-

variation of electric field usually causes non-uniform 

heating and results in hot spots (huge temperature gradient 

in certain areas) and thermal runaway (uncontrollable 

temperature rise due to strong dielectric loss – temperature 

positive feedback of the heating object), which restrict 

heating efficiency and even lead to some serious safety 

issues [6]. The instability of the electric field, especially its 

critical condition, is of great importance to the prevention 

of hot spots, thermal runaway and enhancement of heating 

uniformity.  

To determine the condition of a drastic-variation  

in electric field, it is important to find the relevant 

parameters. Several researches are published to 

investigate the characteristics of electric field, such as 

the study of improving electric field uniformity in 

reverberation chambers via mode stirs [7-8]. These might 

be considered as positive applications of the instability 

of electric field. Moreover, Hill studied the instability of 

electric field by examining the mode density in cavity 

[9]. He gave a relatively rough consideration, such as  

his research didn’t involve the discussion of permittivity. 

Whereas, for microwave heating, permittivity is an 

important parameter that may affect the interaction 

between microwave and the heating object. More 

recently, Budko et al. investigated the electric field 

resonance by the spatial spectrum of electric field 

volume integral equation [10-11]. Although it can 

provide us with a useful guidance, it is not specifically 

aimed at the case of microwave heating. 

This study presents a numerical method to determine 

the drastic-variation condition of electric field in 

multimode microwave heating system. Integral equation 

and spectrum analysis are used to find the electric field 

highly dependent parameters. On the bases of such 

analysis the relevant parameters are obtained, and then 

the critical condition for a drastic variation in electric 

field is analyzed. Results show that even if a tiny shift  

in microwave frequency, the permittivity of dielectric 
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object or cavity geometrical parameters may produce  

a drastic variation in electric field, and the smallest shift 

of parameter can be obtained by the reverse search. 

Because the critical condition plays an important role in 

preventing hot spots and improving heating uniformity, 

two examples are given in this paper, which provide 

some supplement for practical application. 

  

II. METHODLOGY  
The multimode microwave heating system analyzed 

is shown in Fig. 1. It consists of a rectangular metallic 

cavity connected to microwave source via a rectangular 

waveguide operating in the TE10 mode. The dimensions 

of the cavity and rectangular waveguide are 𝑙𝑥 × 𝑙𝑦 × 𝑙𝑧 

and 𝑎 × 𝑏 × 𝑐 , respectively. In addition, the area of 

access port is denoted as  𝑆𝑎. At the center of the bottom, 

there is a single cylindrical object, the radius, height and 

volume of which are 𝑟, ℎ and 𝑉d, respectively. Inside the 

cavity the permittivity can be shown as: 
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where, 𝜀𝑟(𝑟) is relative permittivity of dielectric object, 

𝜀0 is permittivity of free space, and 𝜎(𝑟) is conductivity. 

 

 
 
Fig. 1. Schematic of microwave heating. 

 

The electromagnetic analysis of a microwave heating 
cavity containing dielectric objects and excited by a 
rectangular waveguide on the external surface can be 
performed using the Green’s function of the empty 
structure. Moreover, the electric field can be represented 
by the sum of impress electric field on the external 
surface and the polarization electric field inside the 
dielectric object [12]. The impress electric field can be 
shown as [13]: 

       d ,
a

a
s

S  
  

inc

10t e
E r E r' G r,r'  (2) 

where 𝐫′ and 𝐫 represent the source point and field point, 

respectively. 𝐄10t(𝐫′) is a tangential impressed field over 

the cross area and 𝐆e
̿̿ ̿ (𝐫, 𝐫′) is dyadic Green’s function of 

the empty cavity [14-15]. When adding the polarization 

electric field, the total field can be expressed as: 
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0 d .
Vd
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e
E r E r G r,r' J  (3) 

Take into account the singularity arising when the 

field point coincides with the source point [16], Equation 

(2) becomes [17]: 

 

     

  '

0
0

1

3

lim ,
V Vd

=

j dr







 
  
 

 

inc

=

e

E r I χ r E r

G r,r' J

 (4) 

where 𝐈̿ is the 33 dyadic identity, 𝛘(𝐫) is the relative 

electric contrast of the heating object with respect to free 
space, and 

  
   

0

= ,
j

j

 








r r
χ r I  (5) 

moreover, J is the induced polarized current density can 
be calculated as [18]: 

     0 1 .rj r      J E r  (6) 

Equation (3) is a typical volume scattering equation, 

the instability of which can be analyzed by its numerical 

characteristics. Since the eigenvalues of the electric field 

equation is linked to its resonant modes, the electromagnetic 

problem can be studied by the characteristics of this 

equation. By taking similar strategy in previous studies 

[10], the instability of electric field is characterized by 

its discrete eigenvalues, and the discrete eigenvalues are 

bounded by: 

       0 dRe Im 0, V ,r r r r              (7) 

where, Re𝜆 and Im𝜆 are the real part and imaginary part, 

respectively. In Equation (7), when Re𝜆 → 0, the following 

equation can be obtained: 

 
 

 
d

0

Im , V .
r

r
r




  
 

  
 (8) 

It is not difficult to see the distributions of 

eigenvalues are affected by microwave frequency,  

the relative permittivity, and the cavity geometrical 

parameters, hence, the instability of the electric field is 

affected by these parameters. Without loss of generality, 

the average rate of variation of electric field is defined to 

quantify the instability of electric field: 

  
2

0

1

1

1

n

av i i

i

V E E
n 

 

 , (9) 

where n denotes the number of sampling points, 𝐸𝑖0  

and 𝐸𝑖  denote the electric field amplitude of a single 

point before and after parameter shifting, respectively. 

Obviously, 𝑉𝑎𝑣   can reflect the degree of electric field 

change of the whole system and the smallest shift of 

parameter, can be obtained by the reverse search of the 

critical value of 𝑉𝑎𝑣 . 
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III. NUMERICAL RESULTS AND 

ANALYSIS 
FEM method is used and performed by Comsol 

Multiphysics software 5.3b to calculate the electric field 

regarding the model shown in Fig. 1. The detailed 

parameters of the system are listed in Table1, moreover, 

the relative permittivity, the microwave frequency and 

microwave power are assumed as 10-j*0.1, 2.45 GHz, 

and 1w, respectively. 

 

A. Dependent parameters 

Figure 2 shows the detailed distribution of electric 

field for the case of 1% decrease in 𝑙𝑥 and 1% increase 

in 𝑙𝑥, respectively. For simplicity, others are summarized 

in Table 2. Although the variation of electric field caused 

by the tiny shift of permittivity is relatively small, as can 

be seen, only a tiny shift of 𝑙𝑥 or 𝑓 can result in a drastic 

variation of electric field. The case of permittivity differs 

from the others mainly because it is also dependent on 

the volume ratio of dielectric body and cavity, as is 

demonstrated in [19]. A drastic variation of electric field 

will also be produced when the volume ratio of dielectric 

body and cavity big enough. With the increase in the 

dimension of dielectric body, the volume ratio of 

dielectric body and cavity becomes 0.04, the variation of 

electric field also turns out to be conspicuous, as can be 

seen in Fig. 3. In such a case, with only 1% decrease in 

 𝜀𝑥 or 1% increase in 𝜀𝑥, the variation of electric field is 

44.68% and 103.44%, respectively. 
 

 

 

 

 

 

 

 

 

 

   (a) 1% decrease in    (b) 1% increase in  

 

Fig. 2. Distribution of electric field after the shift of 𝑙𝑥. 
 

 

 

 

 

 

     

 

 

 
 (a) 1% decrease in 𝜀𝑟 (b) 1% increase in 𝜀𝑟 

 
Fig. 3. Distribution of electric field after the shift of 𝜀𝑟. 

Table 1: Parameters of the microwave heating system 

Parameter 
Dimension and Value/(mm) 

Dimension Value 

Cavity  267×270×188 

Waveguide a×b×c 50×78×18 

Radius r 25 

Height h 35 

 

Table 2: Results of 𝑉𝑎𝑣  because of only 1% shift of 

parameters 

Parameter 
Average Rate of Variation 

  
f 58.16% 126.17% 

 7.09% 5.46% 

 493.88% 34.65% 

 

B. Critical values 

The critical value of 𝑉𝑎𝑣  is assumed as 𝑉𝑐 , which 

means if the calculated 𝑉𝑎𝑣  is larger than 𝑉𝑐 , a drastic 

variation of electric field has been produced, and the 

reverse means the electric field hasn’t made major 

change. Here, 𝑉𝑐 =5% is assumed as a critical value,  

the reverse parameter search with a step of 
1

8000
 is 

implemented. The smallest shift of parameters are then 

obtained as is shown in Table 3. For example, it shows 

that the electric field will have a drastic variation with  

a decrease of 
1

3200
 or an increase of 

3

8000
 in microwave 

frequency, respectively. 

 

Table 3: The smallest shift of parameters 

Parameter 
Shift of Parameters/Average Rate 

/  /  

f /5.42% /5.42% 

 /5.12% /5.46% 

 /5.09% /4.59% 

 

IV. TYPICAL APPLICATION OF 

ELECTRIC FIELD CHARACTERISTICS 
As is mentioned above, in a multimode microwave 

heating system, the electric field is sensitive to parameters 

such as microwave frequency, geometrical parameters, 

permittivity and so on. The information of the drastic-

variation condition can help us in making better use of 

microwave energy. 

 

A. System design  

Usually, the price of a system component increases 

with its accuracy. Choosing the appropriate component 

xl xl

x y zl l l 

avV  avV 

r

xl

P avV P avV

1

3200


3

8000


r
3

400


1

100


xl
19

4000


9

16000

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according to the requirements is both economical and 

effective for microwave heating. For example, magnetron, 

as the core part of the microwave oven, can be selected 

according to the critical conditions obtained. If for  

an ordinary microwave heating with low precision 

requirements, the magnetron with the frequency of 

2450MHz±50MHz is enough, there is no need to spend 

more money on the one with the accuracy of ±10MHz. 

On the contrary, if a system requires high precision, such 

as in microwave chemistry, the high performance of the 

magnetron and the fine technics of the system should  

be ensured. Moreover, the influence of the attached 

material on the dielectric properties of the heated sample 

must be small enough. Therefore, in such a case, 

acquiring the drastic-variation condition of electric field 

is both important and necessary. 

 

B. Improving heating uniformity 

The instability of electric field has many possible 

uses in microwave engineering and has been investigated 

as an important factor to improve the reliability of EMC 

test. Similarly, new methods to improve the heating 

uniformity can be developed on the basis of mastering 

the characteristics of electric field, especially its drastic-

variation condition.  

One way to improve the heating uniformity is to 

imitate the method used in EMC test. For example, mode 

stirrer and turntable rotation were used to improve the 

uniformity of microwave heating [1]. Here is an example 

of the direct use of the instability of electric field to 

improve heating uniformity. In the system shown in Fig. 

4, assume the length of  𝑙𝑥 has a shift range of ±1cm, 

which means the wall of the cavity containing  𝑙𝑧 and 𝑙𝑦 

is moveable. In addition, we assume the wall can move 

back and forth with a speed of 0.5cm/s within a range of 

2 cm. Other parameters are assumed the same as those of 

the system shown in Table 1. As is demonstrated in [20], 

the variation of  𝑙𝑥  we assumed is sufficient to cause 

large changes in the distribution of electric field in the 

system we designed. Therefore, the continuous movement 

of the wall will stimulate different standing waves with 

plenty of resonant modes. On account of the heating 

patterns associated with resonant modes begin to overlap, 

a time-averaged heating results and temperature rise in 

the heating object tends to be more uniform in the end. 

Since many heated objects contain large amounts of 

water, and the dielectric properties of which will vary 

with the temperature at different locations in the objects, 

it can be treated as the most common inhomogeneous 

load during the heating process. Hence, we calculate the 

temperature deviation of water due to small parameter 

changes. 

Microwave heating is a process involves multiple 

physics, electromagnetic in the cavity and heated 

samples, as well as mass and heat transport [21]. The 

basic equations describing the electromagnetic field 

distribution inside the microwave cavity is the Maxwell 

equation. After this equation being solved, the power 

dissipated inside the heated object can then be obtained 

by the following equation: 

  
2

d 0

1

2
P ''   E , (10) 

where  ''   is the imaginary part of the complex 

permittivity including the total loss. Finally, the 

temperature rise can be expressed as: 

  p d- t

T
C k T P

t



  


, (11) 

where 𝜌  is density of the dielectric, 𝐶p  is the specific 

heat capacity, 𝑘𝑡  is the thermal conductivity, and 𝑇 is the 

real-time temperature.  
 

 
 

Fig. 4. Schematic of a moveable wall microwave heating. 

 

Comsol Multiphysics software 5.3 is also used to 

perform the calculation of the temperature distribution of 

the dielectric object heated with the fixed wall cavity 

shown in Fig. 1 and the moveable wall cavity shown in 

Fig. 4. To solve the problem regarding the dynamics of 

the cavity wall we use this software’s moving mesh 

function. In addition, we have assumed 𝜌 = 1000kg/m3, 

𝐶𝑝 = 4180 J/(kg·K), and 𝑘𝑡 = 4180W/(m·K), respectively. 

Besides, the temperature-dependent permittivity of water 

is specified as [22- 23]: 

2
2 2 2 23 ( 2) 3 ( 2) 72

12
s

T A T A T

T

    


    
       

 , 

with 
 -212.88 10

1186.78exp ,A
kT

 
  

 

 

(12) 

where ε∞ is the infinite frequency relative permittivity 

and assumed ε∞ = 5.5, 𝑘 is the Boltzmann’s constant. 

After 10s of microwave heating, their temperature 

distribution, coefficient of variation (COV) and temperature 

rise histories [5] of the central cross section are compared 

in Fig. 5 and Fig. 6, respectively. 
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   (a)    (b) 

 

Fig. 5. The temperature distribution of central cross 

section after 10s of microwave heating with: (a) fixed 

wall and (b) moveable wall. 

 

 
 (a) 

 
 (b) 

 

Fig. 6. Comparison of COV and temperature rise 

histories, with fixed wall and moveable wall: (a) COV, 

and (b) temperature rise histories. 

 

The COV in Fig. 6 is defined as [5]: 

 
 

2

1

n

i

i

T T

n
COV

T









, (13) 

where n are points considered in the ample, 20 CT T   。 . 

It is well known that COV can effectively quantify the 

heating uniformity, and the smaller the COV is, the more 

uniform the heating sample is. As can be seen in Fig.  

5, the temperature distribution of the object inside the 

moveable wall cavity is much more uniform than that of 

the fixed one. Due to the fact that the heating uniformity 

is highly dependent on the stability of electric field, Fig. 

6 (a) also demonstrates that with the movement of the 

cavity wall, although it forms a more chaotic distribution 

at first, the heating uniformity can be significantly 

improved in the end. Moreover, Fig. 6 (b) shows that the 

temperature rise in the case of moveable wall is much 

faster than that in the case of fixed wall. This example 

also proves that it is feasible to make use of the instability 

of electric field to improve heating uniformity. 

 

V. CONCLUSIONS 
In this paper, we proposed a numerical method to 

study on the drastic-variation condition of electric field 

in a multimode microwave heating system. This method 

combined with integral equation and spectrum analysis. 

The characteristic of electric field and its dependent 

parameters were discussed. For microwave heating, the 

electric field is usually unstable, and a tiny shift in 

microwave frequency, permittivity of dielectric object  

or cavity geometrical parameters will produce a drastic 

variation in electric field distribution. Moreover, the 

smallest shift of parameter that results in a drastic 

variation of electric field can be obtained by the reverse 

search of the critical value. To make some supplements 

for the interest regarding practical applications, two 

examples of the drastic-variation condition in making 

better use of microwave energy were given. 
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Abstract ─ The doors of China railways high-speed 

380BL-type (CRH380BL) electric multiple unit (EMU) 

at Changchun station in China could not be opened. It 

was analysed that the traction control unit (TCU) speed 

sensors were disturbed by the pantograph-catenary arc 

while lowering the pantograph. To solve this problem, 

firstly, the electromagnetic interference (EMI) for the 

second train body (02TB) of CRH380BL EMU where 

the pantograph-catenary is located at is tested. The results 

show that the intensity of EMI in space is increased 

significantly because of the pantograph-catenary arc. The 

distribution of spectrum of EMI is generally random, 

but the spectrum is mainly distributed in the range from 

5MHz to 10MHz. Based on the test results, the coupling 

mechanism of EMI for the TCU speed sensor is analyzed 

in this paper. Then a method of nesting magnetic rings 

on the shielded cable is proposed for suppression of the 

interference. It can reduce the EMI about 8dB at the 

main frequency bandwidth mentioned above with 12 

centimeters long Ni-Zn ferrite magnetic rings. 

 

Index Terms ─ Electromagnetic interference (EMI), 

interference suppression, magnetic ring, pantograph-

catenary arc, speed sensor. 
 

I. INTRODUCTION 
It becomes more and more difficult to ensure  

EMU in normal operation because of the complex 

electromagnetic environment [1]. A typical example 

about that issue is the doors of CRH380BL EMU at 

Changchun station in China cannot be opened while 

lowering the pantograph [2-3]. In order to ensure 

passengers safety, the train doors cannot be opened 

when the measured speed is beyond 5km/h for this 

EMU. It is analysed that the TCU speed sensors are 

disturbed by EMI from the pantograph-catenary arc in 

above case. Therefore, the further study of EMI for    

the TCU speed sensors is necessary to ensure reliable 

operation of EMU. 

There are few studies for this issue and most of 

them mainly focus on speed sensors of China railways 

high-speed 2-type (CRH2) EMU, such as [4]-[11]. For 

example, some researchers were concerned about the 

over voltage caused by conduction interference. However, 

there were little analysis of the coupling mechanism of 

interference [4]-[9]. Combined with some experimental 

investigations, Yang concluded that the damage of sensor 

under pantograph-catenary detachment was caused by 

transient train body voltage fluctuation [10]. Zhao said 

that the surge pulse group would cause faulty speed 

sensors when the insulation performance of speed 

sensor became worse [11]. 

As an extension of previous works, firstly, based on 

the above description, this paper analyses the working 

principle of the door control unit (DCU) and the logical 

relation between TCU speed sensors and DCU of this 

EMU. Secondly, the EMI of the TCU speed sensor on the 

second train body (02TB) is tested. The results show that 

the intensity of EMI in space is increased significantly 

because of the pantograph-catenary arc. Then the jamming 

mechanism of the speed sensor is analyzed. Researches 

show that the common-mode current from the pantograph-

catenary arc on the surface of the shield cable causes  

the instability of the ground potential and lead to above 

malfunction. A method of nesting magnetic-ring on 

shield cable of TCU speed sensor to suppress the EMI 

of common-mode is proposed in this paper. Although 

there are many researches about using the magnetic-ring 

to suppress EMI at present [12]-[14], most of them are 

referring to the simulation model. Few people apply this 

method to EMI suppression under the above conditions. 

Experiment is used to verify the effectiveness of 

suppression in this situation at the end of this paper. It 

indicates that it can reduce the EMI about 8dB at the 

main frequency bandwidth mentioned above by using 

12 centimeters long Ni-Zn ferrite magnetic rings. The 
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method is also effective for discrete interference in    10MHz~30MHz. 

 

Fig. 1. Structure for the TBs of CRH380BL EMU. 
 

01TB 02TB 03TB 04TB 05TB 06TB 07TB 08TB 09TB 10TB 11TB 12TB 13TB 14TB 15TB 16TB

BCU speed sensorTCU speed sensor  
 

Fig. 2. Diagram of speed sensors position distribution in CRH380BL EMU. 
 

II. ANALYSIS OF LOGICAL 

RELATIONSHIP FOR TRAIN DOORS 
As for the TBs of CRH380BL EMU, the Fig. 1 

shows its structure, consisting of 16 marshaling TBs. 

Their serial numbers are from 01 to 16. The motors are 

01TB, 03TB, 06TB, 08TB, 09TB, 011TB, 14TB and 

16TB, and all the remaining of TBs are trailers. Besides, 

there are four pantographs on the train roofs of 02TB, 

07TB, 10TB and 15TB respectively. The rest of two 

pantographs are in standby when the pantographs on 

the train roofs of 02TB and 07TB being used and vice 

versa.  
 

TCU
speed sensor

BCU
speed sensor

TCU

BCU

Drivers

TCMS

Relay

DCU

 
 

Fig. 3. The logic diagram of DCU. 

 

There are two types of speed sensors on the 

CRH380BL EMU: TCU speed sensors and brake control 

unit (BCU) speed sensors. The installation position of 

those sensors is shown in Fig. 2. According to the 

CRH380BL EMU, the closure of door is controlled by 

the DCU. As described in Fig. 3, there are three ways 

to close the train doors. First of all, the driver can send 

message to DCU directly to close all the doors by train 

control and management system (TCMS). Secondly, 

the two kinds of speed sensors send the speed signal 

into TCU and BCU respectively, and the signal will be 

compared with 5km/h. As long as the speed is measured 

by one of TCU speed sensors is more than 5km/h, all 

the doors will be closed. As for the BCU speed sensors, 

it can only give the control to the corresponding train 

doors. For example, if the speed is detected by one of 

BCU speed sensors on 02TB exceeds the limit, then just 

the train door of 02TB won’t be opened. Thirdly, when 

a speed signal which is detected by the BCU speed 

sensors is far greater than 5km/h, the signal will be sent 

to DCU by the relay instead of TCMS to close the door 

quickly.    

 

III. EMI TEST 

A. The magnetic field test 

The pantograph-catenary arc will be formed 

between the catenary and the pantograph when the 

EMU is lowering the pantograph. Its main frequency 

component is about 5MHz [15], and it can generate the 

powerful magnetic field. A CRH380BL EMU which had 

above fault was selected as a test object at Changchun 

station in China. The strength of the magnetic field in 

the space was tested by using the EMI receiver (ESCI-3; 

9KHz~3GHz; -40dBµV~+137dBµV) and the loop antenna 

(HFH2-Z2; 9KHz~30MHz). The situation of field test is 

shown in Fig. 4. 

Taking 02TB as the object of study, the magnetic 

field intensity was measured several times when the 

pantograph of 02TB being lowered. The loop antenna 

was erected at a horizontal distance of 3m from the 

center of the orbit. The maximum magnetic field intensity 

could be close to 54dBµA/m (The antenna coefficient of 

the loop antenna is 20dB/m within the frequency range 

of this test). Some electromagnetic sensitive devices can 

be disturbed by such high frequency and large amplitude 

magnetic field. However, the magnetic field intensity 

01TB 02TB 03TB 04TB 05TB 06TB 07TB 08TB 09TB 10TB 11TB 12TB 13TB 14TB 15TB

M M MM M M M M

16TB
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will be reduced significantly when it is far away from 

the pantograph. Because the CRH380BL EMU is about 

400 meters, the speed sensors which is far away from 

02TB won’t be influenced when the pantograph of 

02TB being lowered. 
 

      
 

Fig. 4. The field test of magnetic field intensity.   
 

According to the working principles of speed 

sensors and the DCU, the BCU speed sensors just affect 

the corresponding doors and the TCU speed sensors 

can influence all the doors of this EMU. All the doors 

instead of the single door could not be opened normally 

in this fault. We believe that TCU speed sensor was 

disturbed and led to this breakdown. 
 

B. The EMI test of TCU speed sensor 

The EMI of TCU speed sensor on 02TB was tested 

by using the spectrum analyzer (Agilent 9340B; 9KHz~ 

3GHz; -40dBµV~+137dBµV) and current clamp (BK-

CP-02; 10Hz~100MHz) when the pantograph of 02TB 

being lowered. The situation of physical connections   

is shown in Fig. 5. The Fig. 6 shows the test results 

without lowering the pantograph. It comes from the 

electromagnetic waves that already exist in the 

environment. The two typical results of test are 

displayed in Fig. 7. 
 

 

   

Fig. 5. The diagram of physical connections. 

0 5 10 15 20 25 30
0

20

40

60

80

Frequency (MHz)

E
M

I 
(d

B
μ

V
))

 
 

Fig. 6. The test results without lowering the pantograph. 
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Fig. 7. The waveform of EMI for TCU speed sensor. 

 

The results show that the pantograph-catenary arc 

will cause EMI on the cable of the speed sensor. The 

distribution of spectrum of EMI is generally random, 

but the spectrum is mainly distributed in the range from 

5MHz to 10MHz. A small amount of discrete interference 

occur in the range of 10MHz~30MHz. 

 

IV. ANALYSIS OF THE MECHANISM OF 

EMI 
There is a high frequency component in the pulse 

wave which is emitted by the pantograph-catenary arc. 

It can cause the disturbance on the shield cable of speed 

sensors. The outer conductor of the cable braid shield of 

TCU speed sensor is made of metal wire. As described 

in Fig. 8, the cable braid shield is not shielded completely 

because of the many tiny holes on it. The induced 

electric field E will be formed on the surface of the 

cable because of the EMI. A portion of the interference 

will be coupled to the core wire inside the cable through 

Loop 

antenna 

EMI 

receiver 

02TB of CRH380BL 

EMU 

The shielded cable of TCU 

speed sensor on 02TB 

The cable is clamped 

by the current clamp 
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tiny holes. It can form the induced electric field E’ on 

the core wire as depicted in Fig. 9. Because the E>E’, it 

will form a potential difference U between the cable 

braid shield and core wire. The value of interference 

can be expressed by the value of U [16]: 

 mt LZIU  , (1) 

where I is the induced current, Zt is the transfer 

impedance of each meter cable, Lm is the effective 

length of the cable. Based on document [17], Zt is given 

by: 

 )( bhdt MMjZZ   , (2) 

where Zd is the diffusion impedance, its value decreases 

as the increase of frequency [18]: 
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Mh is the hole inductance and Mb is the braid 

inductance [19]: 

 
 

)2exp(
2cos

2
2

0

0 


















b

d

hdd

bC
M h , (4) 

 




cos)2(2

]
2

)([

0

0

b
hddC

AB
dh

d

bh
bndh

M







 , (5) 

where d is the wire diameter, C is the number of 

carriers in the braid, n is the number of wires in each 

carrier, δ is the skin depth, σ is the conductivity of 

shield and b is the distance between the adjacent 

carriers. The value of the pitch angle of the weave α 

and the distance between the braid layers h can be 

calculated accurately by using the picks p (number of 

carrier crossings per unit length) and the diameter 

under the braid d0  [20], 

and 

   2cos)1( 2A , (6) 

 )
4

(n
2

2 d
dB


 . (7) 

Where v is the number of holes in the braid.          

The type of braided coaxial cables which are    

used on TCU speed sensors of the CRH380BL EMU 

are determined by the following primary parameters: 

d=0.12mm, C=24, n=6, d0=5.54mm, p=45mm, 

σ=5.8×107S/m, μ0=4π×10-7H/m. As shown in Fig. 10, 

the calculated values Zt by the formula (2)~(7) are higher 

than the test values generally, especially at the high 

frequency band. Therefore, it is necessary to revise the 

formula for the calculation of Zt.  

Because the response of the high frequency 

transient electromagnetic field on the woven mesh is 

more complex. The extra attenuation of vortex current 

caused by the magnetic field between the inner and 

outer layers of the braid network cannot be ignored. 

Therefore, the extra fluctuating effects Me [21] is added 

into the calculation of Zt: 

 40)2
2

sin(
3

arctan
16.1









 j

e e
n

Cnd
M  . (8) 

At the same time, the attenuation of transmitted 

electromagnetic waves at high frequency will not be 

ignored when the woven mesh with curvature. Therefore, 

the curvature coefficient K of woven mesh is proposed 

to revise the Mh in this study, and the values of K are 

from 0 to 1. The Fig. 11 shows the variation of the 

transfer impedance (Me has been added) of the above 

cable with several typical values of K.  
 

 
 

Fig. 8. The diagram of braided coaxial cable. 
 

 
        

Fig. 9. The section of braided coaxial cable. 
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Fig. 10. The comparative diagram of the calculated 

values and the test values of Zt. 
 

The results of calculation and measurement of 

transfer impedance with different K are compared in 

large quantities. The calculated values of Zt for this 

cable is the closest to the test values when the K is 0.85 
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within the frequency range of 30MHz. So formula (4) 

has been amended: 

 
hh MM 85.0

*
 . (9) 

The formula (2) has been modified: 

 
ebhdt MMMjZZ  )(

**
 . (10) 

The comparison of the calculated values of Zt
* and 

the test results is shown in Fig. 12.  
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Fig. 11. The curve of the values of the transfer 

impedance with different K. 
 

The values of I and Lm are got by field test. The 

maximum value of I on the shield cable is 95mA. The 

Lm of TCU speed sensor on 02TB is 1m. The rest of 

shield cable is inside the metal housing, and it will not 

be disturbed. The Fig. 7 shows that the EMI is mainly 

concentrated in the frequency range of 5MHz~10MHz. 

Zt
*=150mΩ/m can be calculated when f=5MHz (The 

EMI of the pantograph-catenary arc is random. But the 

frequency of the strongest interference is about 5MHz 

by field test). The U can be calculated: U≈14mV.  
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Fig. 12. The comparative diagram of the calculated 

values and the test values of Zt
*. 

 

According to the test results shown in Fig. 7, the 

maximum interference of TCU speed sensor on 02TB 

is about 80dBµV. The voltage value can be converted 

to 10mV, which is consistent with the theoretical 

analysis. 

The above voltage is calculated at single frequency 

point. The actual interference voltage will reach up to 

about 4kV because of the superposition of power energy 

spectrum [22]. It was the instantaneous high voltage that 

led to the fault of speed sensors. 
 

V. TEST RESULTS OF INTERFERENCE 

SUPPRESSION 
The method of nesting Ni-Zn ferrite magnetic rings 

on shield cable of TCU speed sensor is used to suppress 

EMI in this paper. Ni-Zn ferrite magnetic rings are often 

used to suppress 1MHz or more high-frequency EMI 

because of its low permeability and high resistivity [23]. 

The interference suppression characteristics of four 

different Ni-Zn ferrite magnetic rings are compared in 

Table 1. Their sizes are suitable for the cables of the 

TCU speed sensors and the impedance-frequency curve 

are shown in Fig. 13. It can be seen that the interference 

suppression capability of type 1 is the strongest in the 

main frequency mentioned above (5MHz~10MHz) of 

EMI. As a result, type 1 (E04SR401938) is chose in this 

study. 

In order to study the suppression of the EMI by 

magnetic rings, a simulation experiment has been done 

in the laboratory. The sinusoidal signal generated by  

the signal generator (Agilent N9310A; 9KHz~3GHz;     

-127dBm~+13dBm) was radiated by the transmitting 

antenna (HK116; 30MHz~1GHz) onto the cable (Length 

is 1m) of the TCU speed sensor. The spectrum analyzer, 

current clamp and loop antenna mentioned above were 

used to receive interference on the cable. The suppression 

effect of EMI after nesting the Ni-Zn ferrite magnetic 

rings (type 1) with different numbers on cable was 

tested, and the results were shown in Fig. 14.  
 

Table 1: The main parameters of four different types of 

magnetic rings 

Type Part No. 
Internal 

Diameter 

External 

Diameter 
Height 

1 
E04SR40

1938 
19mm 38mm 40mm 

2 
E04ST25

1512D 
15mm 28mm 12mm 

3 
E04ST28

1613D 
16mm 31mm 13mm 

4 
E04ST40

2715D 
27mm 42mm 15mm 

 

Because the height of magnetic ring (type1) is 

40mm and the length of cable is 1m, it results that the 

maximum number of that rings is 25. As shown in Fig. 

14, the suppression effect is not increased obviously 

when the number of magnetic rings is increased to more 

than 5. According to the results of the experiment, the 

different numbers of magnetic rings (type1) are nested 

on the cable of TCU speed sensor on 02TB of this EMU. 
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When the number of the magnetic rings is greater than 

three, that is, when the suppression effect is more than 

8dB, the malfunction of the abnormal locking for the 

train doors can be solved. 
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Fig. 13. The impedance-frequency curve of four Ni-Zn 

ferrite magnetic rings. 
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Fig. 14. The suppression effect of EMI after nesting 

different numbers of magnetic rings on cable. 
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Fig. 15. The waveform after EMI is suppressed. 

When the pantograph of 02TB being lowered, the 

EMI was tested after nesting three Ni-Zn ferrite 

magnetic rings on the shield cable of TCU speed sensor 

on 02TB. The results are shown in Fig. 15. 

As shown in Fig. 15, the peak of EMI is decreased 

by about 8dB after using the magnetic ring when the 

frequency is below 10MHz. When the frequency is 

10MHz~30MHz, the discrete interference is reduced 

obviously. Basically, the magnetic rings can absorb the 

electromagnetic radiation energy and reduce Zt of cable. 

So as to achieve the purpose of interference suppression. 

In this way, the train doors can be opened normally.  

VI. CONCLUSION
In this paper, a method of suppressing the EMI 

from the pantograph-catenary arc for the TCU speed 

sensor of CRH380BL EMU was proposed. Based on the 

malfunction of this EMU at Changchun station in China, 

the mechanism of EMI was analyzed systematically. It 

indicated that the TCU speed sensors were disturbed 

and led to the fault of DCU. According to the test results, 

the abnormal locking of the train doors was solved 

effectively after nesting three (12cm) Ni-Zn ferrite 

magnetic rings on the shield cable of TCU speed sensor.  
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