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Abstract —In this paper, a simple numerical
method based on the Newton iteration for
improving the accuracy of the Conventional beam
forming algorithm, the Capon beam forming
algorithm, and the MUSIC algorithm for AOA
(Angle-of-Arrival) estimation is presented. Based
on observation, the estimates of the AOA’s for a
specific AOA algorithm can be obtained from the
extrema of a cost function associated with the
specific AOA algorithm employed. We derive
explicit expressions of the iterations used for the
recursive update of the estimates of the AOA’s for
the conventional beam forming algorithm, the
Capon beam forming algorithm, and the MUSIC
algorithm. The formulation is only for the update
of the azimuth angle, while the extension to the
update of the elevation angle and the azimuth
angle can be implemented by taking into account
the dependence of the array manifold on the
elevation angle as well as the azimuth angle. Note
that, for estimation of the azimuth, both the UCA
(uniform circular array) and the ULA (uniform
linear array) can be employed, and that, for
simultaneous estimation of the elevation and the
azimuth angle, the UCA, not the ULA, should be
adopted since ULA-based algorithm cannot
uniquely estimate both the azimuth and the
elevation due to the ambiguity pertinent to the
ULA structure. We consider the array structure of
the ULA and the UCA, but it is quite
straightforward to extend the proposed scheme to
an arbitrary array structure by simply modifying
the array vector consistently with the specific
array structure.
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I. INTRODUCTION

Determination of the AOA (angle-of-arrival)
[1-8] of signal has been of interest to the signal
processing community. The plication of the study
ranges from military [9-13] to civilian [14-21]
applications. The conventional beam forming
algorithm [1], the Capon beam forming algorithm
[22, 23], the MUSIC (multiple signal
classification) algorithm [24], the ESPRIT
(estimation of signal parameters via rotational
invariance techniques) algorithm [25], and the ML
(maximum likelihood) algorithm [26] have been
the main algorithms for AOA estimation.

In [23], the authors showed how to apply the
Newton iteration to TOA (time of arrival)
estimation for performance improvement. In this
paper, we propose how to improve the
performance of the conventional beam forming
algorithm, the Capon beam forming algorithm and
the MUSIC algorithm by applying Newton
iteration to the initial AOA estimates with the
ULA structure and the UCA structure. Although,
for ease of numerical manipulation, we adopt the
ULA and the UCA structure, it is quite straight
forward to apply the proposed scheme to an
arbitrary array structure by simply modifying the
array vector in accordance with the specific array
structure employed.

The formulation for the Newton iteration is
based on the cost function derived from the
conventional beam forming algorithm, the Capon
beam forming algorithm, and the MUSIC
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algorithm, respectively. In numerical results, we
demonstrate the validity of the proposed scheme in
terms of the estimation accuracy and the
computational complexity.

The accuracy of the AOA estimation is usually
quantified via the RMS error of the estimates. Our
interest in this paper is to reduce the RMS error of
the estimates using numerical methods. The
proposed numerical procedure does not require too
much computation time, which will be quite clear
in the numerical results. More specifically, we
give an explicit numerical formulation for the
improvement of the AOA estimation for the ULA
structure and the UCA structure for three different
AOA estimation algorithms. The numerical
formulation is essentially Newton iteration for the
recursive update of AOA angles corresponding to
the local extrema of the cost function of each
AOA algorithm.

In practical implementation of nonparametric
spectral based AOA estimation, the output can
only be evaluated at discrete angles. The estimate
is determined from the angle at which the output
achieves the maximum value. This estimate is
called the initial estimate.

Il. DATA MODEL
The signal received at each antenna element
can be formulated as,

X, (K) $,(k)
=[a@) --a@)] : |+
sy (k)

n ()

Xum (k) Ny (k)

=A-s(k) +n(k)
(D

where s(k), n(k), a(&), and A are defined as,
s(k): vector of incident complex monochromatic
signal at time k;
n(k): noise vector at each array element m, zero
mean, variance oy’;
a(é): M element array steering vector for the &
direction of arrival;
A = [a(6) a(6)
steering vector a(é,)..

In a communication channel, noise is an
undesired random signal, often modelled as
additive white gaussian noise (AWGN), that may
be caused by thermal noise or electromagnetic
interference (EMI) from unknown sources. Noise
should not be confused with crosstalk and other

a(6y)] MxN matrix of
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interference from other communication system
transmitters. Another possible source of the
communication channel noise is the reflection
from the ground when the antenna elements are
close to the ground surface. Similarly, the
reflection from antenna tower supporting the array
antenna can be another source of noise. The effect
of the reflection from antenna tower may be more
serious if the antenna tower is electrically
conducting.

I11. NEWTON METHOD

Newton method make a sequence ¢ from an

initial guess #” that converges towards 6™ such

that P ' (6™ = 0 [27]. This ™ corresponds to

one of the estimates of true AOA’s. The second

order Taylor expansion Pr(6) of function P(6)

around #" is

P (07 +A0)=P(67)+P'(07)A0

i L P"(67)(A0) (2)

LP(0") (a0

which attains its extrema when its derivative with
respect to A@ is equal to zero,

P'(H(i))‘f‘ Pu(eﬁ))(A@):O‘ (3)

Thus, provided that P(6) is a twice-differentiable
function well approximated by its second order
Taylor expansion and the initial guess 6% is
chosen close enough to 6™, the sequence 6"
defined by the following sequence will converge

to gtrue)

. . '( (i))
9(l+l) — 9(') _ : i= 0,1,---. @))
P"(H('))

IV. CONVENTIONAL BEAM FORMING
ALGORITHM

In the conventional beam forming algorithm
for AOA estimation, the array output power is
computed as the arrival angle varies, and the
arrival angles corresponding to the local maxima
value in the output power distribution are
considered to be the estimates of the true
directions of arrival. AOA’s are selected from the
angle at which the following output achieves the
local maxima,

P (0) = a" (0)Ra(0) (5)

where @ is the arrival angle of an interest, and R



is the ML (maximum likelihood) estimate of the
array output covariance matrix R. That is, we
evaluate equation (5) as a function of & at discrete
values, and find &'s at which Pcgr(6) achieve the
local maxima.

We consider the case that there are N incident
signals. We compute the beam forming spectrum
at,

estart H estart + A 9’ estart + 2A 9 estart (6)
n estop - estart AD :
A6
The initial angle estimates, 6 69 .. &, are

found from the N local maxima of a"(6) R a(o
out of all the Pcgr(6) in equation (5) at the
following discrete angles,

0=6,.0.,.+A7A0,0

start >~ start > 7 start

0., — 0 7
+ stop start A 0 ( )
AG

where | | rounds the argument toward zero. O
and 6, specify a search range of the angle, and
A@ is a search step.

Consider the case of the ULA and the UCA
with M antenna elements. The array manifold is
expressed as follows [1],

a(0)=[exp(jy,) exp(jy,) -

+2A0,---0

start

exp(jyy)] - (8)

A.ULA
The symbol yr, for the ULA is given by,

=(m—1)27ﬂdsin6’ m=1L-M. (9

If the distance between the antenna elements in the
ULA is 4/2, equation (9) can be written as,

v,=(M-1)zrsind m=1,---M. (10)
Using equations (8) and (10) in equation (5), after
some manipulation, for the ULA, we have,

P..:(0)=a" (0)Ra(0)

F,éll FilM
_ [e’j"’l e ivm ] : :
RMI RMM

M i A
— {Z g wm Rm]
m=1
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P (0) =a" (0)Ra(0)

M . A N M A~ N
:(Zermlejer1+__ "(Ze "R jew/m
m=

e~ ne iy — g ivaym R
NGE ZZexp[ j(n-myzsing]R,, (11)

m=1 n=1
where R__denotes the m-th row and n-th column of
the matrix R . Using equations (A3) and (A5) in
appendix A, the following iteration is repeated until
the update of the estimate is less than the specified
tolerance [9]. That is, when the updates of all the

estimates, ‘érsm) - érgi) , N

M§

2

1

M
n=

3
R

=1,---,N, are less than

the specified tolerance, the estimates are considered
to be convergent,

dPesr, ya (6) ‘

ér(]m) _ ér(:) _ de
i dPCBF, ULA @)
do do "
=0

ii[ j(n—m)z cos éﬁ”

m=1 n=1

exp( j(n—m)7zsin HA,E” )_ Ron

ii[](n—m)ﬂexp(j(n_m)ﬂsinér(]i))

1 n=

—a0_

~%n

(j(n m)z cos’ 6‘ siné,(,i))—Rmn

i=0,1,~- n=L--,N .
(12)

B. UCA
The symbol y, for the UCA is written as,

Wy = 27Z'L|:COS(9 —Mﬂ
2 M (13)

m=1---M .
Similarly, for the UCA, from equations (8), (13)
and (5), we have,

m=1 n=1

sin(&— z(n +Mm — 2)jsin(ﬂ(n':/l_ N ﬂ IQmn .

M M ) r
PCBF,UCA(Q)—Zzexp[—14ﬂ-z (14)
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For the UCA, using equations (A4) and (A6) in
appendix A, we have,

PR dPCBF, uca®
9h|+1‘:4i|}_ do
d dPCBF, uca®
da dé i
0=4,)

_idz T gin| Z(M=N)
J47z/1s1n[ M }x

Aiﬁ_n(mm—z)

cos
M

M M

2.2

m=In=1

X

X

_ian Pl m(m=n)
J47zzsm M

A

eXp| n

sin| &,
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4 nsn-2)

Aid] i)
o= -

z(m-n) |,
M

j47r£sin

_iaq Tl m(m=n)
j47zzsm = X

M
$ep
m=1n=1 sin dnl \ _z(n -i,-VI m-2)

jaz L sin x

zZ(m—n)
A M

A (15)
cos?| 6, +[Romn

4l _z(n+m-2)
M

sin é)r:}_;r(nJ'rv'm—z)

IL
i=0,1- n=1--N

where éﬁ” represents the AOA estimate for the i-th

iteration of the n-th incident signal. The estimates
obtained from the last iteration are designated as the

) ..,60™  The termination

final estimates, (91(
criterion can be explicitly expressed as,

‘érsm) ~ 0" < tolerance n=1,---,N. (16)
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The above iteration should be applied to each
incident signals, respectively.

V. CAPON BEAM FORMING
ALGORITHM
In the Capon beam forming algorithm for AOA
estimation, AOA’s are selected from the angles at
which the following spectrum achieves the local
maxima,

1 1
o ! _ 17
Capon ©) a" (H)Rila(e) DCapoﬂ @) "

Where Dcapon(8) 1s defined as follows,

Deyen (@) =a"(O)R™'a(0).  (18)
The initial angle estimates, 6, 69 ..., &, are
found from the N local minima of Dcypon(0) =

a'(o) R a(6) at the discrete angles specified in
equation (7). Note that, unlike the conventional
beam forming algorithm, we have to find the
angles, which are the local minima of Dcypon(6) =

a'(o) R a(f) because we have to maximize
Pcapon(6) = 1/Dcapon(@), which is equivalent to
minimizing Dcapon(6).

A.ULA
Using equations (10) and (8) in equation (18)
results in,
M M
Deypon via (@) = DD exp[ j(n-m)zsin]R;,, - (19)
m=1 n=1
The iteration for the Capon beam forming can be
explicitly written as,

dDCapon, ULA (9) ‘

élgm) _ 0"f(]i) _ déo
i dDCapon, ULA (9)
do do "
6=0,’

M M »
ZZ[j(n —m)rzcosd

m=ln

exp( j(n—m)zsin 4 )} R

_gi

ii[j(n_m)”eXp(j(n—m)ﬁsinér(]i))

m=1 n=1
j(n—m)zcos® A" —sin 0" )} R
i=0,1,-- n=1-,N.
(20)



B. UCA

By substituting equations (8) and (13) in
equation (18), we get, for the UCA,
DCapon, UCA (0) =

E

M M — A
D> exp sin[@—WJx R,

m=1 n=1

\ dDCapon, UCA (0)

aog - do

dDCapon, UCA (9)

do

d
do

Al
-4,

_ia [ | m(m=n)
j47rzs1n =M X

' _z(n+m-2)
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M

=1 n=1 . _
e —J47r£sin w X

exp)

sin dnl _z(n+m=2) +Mm—2)

4]”1:\ _ dnl‘_

ia I | m(m=—n)
j47r/1s1n[M x

_ia T i (M=)
j47rzsm S VI

€x]
sin[a',_ﬂm;ﬂm—m

M=
M=

3
1]
I
>
7

ig I | m(m=n)
J47[lsm[M}<

;“J>
EXN

cosz[d\,i; _z(n+m=2) 4'-\/|m—2) +

sin anlJ _z(n+m-2) 4|.\/Im_2)

i=0,L- n=L---N ,

(22)
where the termination criterion for the Capon
algorithms is the same as that for the conventional

beam forming algorithm.
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V1. MUSIC ALGORITHM

The beam forming algorithm is the basic AOA
algorithm, whose merit is the low computational
cost [1, 22, 23]. In the beam forming algorithm,
signals from certain directions are added
constructively by forming a weighted sum of the
array outputs. The antenna is steered to different
directions by varying the array weights. On the
other hand, in the MUSIC algorithm, we make use
of the orthogonality between the noise eigenvectors
and the array vectors corresponding to the true
directions of incident signals in the MUSIC
algorithm. In the MUSIC algorithm, the AOA’s are
obtained from the local maxima of the following
spectrum,

1 1
PMUSIC 0)=

a" (9)U,UMa(0)  D,uec(0)

where the columns of the matrix Uy are the noise

(23)

eigenvectors of the covariance matrix R , and
Duusic(6) is defined as,

DMUSIC @)= a" (OHU N u H a(o). (24)

The array vector is defined in equations (8) and (10)
for the ULA and equations (8) and (13) for the
UCA. The initial estimates, 6%, 6°,..., 4, are
obtained from the N local minima of Dyysic(6) at
the discrete angles specified in equation (7).

A.ULA
Substituting equations (10) and (8) in equation
(24) yields,

DMUSIC, ULA (9)

M

M
= exp[ j(n—m)zsin@](U,UY )
=1

(25)

mn

where (Uy Uy") denotes the m-th row and the n-th
column of the matrix (Uy UNH). Using equations
(C3) and (C5) in appendix C for the ULA, the
following iterations are repeated until the
convergence is achieved,

d DMUSIC, ULA (9) ‘

ér(]i+1) _ érgl) _ do
d ( dDyysic, ua (0)
do do )
0=0)
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ér(]iﬂ) _
i i j(n—m)z cos ér(]i) x
A m=1n=1 exp(j(n — M)z sin ér(]')jx(UN U]y )mn
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M M » »
> Z(j(n —m)z cos? ) —sin Hr(]')jx
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H
(UnUR),,
i=01,--- n=1---,N .
(26)
B. UCA
Similarly, from equations (13), (8) and (24), we
have,
Duusic, uca (€) =
—jar Lsin Am=n)), (27)
M M 2 M Y UH)
%;e){p . [ 7r(n+m—2)] (UnUR),,
sin H_T

Using equations (B3) and (B5) from appendix B for
the UCA, the following iterations are repeated until
the convergence is achieved,
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M
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We adopt the stopping criterion in equation (16) for
the MUSIC algorithm.

VIl. COMMENTS ON HOW TO GET
THE INITIAL ESTIMATES

Similarly, in section IV, we use the
conventional beam forming algorithm for getting
the initial estimates, which will be refined by
applying the Newton method to the conventional
beam forming algorithm. The same is true for the
Capon beam forming algorithm in section V. In
section VI, we arbitrarily assume that the initial
estimates, which will be refined by using the cost
function of the MUSIC algorithm, are obtained
from the MUSIC algorithm. That is, the same AOA
algorithm is used for the initialization and the
refinement of the estimates, which does not have to
be necessarily true.

It is not necessarily true that the initial
estimates, which will be subsequently refined via
the Newton method applied to the cost function of
the MUSIC algorithm, should be estimated by using
the MUSIC algorithm. That is, we can use any
AOA estimation algorithm for getting the initial
estimates to be further refined by applying the
Newton method to the cost function of the MUSIC
algorithm. In addition, the alternating projection
algorithm [26] is very popular algorithm for getting
the initial estimates due to the fact that it is
computationally efficient at the cost of an accuracy
degradation of the initial estimates. Similarly, we
can use any AOA estimation algorithm including
the AP algorithm for getting the initial estimates,
which will be refined by applying the Newton
method to the cost function of the conventional
beam forming algorithm, and the Capon beam
forming algorithm.

VIII. NUMERICAL RESULTS

At first, we designate the computer
specification and the Matlab environment. The
computer specification is as follows: Intel®
Pentium CPU G620 @ 2.60GHz (2 CPU) 3018MB
RAM. The Matlab environment is as follows:
Matlab version 7.11.0.584 (R2010b). The operating
system: Microsoft windows XP version 5.1 (build
2600: service pack 3). Java VM version: Java
1.6.0_17-b04 with Sun microsystems Inc. Java
HotSpot (TM) Client VM mixed mode. The version
of the signal processing toolbox is version 6.14.



In this section, the validity of the proposed
scheme 1is illustrated via numerical results. The
ULA and the UCA are used and the number of
antenna elements, M, is chosen to be five. #* and
¢5°) are selected to be 6™ =—80" and ¢ = 80°.
The distance between the antenna elements in the
ULA is A/2, and the radius of the UCA is 0.679A.
The number of snapshots used for the calculation of

R is chosen to be 64. The tolerance, which is the
termination criterion for the iteration in equation
(16) is 10”. The maximum number of iteration in
the Newton method is 100. The RMSE (root mean
square error) and operation time in Figs. 1-12 are
obtained from the 1000 repetitions. The search
steps, A6, in equation (7) are chosen to be 1.2°,4.7°
and 8.8°. The main beam width of the half-
wavelength-spaced ULA consisting of M elements
is 2sin”'(2/M). For M = 5, the beam width is BW=
2sin(2/5) = 0.823 (rad) = 47 (degrees). The two
incident signals are chosen so that their separation
is larger than the BW. The following is how we get
the search steps used in the simulation,
(BW/4)x[0.1 04 0.75]=[12" 4.7° 8.8°]. Note
that BW/4 is a search step to get four samples in the
main beam width. To make sure that we have more
than four samples in the main beam width, the
search step should be smaller than the BW/4.
Therefore, we arbitrarily let the search steps be
equal to 0.1 times BW/4, 0.4 times BW/4 and 0.75
times BW/4.

For A6 = 1.2, there are 40 sampled points
within the main beam width. Similarly, the sampled
points within the main beam width are 10 and 5 for
A = 47° and AG = 88" respectively. We
investigate the RMSE (root mean square error) and
the execution time for various true incident angles,
the search steps and SNR’s. We consider the case
that there are two incident signals, which implies
that N is equal to two. The results with legend
‘CBF’, ‘CAPON’, and ‘MUSIC’ refer to the initial
estimates for the conventional beam forming, the
Capon beam forming, and the MUSIC algorithm,
respectively. The results with legend ‘CBF+NT’
refer to the estimates obtained by applying the
Newton iteration to the initial estimates from the
conventional beam forming algorithm. The results
for the ULA are from equation (12), and those for
the UCA are from equation (15).

Similarly, the results with the legend
‘CAPON-+NT’ refer to the final estimate obtained
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by applying the Newton iteration to the initial
estimates of the Capon beam forming algorithm.
The results for the ULA are obtained from equation
(20) and those for the UCA are obtained from
equation (22). The Newton-iteration based final
estimates for the MUSIC algorithm are shown with
legend ‘MUSIC+NT’. The results are from
equations (26) and (28) for the ULA and the UCA,
respectively. The results for the conventional beam
forming are shown in Figs. 1, 4, 7, and 10, and
those for the Capon beam forming are shown in
Figs. 2, 5, 8, and 11. Figures 3, 6, 9, and 12 show
the performance for the MUSIC algorithm. Figures
1-6 are for the ULA and Figs. 7-12 are for the
UCA. Figures 1-3 show the performance
improvement by the Newton iteration for a specific
search step used for the calculation of the initial
estimate for the conventional beam forming, the
Capon beam forming, and the MUSIC algorithm,
respectively. Figures 4—6 illustrate the fact that by
employing the Newton iteration, we can improve
the performance of the initial estimate obtained
from the sparser search step. The results for the
ULA with [6,"™ 6™9] = [-60° —6.9°] and [6,"™
6, = [-60° 10.7°] and with the search steps, A
=12° A0=4.7", and A@= 8.8 for various SNR’s
are shown in Figs. 1-3. The RMSE of the initial
estimates and those of the final estimates are
shown. The execution time is also illustrated to
quantitatively ~ describe = the  computational
complexity of each scheme. The execution time of
the algorithm is measured using Matlab function
‘etime’.

The final estimates are superior to the initial
estimates in terms of the RMSE, but getting the
final estimates take more time than getting the
initial estimates, which can be seen in the second
figure of each case because the final estimates are
obtained by applying the Newton iteration to the
initial estimates. The initial estimates in Figs. 1-3
for search step of 8.8° are inferior to those for
search step of 4.7° because, in the case of A@= 8.8°,
we use sparser grid points than in the case of A@=
47" in estimating the initial estimates.
Consequently, the execution time of the initial
estimates for A@ = 8.8° is shorter than those for A
=4.7°. From Figs. 1-3, we can see that the Newton
iteration can improve the accuracy of the estimates
at the expense of longer execution time. In Figs.
4-6, we show the results of the initial estimates
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with the search step of A@=1.2° in equation (7) and
those of the final estimates with A@ = 4.7°. The
performances of the initial estimates with A@=1.2°
and those of the final estimates with A6 = 4.7° are
approximately equal. But, it is clear from the
figures that by applying the Newton iteration to the
initial estimates obtained with A@ = 4.7°, we can
reduce the computational cost in comparison with
the case that the initial estimates are obtained with
A0 =1.2" without applying the Newton iteration to
the initial estimates.

The difference between the results in Figs. 7-9
and those in Figs. 1-3 is the array structure
employed for the implementation of the AOA
estimation algorithm. The results in Figs. 7-9 are
for the UCA, while those in Figs. 1-3 are for the
ULA. For the same search step, getting the final
estimates takes longer time than getting the initial
estimates since the final estimates are obtained by
applying the Newton iteration to the initial
estimates. Figures 10-12 are for the UCA. The
simulation conditions for the Figs. 10—12 are the
same as those for the Figs. 4—6 except that Figs.
10-12 are for the UCA and that Figs. 4-6 are for
the ULA.
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Table 1: Quantitative improvement of the RMSE
and the execution time in Figs. 1-3.

true) true true (true
[91( ‘92( ) ] [91( ) 92 ) ]
MUSIC
=[-60 9] | =[-60" 107]
Search | True RMSE Time RMSE Time
step angle | improvement | increment | improvement | increment
0 8.4 % -13%
1.2 8.5% 8.7 %
o, 333 % 2.5%
91 61.6 % 63.9 %
47 26.7 % 28.6 %
HZ 89.8 % 79.4 %
91 80.7 % 81.1 %
38 35.8 % 33.8 %
o, 90.0 % 90.4 %

(irue) (irue) (irue) (irue)
NICEEREER
Conventional ! 2 ! 2
Beam forming 5 . . .
=[-60 —69] | =[-60" 107]
Search | True RMSE Time RMSE Time
step angle | improvement | increment | improvement | increment
9] 34% 11.2%
1.2° 10.8 % 10.2 %
o, 120 % 9.9 %
19] 413 % 44.6 %
47 37.5% 353 %
91 69.6 % 62.7 %
6?| 48.6 % 67.3 %
8.8 123.4% 56.9 %
0, 69.0 % 83.0 %
(irue true) true ) true)
[6 0] [o o]
Capon ! 2 ! 2
Beam forming ) . . .
=[-60 —69] | =[-60" 107]
Search | True RMSE Time RMSE Time
step angle | improvement | increment | improvement | increment
0 -53% -1.1%
12 9.0% 9.1%
0, -32.9% 2.5%
91 61.3% 64.2 %
4.7 32.5% 32.8%
97 89.7 % 79.2 %
19] 79.6 % 81.0 %
8.8 413 % 39.5 %
0, 89.9 % 90.3 %

Table 2: Quantitative improvement of the RMSE

and the execution time in Fiﬁs. 4-6.

Search step 1.2, 4.7 +NT
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- 4 g
) (e RMSE o .
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. . Ti
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. . Ti
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Cirue) Cirue) RMSE o o
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T il
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[ [ RMSE o )
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=[-60 a6 ] | game 502%
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algorithm for the UCA. Table 4: Quantitative improvement of the RMSE
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It is clearly shown that the performance of the
final estimates for A& = 4.7° with the Newton
iteration is nearly as good as the that of the initial
estimates for A@= 1.2° without the Newton iteration
for all the three algorithms and that the
computational complexity of getting the final
estimates for A@ = 4.7° is less than that of getting
the initial estimates for A@= 1.2°. In Tables 1-4,
we clearly indicate quantitative improvement of the
proposed method over the conventional method,
which does not employ the Newton iteration in
Figs. 1-12. The improvement of the RMSE and the
execution time is indicated.

IX. CONCLUSION

In this paper, we propose essentially different
approach of applying the Newton iteration to the
AOA estimate to improve the accuracy of the AOA
estimate. We apply the Newton iteration to the
initial estimate obtained from the beam forming
algorithm and the MUSIC algorithm to obtain the
final estimates, which are more accurate than the
initial estimates. We have demonstrated the
performance improvement using the numerical
results.

It is quite straightforward to apply the proposed
scheme to other AOA estimation algorithm. In this
paper, we showed the results for the case that there
are two incident signals. It is also possible to apply
the proposed scheme when there are more than two
incident signals because the Newton iteration is
applied to each incident signal, respectively. The
scheme can also be applied to any arbitrary array
structure by modifying the array vector consistently.
The improvement of the proposed method over the

ACES JOURNAL, VOL. 28, NO. 3, MARCH 2013

conventional method in terms of the RMSE and the
execution time 1is shown in Tables 1-4,
qualitatively.

APPENDIX A
To find the angles, which are the local maxima
of equation (11), we find the angle at which the
derivative of equation (11) is zero. If we
differentiate equation (11) with respect to &, we
have,

dP, ) du
CBFULA() =YY j(n—m)zcos Oexp(j(n—m)zsin O)R,, .
=ln=

(AD)
For the UCA, differentiating equation (14) with
respect to Ayields,

APepr, yea (0)
deo

= 3 M[ jar— sm(”( - )] OS(G—MH
m=Il n=1 M
exp{_ ,-4,,Lsin(mjsm(g _M)H A
A M M

(A2)
Since equation (Al) is the derivative of equation

(11), to find the angles which are local maxima of
equation (11), we have to find the solution of,

dPCBF, ULA (9)
40 (A3)

M
=>> j(n—m)zcosBexp(j(n— m)zsind)R,, =0.

=1 n=1

Similarly, to find the local maxima of equation (14),
we have to find the solution of the following,

dPepruca (@) _ B[ . ¢ . (z(m-n) z(N+m—2)
—d0 —mZ‘l; _14”ZSIH[7M jcos[&—iM ]

xp{ﬂ47z%sin[$]sm[97WH Ry =0.

(A4)
Since the local maxima of equation (11) are
obtained from the solutions of equation (A3), the
initial guess of the solution of equation (A3) are the
initial AOA estimates of equation (11). As
previously stated, the initial guesses of the solution
of equation (A3) are also calculated from the N

local maxima of a"(6) R a( o) at the discrete angles
given by equation (7). a(6) are defined in equations
(8) and (10). Similarly, the initial estimates of
equation (A4), which is for the UCA, are calculated
from the N local maxima of a"(6) R a(o) at the
discrete angles given by equation (7) and a(#)is
defined in equations (8) and (13).
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Our concern is, given the initial estimates, 6,°,
6., &2, how to find the solutions of equations
(A3) and (A4) numerically. The final estimates,
G g @™ can be found using the
iterative update. To find the solutions of equation
(A3) using the Newton iteration, we have to find
the  derivative  of  [dPcprura(6)/dd]  and
[dPcpruca(@)/dd] with respect to 6. The derivative
of equation (A3) is easily obtained to be,

d (APegr pia(@)) M M =j(n—m)7sind
e T

xp( j(n—m)zsin6)
+(j(n—m)7z)2 cos? 0 }FAE

Mz

1

>
]

(AS)

exp(j(n—m)zsin@)

m M j(n—m)zexp(j(n—m)zsind),

mn

it
M

= 1(j(n m)z cos® 6 — s1n¢9)

Similarly, the derivative of (A4) is,

d dF)CBF UCA(H)
de do

58 art sl

e )]sin[a—”(”'\;ln‘z)j

exp fj4ﬂzsm[ﬂ(n':ﬂ_n)]sm[97 ﬂ'(n+|\;|n _2)]
L X ]
44”%&1[”(%—“)]} cod 0= )
exp —j4ﬁ%sin[ﬂ(n,3/l_n)jsin[9—ﬂm+l\;ln _2)] }Qm

_ZZ Lt Sm(ﬂ(m n)] - —j47r151n{”(m n)}
sin[ 0_72'(”‘”“*2)}
M

+

TN

(A6)

meln=l

—J47rism

7sm(977”(”+|\21‘2)J

[ﬂ(m n)J (g_ﬂ(n+m—2)J
M R
R, L.

APPENDIX B
Differentiation of equations (19) and (21) with
respect to fgives,

d DCapon, ULA (0)
do (B1)

MM R
=Y j(n—m)zcosPexp( j(n—m)zsin )R,

m=1n=1

d DCapon, UCA (9)

do
ﬁ(n+m—2)j

{ZZ ’4”*3“1( 5 n)jm(e— M

7r(n+m—2)j B
M mn *

exp{ 1477;5“1( #(m —n)] (6—

(B2)
We have to find the solutions of,
dDCapon‘ ULA (H)
do
M M .
=Y j(n—m)zcosfexp(j(n—-m)zsind)R,, =0
m=1n=1
(B3)
v . (z(m=n)
dDCapon, UCA (9) _ ii_J“.”ﬂSln[ M } (B4)
de == ( 7r(n+m—2)j
cos| 8
M
g r (m(m=n)
j4ﬂ'ﬂsm[ M J |
exp mn =
Sm[g_ z(n +Mm —2)]

The derivatives of equations (B3) and (B4) are
easily obtained to be,
d [dDCaPmYULA(H)J_ M M {—j(n—m)ﬂsinﬁ

do do exp(j(n—m)ﬂ'sinﬂ) (BS)

=f=

) 2
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APPENDIX C
The differentiation of equations (25) and (27)
with respect to fresults in,

d DMUSIC. ULA (9)
do
=33 j(rl—m)frcosﬁexp(j(n—m)7rsin9)(UNU[,')mn
(C1)
dDMUSlC‘ UCA (9)
do
wow | 7147 sin(”(m_n)j
—22 cos(g_n(mm—z)j
M
—j4ﬂ%sin[”(n:vl_n)]
. sin(e_ﬁ(mrm*z)j (UNUN)’"” .
M
(C2)

Accordingly, our objective is to find the solution of
the followings,

dDMUSIC, ULA (9)

dt9
M
:Z J(n—m)7rcos¢9exp(j(n—m);rsin@)(UNl_,E)mn
m=1 n=1
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Differentiation of equation (C3) and (C4) results in,
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