
Design and Analysis of Ring-Focus Reflector Antenna using Method of 

Moments Solution of Electric Field Integral Equation 

I. Ismatullah 1, Ghulam Ahmad 1,2, and Shafaat A. K. M. Ali 1 

1 Geo-Sat Payload Division  

Satellite Research and Development Center, Lahore/Karachi, 54000, Pakistan 

ismatullah@gmail.com 

2 Faculty of Engineering and Physical Sciences  

University of Surrey, Guildford, GU2 7XH, United Kingdom 

g.ahmad@surrey.ac.uk

Abstract ─ Ring-focus dual reflector antennas have been 

employed in various satellite communication applications 

because of their higher gain and geometrical compactness 

as compared to the conventional Cassegrain or Gregorian 

counterparts. In this contribution the geometrical design, 

full-wave analysis and testing of a ring-focus dual 

reflector antenna based on axially displaced ellipse 

(ADE) configuration are reported. The geometrical 

design of this dual reflector system is conceived through 

conic section formulations. An analytical methodology 

based on multilevel fast multipole method (MLFMM) 

accelerated method of moments (MoM) solution of 

surface integral equations for open perfect electrically 

conducting objects was developed for its RF performance 

prediction. The distinctive nature of surface current 

distributions of a ring-focus subreflector is investigated 

and compared with that of a Cassegrain counterpart. 

Finally, the developed procedure was applied to predict 

the performance of a 35 wavelength ADE ring focus 

antenna. A close agreement of predicted and measured 

performance was observed which proves the validity of 

our fast analytical procedure. 

Index Terms ─ Axially displaced ellipse, EFIE, 

MLFMM, MoM, ring focus antenna, SATCOM. 

I. INTRODUCTION 
Design methods for efficiency enhancement and 

sidelobes reduction in high gain antennas have always 

been a topic of keen interest among antenna design 

engineers. Increasing the gain of a communication 

antenna directly increases signal to noise ratio and hence 

the communication link can support increased data rates 

[1]. However, since the antenna gain is proportional to 

its effective area [2]; the trend towards compactness may 

pose conflicting requirements. Consequently, the demand 

for compact yet efficient aperture antennas is on the rise. 

A ring-focus reflector antenna is an excellent 

candidate for high gain compact antennas. It has proved 

its effectiveness in recent years particularly in SATCOM 

on the move applications [1,3,4]. A ring focus subreflector 

can be made several times smaller in comparison to that 

of classical Cassegrain/Gregorian antennas. Similarly, 

the feed horn can be placed closer to a ring focus 

subreflector without experiencing detrimental blockage 

effects [1]. The aperture efficiency of a ring-focus 

antenna can exceed 80% due to its ray inversion features 

[5,6]. In other reflector antenna configurations the 

aperture efficiency is relatively less than that of a ring 

focus design. Although, there exist few exotic designs, 

e.g., top hat fed reflector antennas [7,8] which can

achieve a comparable efficiency. However, it takes 

significant efforts to meet such a target. In such designs 

the antenna bandwidth and its cross polarization 

discrimination (XPD) become potential design concerns. 

The geometrical design of a ring-focus reflector 

antenna can be accomplished by using the necessary 

design equations for a given set of known parameters and 

can be found in literature [6,9,10]. However, in the work 

presented here, a more fundamental approach has been 

adopted to enable a better design insight and its direct 

implementation in the GiD pre and postprocessor 

software [11]. In this approach, primary conic section 

definitions have been used to obtain the profiles of 

main- and sub-reflectors. A macro was written to get the 

complete surface model of a ring-focus reflector in a 

single run. 

When the multilevel fast multipole method 

(MLFMM) accelerated method of moments (MoM) 

solution of electric field integral equations (EFIE) [12-

19] is solved through an efficient MoM direct method

[20], the resulting solution is computationally efficient. 

Our developed EM solver combines the above two 

methods to achieve a computationally faster solution of 

the presented ring focus antenna. This EM solver takes 

as input the surface mesh which can be generated in GiD 
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software. Using our EM solver we investigated the 

distinctive nature of the surface current density on the 

presented ring-focus subreflector for its effects on the 

overall radiation performance. 

In Section II the geometrical design of a ring-focus 

reflector from the basic conic section formulations is 

presented. Section III provides an overview of the 

formulation followed in the full-wave analysis of the 

designed reflector antenna. The developed EM solver 

was used to predict the performance of a 35 wavelength 

diameter ring focus antenna which is compared with the 

measured radiation patterns in Section IV. Section V 

concludes the work being presented in this paper. 

   

II. GEOMETRICAL DESIGN OF A RING-

FOCUS REFLECTOR 

A ring-focus dual reflector antenna system based on 

axially displaced ellipse (ADE) configuration [5,10] is 

shown in Fig. 1. Due to geometrical optics (GO) an axial 

ray originating from the feed horn travels towards the 

main reflector’s outer rim after a reflection from a  

ring focus subreflector. Whereas a ray arriving at 

subreflector’s outer rim travels towards the central 

portion of the main reflector which is contrary to 

classical Cassegrain/Gregorian designs. This is known as 

the ray inversion phenomena of a ring-focus antenna. 

The whole geometry presented in Fig. 1 is rotationally 

symmetric about the axis of symmetry (z-axis here). 

Geometries of main and sub-reflectors can be generated 

by using the following mathematical treatment. 

It is usual to start the antenna design by knowing 

certain parameters [10]. The gain requirement of an 

antenna determines its aperture, where the diameter of a 

subreflector is selected a few percentage of the main 

reflector’s diameter. Focal length is mainly decided by 
the accommodation space available for the antenna, 

although longer focal lengths lead to a better XPD. In the 

work presented here, it is assumed that the diameter of 

main reflector (𝐷𝑚), diameter of subreflector (𝐷𝑠), focal 

length of the main reflector (𝐹𝑚) and the location of feed 

phase center (𝐹𝑆) as shown in Fig. 1 are already known. 

It is to be noted that an elliptical subreflector possesses 

two foci. One of these coincides with the main reflector’s 

focal point. Whereas the second focus is made coincident 

with the feed phase center for an optimum performance. 

In the equations given below, 𝑃𝑠 (say) represents a point 

on the main/subreflector and (𝑥𝑃𝑆
, 𝑧𝑃𝑆

) represent it’s 𝑥 

and 𝑧 coordinates respectively. 

The profile of a parabolic main reflector can be 

generated by the basic equation of a conic section: 

  𝑧 =  
(𝑥−

𝐷𝑠
2⁄ )

2

4𝐹𝑚
,

𝐷𝑠

2
 ≤ 𝑥 ≤  

𝐷𝑚

2
.                  (1) 

Keeping in view the ray inversion phenomenon, where 

ray 𝐹𝑆1𝑆1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   will travel along 𝑆1𝐹𝑆2𝑀2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   after reflection at 𝑆1, 

the point 𝑆1 can be determined from equation of a 

straight line. Thus, knowing 𝑥𝑆1 = 0; the 𝑧-coordinate of 

𝑆1 can be written as: 

𝑧𝑆1 = 𝑧𝐹𝑠2 +
𝑧𝑀2 − 𝑧𝐹𝑠2

𝑥𝑀2 − 𝑥𝐹𝑠2

(𝑥𝑆1 − 𝑥𝐹𝑠2).          (2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 1. Geometry of a ring-focus dual reflector antenna. 

 

The semi-major axis “a” of an ellipse can be calculated 

from its basic property: 

𝑎 =
|𝐹𝑠1𝑆1
̅̅ ̅̅ ̅̅ ̅|  + |𝐹𝑠2𝑆1

̅̅ ̅̅ ̅̅ ̅|

2
.                          (3) 

Once “a” is determined, the set of points representing a 

subreflector can be constructed using quadratic 

equation’s solution of an ellipse: 

|𝐹𝑠1𝑃𝑠
̅̅ ̅̅ ̅̅ ̅|  +  |𝐹𝑠2𝑃𝑠

̅̅ ̅̅ ̅̅ ̅| = 2𝑎 0 ≤ 𝑥𝑃𝑆
≤

𝐷𝑠

2
 .           (4) 

Therefore, the solution of (4) for 𝑧𝑃𝑆
 can be expressed 

as: 

𝑧𝑃𝑆
=

−𝛽 ± √𝛽2 − 4𝛼𝛾

2𝛼
 ,                     (5) 

where 

𝛼 = 4 [(2𝑎)2 − (𝑧𝐹𝑠2 − 𝑧𝐹𝑠1)
2
] ,                (5𝑎) 

𝛽 = 4[𝛿(𝑧𝐹𝑆2
− 𝑧𝐹𝑆1

) − 8𝑎2𝑧𝐹𝑆2
] ,              (5𝑏) 

𝛾 = 16𝑎2 [(𝑧𝐹𝑠2)
2
+ (𝑥𝑃𝑆

− 𝑥𝐹𝑠2)
2
] − 𝛿2,        (5𝑐) 

where 𝛿 = 4𝑎2 + (𝑧𝐹𝑠2)
2
− (𝑧𝐹𝑠1)

2
+ (𝑥𝑃𝑆

− 𝑥𝐹𝑠2)
2
−

(𝑥𝑃𝑆
− 𝑥𝐹𝑠1)

2
.                                                                   (5𝑑) 

Corresponding to each 𝑥𝑃𝑆
, Equation (5) generates 

two values of 𝑧𝑃𝑆
, and ADE geometry can be obtained 

by using positive discriminant in Equation (5) which 

corresponds to right-sided (solid) curve of the ellipse as 
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shown in Fig. 1. Once the 2-dimensional profiles of main 

and sub-reflectors are obtained, the 3D surface model 

can be obtained by rotating these profiles around the z-

coordinate (see Fig. 1). The locus of the main reflector’s 

focal point (and its coincident subreflector focal point) 

traces a ring in 3D due to this rotation and hence the 

name ring-focus. 

 

III. ANALYSIS OF RING-FOCUS 

REFLECTOR ANTENNA USING MLFMM 

ACCELARATED MOM SOLUTION OF EFIE 

The MoM solution of surface integral equations is  

a well-known powerful numerical tool for solving 

electromagnetic problems [12-13]. For the analysis of 

our ring-focus reflector antenna, electric field integral 

equations (EFIE) which couples the incident electric 

field to induced current density on an arbitrary shaped 

surface has been taken into consideration. In this 

formulation, the surface 𝑆 of the ring-focus reflector 

antenna is replaced by equivalent surface electric current 

density 𝐽𝑆⃗⃗⃗   which radiates the electric and magnetic fields 

(𝐸⃗ , 𝐻⃗⃗ ) in free space. 𝐽𝑆⃗⃗⃗   can be obtained by solving [12-

16]: 

𝑛̂ × [𝑛̂ × {∬ [𝐺̿𝐽
𝐸(𝑟 , 𝑟 ′). 𝐽 𝑆(𝑟 ′)]𝑑𝑠′ + 𝐸⃗ 𝑖𝑛𝑐(𝑟 )

𝑆
}] = 0, (6) 

where 𝐸⃗ 𝑖𝑛𝑐(𝑟 ) is the incident electric field, 𝑛̂ is the 

outward directed unit surface normal and 𝐺̿𝐽
𝐸(𝑟 , 𝑟 ′) 

represents the free space dyadic Green’s function. To 

solve the integral equation (6), 𝐽 𝑆(𝑟 ′) (unknown surface 

current densities) is expanded using a set of basis 

functions as: 

𝐽 𝑆 = ∑ 𝐼𝑛𝑓 𝑛

𝑁

𝑛=1

.                              (6𝑎) 

In this work, the Rao-Wilton-Glisson (RWG) [17] 

functions associated with the common edge 12⃗⃗⃗⃗   of the 

triangle pair shown in Fig. 2 were chosen as the basis 

functions which are expressed as: 

𝑓 𝑛 = 𝑛̂ × (𝜆1∇𝜆2 − 𝜆2∇𝜆1).                  (6𝑏) 

A graphical representation of RWG basis functions is 

reproduced from [16] in Fig. 2. Interested readers may 

refer to [13,16,17] for the nomenclature of symbols used 

and further details on the integral equation. Application 

of Galerkin’s procedure [13-16] with same basis and 

weighting functions transforms the surface integral 

Equation (6) into a system of linear equation of the form 

[12-16]: 

[𝑍]{𝑥} = {𝑏},                                 (7) 

where{𝑥} is the unknown surface current density, {𝑏} is 

the excitation vector and [𝑍] is the coupling matrix. The 

𝑚𝑛th element of [𝑍] is given by [14,16]: 

𝑍𝑚𝑛 = −𝑗
𝜔𝜇

4𝜋
∑ ∑ (𝑓 𝑝𝑞

𝑚)
∗
. 𝑔 𝑝𝑞

𝑛

𝑝

𝑞=−𝑝

𝑃

𝑝=0

,              (8) 

where 

𝑓 𝑝𝑞
𝑚

𝑔 𝑝𝑞
𝑛

} = ∯{
𝑓 𝑚(𝜃, 𝜙)

𝑔̃ 𝑚(𝜃, 𝜙)
}𝑌𝑝𝑞

∗ (𝜃, 𝜙)𝑑𝑘̂2,          (9) 

𝑓 𝑚 and 𝑔̃ 𝑚 are the 𝑘̂-space basis and weighting functions 

respectively and 𝑌𝑝𝑞 are the orthonormalized spherical 

harmonics. In the above equations 𝑋∗ represents the 

complex conjugate of 𝑋. The coupling matrix [𝑍] is fully 

populated and system of linear Equation (7) becomes 

computationally complex for electrically large problems. 

A use of numerical acceleration techniques (e.g., 

MLFMM) can reduce the computational complexity of 

Equation (7) from 𝑂(𝑁3) for traditional MoM down 

to O(N1.5 logN) for single level FMM and O(N logN) 

for MLFMM [13,19]. Moreover, as reported in [14,16] 

the abovementioned spherical harmonics expansion 

based multilevel fast multipole method (SE-MLFMM) 

accelerated solution of Equation (7) provides considerable 

amount of memory saving without compromising 

accuracy and the numerical speed. 
 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. WG vector basis/weighting functions for domain 

discretization of the electric field integral Equation (6). 
 

In the multilevel fast multipole algorithm, the 

domain under consideration is enclosed in a large box, 

which is divided into eight smaller boxes. Each sub-box 

is then recursively subdivided into further smaller boxes 

until the side length of the smallest box is around  

one-half wavelength [13]. The interaction among the 

transmitting and receiving basis vectors residing in same 

or nearby smallest boxes is computed using conventional 

MoM. However, coupling contribution among those 

vectors residing in far apart boxes is calculated using 

MLFMM. During MLFMM, the fields radiated by 

different basis functions (shown with solid black arrows 

in the boxes on the right side of Fig. 3) within a box are 

first ‘aggregated’ into a single center. This box center 

then acts as the radiation center. The contribution of all 

radiation centers is recursively aggregated to another 

radiation center at the higher level. These radiated fields 

are then received firstly by the centers of the other boxes 

and then redistributed to the weighting functions (shown 
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with solid black arrows in the boxes on the left side  

of Fig. 3) belonging to the same box –so called 

‘disaggregation’ process. Figure 3 demonstrates MLFMM 

process in a pictorial form. For more details on the 

numerical solution to EFIE, interested readers may refer 

to [13-19]. 
 

 

 

 

 

 

 

 

 

 
Fig. 3. Pictorial overview of MLFMM. 

 

IV. RESULTS AND DISCUSSION 
The EM solver software realized through this 

research was used to predict the RF performance of a  

Ku band ring-focus antenna system with main and sub-

reflector diameters of 760 mm and 110 mm respectively. 

Two foci of elliptical subreflector were located at 

𝐹𝑆1(𝑥 = 0, 𝑧 = 226.6) mm and 𝐹𝑆2(𝑥 = 55, 𝑧 = 280) 

mm in accordance with Fig. 1. A corrugated feed horn 

was used to illuminate the subreflector with -18 dB edge 

taper. GiD was used to obtain the planer triangular 

surface mesh of the whole structure including feed  

horn and subreflector supports. On average the linear 

dimensions of the triangular domain were of the order of 

λ/8 which generated around 1.4 million unknowns. The 

resulting matrix-vector product took around 3 hours  

and 40 minutes on a HP Z800 Intel® Zeon® X5690 @ 

3.47 GHz dual processor with 32 GB of RAM to converge 

to a residual error of  8 × 10−4 which is extensively 

faster in comparison to general purpose commercially 

available 3D EM solvers. 

EM solver predicted results are shown in Fig. 4 at 

an operating frequency of 13.75 GHz. These numerically 

computed results took into account the feed interaction 

and strut losses. A peak directivity of 38.1 dBi, around  

-12 dB down sidelobes and slant plane on-axis XPD 

better than 50 dB were predicted by our EM solver as 

listed in Table 1.  

A prototype model of the designed ring focus 

antenna was manufactured and measurement results are 

compared with EM solver predictions in Fig. 5, where 

the developed reflector antenna can be seen in the inset. 

The measured results are in excellent agreement with 

EM solver predicted results in the main lobe and up to 

around 20 dB below the peak value. A close agreement 

between simulated and measured performance parameters 

of interest is evident from Table 1. Particularly in 

sidelobe regions the disagreement in predicted and 

measured results is mainly due to a big metallic antenna 

support structure used to hold the antenna on the test 

positioner in the anechoic chamber. This structure was 

not modelled in the EM solver.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4. Predicted performance of a 35 wavelength 

aperture diameter ring focus reflector antenna. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 5. Comparison of simulated and measured radiation 

patterns of the ring focus reflector. Inset shows the 

developed ring focus reflector antenna under test in an 

anechoic chamber. 

 

Table 1: Summary of simulated vs. measured performance 

parameters 

Parameter 
Simulated 

Value 

Measured 

Value 

Peak gain 38.1 dBi 37.9 dBi 

1st Sidelobe level - 12.1 dB - 12.6 dB 

Slant plane on-axis XPD - 50 dB < - 30 dB 

 

Additionally, during measurement process this 

metallic support structure was not covered with 

absorbers which resulted in higher far sidelobe levels. 

The difference in predicted and measured cross 

polarization levels is mainly due to the measurement 

accuracy of the anechoic chamber. It is also worth 

mentioning here that the feed horn used in this research 

was a multimode feed horn supporting TE11 and TE21 

modes for communication and tracking respectively. 
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There was also a coupling of TE21 degenerate modes 

observed in the feed assembly design which further 

lowered the cross polarization. Measurements using a 

pure mode feed horn provided a better XPD of around  

35 dB. 

The equivalent surface current densities 𝐽 𝑆 on the 

ring-focus subreflector as well as on an exemplary 

Cassegrain subreflector were computed using the method 

described in Section III. Resulting current densities  

in both cases are shown in Fig. 6. For Cassegrain 

subreflector the central region exhibits higher amplitudes 

of the equivalent surface current density. In contrast, in 

the central region of a ring-focus subreflector very  

weak amplitudes of current density are observed. Weak 

surface current density in the central region of a ring 

focus subreflector may be attributed to the apex geometry 

along the axis. 
 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6. Numerically computed surface current densities 

on Cassegrain and ring focus sub-reflectors. 

 

It is to note that intense current densities in the 

central regions of a Cassegrain subreflector cause 

radiations towards the feed horn. These reflected 

radiations in the feed horn can degrade its reflection 

performance therefore, resulting in an overall gain 

degradation. 

It was found through numerical simulations as well 

as measurements that a hole in the center of a ring focus 

subreflector has no significant impact on the overall 

antenna performance. This distinctive attribute of weak 

surface current density in the central region of a ring 

focus subreflector can be exploited to cancel radiations 

in certain directions e.g. to reduce the antenna sidelobe 

levels [21]. The inactive part of a subreflector can be 

removed and replaced by a dielectric lens antenna with a 

hyperbolic profile such that the waves passing through 

the lens antenna become 180˚ out of phase with those 

reflected by the main reflector in that particular 

direction. 
 

V. CONCLUSION 
A new formulation for the design of a ring-focus 

reflector antenna based on conic section definitions was 

conceived through research presented in this paper. This 

enabled a significant design insight and a direct CAD 

model creation using GiD. A fast EM solver package was 

developed through this research based on SE-MLFMM 

accelerated MoM solution of the electric field integral 

equation. The developed EM solver was validated 

through a comparison with measurements of a 35λ ring 

focus antenna. The distinctive feature of a ring focus sub 

reflector’s surface current density was investigated. This 

will open new research areas for antenna radiation 

cancellation in certain directions. 
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