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Abstract — An efficient model is developed to simulate
multilayered biaxial anisotropic material with different
orientations by wusing effective medium theory.
Equivalent model is used to extract effective permittivity,
permeability and orientation angle for multilayered
biaxial anisotropic medium. Analytical expressions for
effective parameters and orientation angle are derived
for low frequency (LF) limit. The model also gives a
non-magnetic effective anisotropic layer if each layer is
non-magnetic anisotropic dielectric. Good agreement is
achieved by comparing the effective parameters extracted
with and without low frequency approximation. We
show that the frequency-independent equivalent model
is valid for frequency up to 10 GHz.

Index Terms — Effective medium theory, multilayered
anisotropic media, parameter extraction.

I. INTRODUCTION

Anisotropic property is very popular among modern
engineering materials such as composites, fibers,
crystals, wood and so on. These kinds of materials have
a lot of usages as housings and casings in aerospace,
transportation, civil infrastructure, electronics, appliance
and marine due to its characteristics such as: low weight,
less tooling costs, high stiffness, low corrosion and easy
to fabricate [1-5]. In aerospace industry, composites can
be replacements for metals due to its good features that
they are not as electrically conductive as traditional ones
[2]. Thus, it becomes more and more important to
understand the electromagnetic interactions (i.e.,
reflection, transmission) of composites [3, 5]. Multilayered
anisotropic material with different orientations is very
common in composites. However, electromagnetic
modelling of multilayered anisotropic material needs
huge CPU time and memory requirements. Using
effective medium theory, by combining multilayered
anisotropic medium with a single equivalent layer for the
permittivity, permeability and orientation, CPU time and
memory requirements can be significantly reduced [6].

In this paper, effective medium theory is applied to
model multilayered biaxial anisotropic material with
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different orientations for a plane wave incidence at
the normal direction. Basing on the same reflection
and transmission coefficients, effective permittivity,
permeability and orientation angle are extracted, similar
to the approach used to extract effective parameters
from measurements and numerical modeling of periodic
structures as isotropic materials. With the low frequency
(LF) limit, analytical expressions for effective parameters
and orientation angle are derived and result in a
frequency-independent equivalent model. Finally,
effective parameters using low frequency approximation
are compared with the ones from parameter extraction
method. Good agreements in effective parameters and
angle are observed between with and without the
approximations for the frequency up to 10 GHz.

1. FORMULATION
In Fig. 1, the equivalent model is presented for
multilayered biaxial anisotropic media with different
orientations between two half spaces. A plane wave
travels at the normal direction (z direction) to x-y plane.
A global Cartesian coordinate x-y-z is used in the two
half spaces and local coordinate x'-y’-z for each layer

between two half spaces with x; rotating 6, from x.

The relative permeability and permittivity of the biaxial
anisotropic layer can be expressed in tensor form as

l_ln = diag(fuxn’luyn'/uzn)’ En = diag(gxn’gyn’gzn )

o
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Fig. 1. Multilayered biaxial anisotropic media and its
equivalent single layer model.
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A. Reflection and transmission coefficient for
equivalent layer

For the equivalent layer model, suppose
electromagnetic field propagates in z direction with
electric field polarized in x and y directions. We can
get reflection and transmission coefficient matrices by
expressing the electromagnetic field in all three regions
and matching boundary conditions. The reflection
coefficient R and transmission coefficient T are 2 by 2
matrices and are defined similar to S parameters [7]:

R, = A, c0s” 0, + A sin’ g,

R, =R, =(&—Ay)sin6?e cosé,,

T, =B,cos’g, +B,sin’4,, @
T, =T, =(B,—B,)sing,cosq,,
where
ro,(1-e*"") (1-1%,)e™ o Al
P 1-r2 e e P 1-r2 e g, +1
By = Bofeebtpe 7y = i’ p=xY, ra={§’, o

A, and B, are the same as the reflection and
transmission coefficients derived using isotropic layer

with 2, and & . d, isthe total thickness and 3, = @/, -

B. Reflection and transmission coefficients for
multilayers

The first method to derive the reflection and
transmission matrices is similar to the transmission line

theory. For region n (L1 to N), z,<z<z,,, z there are
two types of propagation modes in local coordinate:

E.. . . _ A
— e _JBn(Z_Znu) Jﬁn(z_znﬂ) -
En_|:E :|_|:e +€ Rn,n+li||:Bn:|1 (2)

ny

— Mw O H_.
Z,yH, = i
770 n0 n 770|: o 77nyj||:_an’i|

[t ejnn(z—znﬂ)ﬁ;ml][g } |

Where ZnO =diag(77nx'77ny) ! Bn =diag(ﬁnx’ﬂny) ' ﬁ;‘n.'.l
is the 2 by 2 reflection matrix in regionnat z,_,,.

The fields also can be written in the global
coordinate

Enx' _6 Enx Hny’ _6 Hny 4
Eny' o Eny ’ _an' o _an ' ()

where the rotation matrix O, is given as:
5 [ cosé,

@)

sing, ~ ., =
n— H ’ C)n = On ' (5)
—-sing, cosé,

The relation between the electric and magnetic fields at
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z=12, IS
B, (Z,1) = noz;,n+l.Hn (Zp41)s (6)
ng is the input impedance at z = z,_,. Submitting (2)
and (3) into (6) yields:
Rivi=[ZoanZn+1] [ZoauZn—-1], (@)
where T =diag(L1) and matrix multiplications are

n+l*

involved. At z =z, similarly, we have:

En(Zn) = UOZ:—l,n.Hn (Zn)' (8)
It is found that,

Z+ | T Bdp- - iBady
Zn—l,n - I: I +€ Rn,n+le :I

9
-[T _e B R g i, ]_1 Z ©
n,n+1 no?

where d, =z ,,—z,. At the interface, the tangential

components of both electric and magnetic fields should
be continuous. Using the equations above, we find the
impedance matrices at two sides and field components
as:

Z.. =

n-1,n

o
[A‘} =g [T +ePhRy e ]_1

B
6,51, [T+ ﬁ;_lyn][g“l}.

+10.Z71,0,0,, (10)

11)

n-1
In Region 0, which is the half-space for the incident
wave, the electric field is written as:

E = = _
E, = [on} = [e‘”‘"(z‘zl) + e"“3°(z"zl)R]['B%}, (12)

Oy 0
where R = Rj, isthe reflection matrix defined at z =z,
and can be calculated recursively using (10), (7) and (9)
with ZE,NH = z(N+1)0 =1

In the half-space Region N +1, the electric field is
written as:

E o —
Ey, = |:EN+1xi| — e—Jﬁo(z—zN+1) T|:Q3i| (13)

N+1ly 0
Using (11) recursively, the total transmission matrix
defined at z = z,,,, is represented as:

T=0][T+R; ]
TLe e [Teetor;, ] 0,0 [T+R.,]
=1

(14)
where d,, =0, O,=0,,, = 1.

Another method to get total reflection and
transmission coefficients for multilayers can be followed
an approach in [8]. The basic idea is to calculate
reflection and transmission coefficients from an
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interface between two half spaces and then get total
reflection and transmission coefficients recursively.

When Regions n and n+1 are half-space, the
electric and magnetic fields at the interface are written in
local coordinates as:

e o] muden o)

ny” n

A (15)
Uozno .Hn = |:T - ﬁn,n+1:| e i |:Bn i| )
E , _ -
En+1 = |:E(”+1)X i| = Tn,n+1e_mndn |:B i|’
(n+1)y’ n
(16)

= aelA
noz(n+l)0'H(n+1) = Tn,n+le Tt |:B )

Matching the boundary conditions at the interface
using the global coordinate yields:

(_)-Ir; |:T + I:_zn,n+1:| = 6I+1Tn,n+l’ (17)
C_)-r: z;é |:T - ﬁn,n+l:| = C_)I+lz(_r:1lh+l)0-T_n,n+1' (18)

The half-space reflection and transmission

coefficients are found as:
ﬁ = I:z;é + C_)nc_)T z(_nl+1)oc_)n+lc_)T :I_l

nn+l = n+1 n

e (19)
) I:Z;é - Ono-;+lz(_nl+l)00n+lo-rl1- :I '
-T_n,n+1 = 6n+16-||1- |:T+ ﬁn,n+].:|
2o, (20

=20 o] Zy.

It can be verified that the reflection matrix is
symmetrical, but the transmission matrix is not in
general, and,

ﬁn+1,n = _(_) (_)-rl;ﬁ
=0,0L,[T+R,1,]=[T-R,,..]0,0L. (22)

n+l n+l*

AT | -1 A AT -1 )
n+lor| I:ZnO + Onon+1z(n+1)oon+1

n+1 n,n+16n6-;+1’ (21)

Tn+l n

The total reflection and transmission coefficients in
[8] can be written as:
R- Ryns + Thatn

nn+l —

e_ jﬁnudnﬂ ﬁ -

n+1,n+2

-1 = —
] e Bry1dns T

n,n+1

(23)

n+1,n+2 n,n+1?

T — o Bt R = Brsadns R
_I:l —e 1 +1Rn+1,ne 1 +1R

N _ _ -1 _
T_T T_p Bdp —iBdh - —iBadn T
T= TN,N+1H|: I-e Rn,n—le Rn,n+1i| € Tn—l,n .
n=1

(24)

C. Equivalent model and low
approximation

Basing on same reflection and transmission

coefficients for the single equivalent layer and multilayer,

we express ¢,, A, and B as functions of the reflection

and transmission coefficients of multilayer structures:

frequency

tan 26, = X::z :
XX _ Yy (25)
tan26, = —>—,
XX _Tyy
1 R
==(R,+R, )t ——,
Aoy 2( . W) sin26,,
_ (26)

Xy

By = E(T“ +Tw)i sin26,,

T 1 « »
where R, =R, T, #T,.T, =—(T, +T,), the “=

is for x- and y-component, respectively.
Then the effective parameters of the effective
medium can be calculated from A and B, using the

approach for the isotropic layer [9-13]. The flowchart
summarizing this procedure is shown in Fig. 2.

1 2R, ) 1 2T,
A, =—| R, +R t——— |, B, = | [ +1,+——
21 T osin26,, 2 - sin2d,

!
. (1+ 4p);—B{:=(DF B,
V(lﬁfp) B 1-4,T,
LB e
|
£ =H, /ﬁp, My =117,
|

Fig. 2. Flowchart for effective parameters extraction.

For the low frequency limit, we follow the similar
procedure to the isotropic case in [6]. The condition
for low frequency approximation is satisfied when
the wavelength is much bigger than the thickness of
the structures. When g, d, <1, applying Taylor series

expansion to (9) and (14) and taking the first-order
approximation yields:

e B4 T jd,B,. @7)
Using Z7, v = Zuazo = |, We have:
ZKJ,N+1 = 6N6L+12:\],N+16N+16L = T! (28)

ﬁ;l,N+l = [za,mlzﬁo +T:|_1 [zﬁ,mlzﬁo - |:| = 1:N . (29)
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where T, = diag(l“nx,l“ny). Since T, isadiagonal matrix,
submitting it into (9) and using (27) yields:
ZE_LN =T+7;—1,N’ ) -LN = jBdy AN' (30)
). In deriving (30)
we use the relations D;D, = D,D,, if both D; and
D, are diagonal, and [A+ E]_l ~A"—A"BAY, if
|Al| =B8] Using (10) and (28), we have,
Z;lN—I+zN1N, (31)
where Zy_, = j3,d,0,.01A,0,0}_,
Submitting (31) into (7) yields:
RL -1,N ~FN 1+|:Z(N 1)0"'T:|_1 7!;—1NZ(_131 1)0|:| _I:N—l .
(32)
Following the steps from (30) to (32) recursively
with the form:

where A = diag(uny -g

s Mo — gny

=1+Z, (33)

nn+1 J:Bo |: Z dmo-rrnAmOmi| (34)

m=n+1

Similar to the approximation to get (32), we have:
Rype =T, +[Z3+1] 2,,,Z2[T-T,]. (35

n,n+1

Z:1n~I+JﬂOdA +Znn+1_|+zn 1,n? (36)
where
N —_— p— —_— -_—
Zyan =150 [Z dmOLAmOm}OI- (37)

Submitting it to (10), we approximate Zg_m to the form
similar to (34). Finally, we have:

p— p— N p— p— p—
Z5,=1+jp,2,d,0/A,0,, (38)
n=1
and the total reflection coefficient,
R=R;, J'B"Zd 0'A.0.. (39)

The low frequency limit of the total transmission
coefficient is found in a similar way as:

= T BN AR
T=1 —TZdnonsnon, (40)
n=1

where § = diag(yny + Es My +€ny)-

Applying the low frequency limit of the reflection
and transmission matrices for equivalent layer and
multiple layers to (25) and (26), we have effective
parameters as:

_12_1 (o

— &y F Ly —yny)sin 20,

6, = > n(s = £y + iy — 1) COS20, o
0, = t (‘gnx Euy = Hyg + i, )5IN 20,
er (gnx — o + yny)cos 20,
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A in26
By =300, | A+ A, £ (A, -8, ) 020 |
*2d, = ¥/sin 26, “2)
1 g sin 26
= d,| S +Sy S — Sy ) ——— |
xe ye [ Z; n|: ny ( nx ny)sinzeeti|
where d, =Zn=ldn and p,& can be achieved by:
S +A Spe —A
1, =%, gy =%. (43)

Here, although there are two kinds of expressions for the
effective angle, the relative difference between them is
small and is about 1% in difference at frequency up to
10 GHz.

If we consider about non-magnetic materials or p

is scaler, (41)-(43) can be simplified as:

" d, (e~ )sin20
9e=ee,=eet=1tan-1z“ (6= oin ~, (44)
2 > n( e gny)coszen
sin 26,
gxeye - 2dt nz;d |:€ +8ny i( Enx ny)Sin298i|- (45)

If all layers are same but with different orientations,
(41)-(43) can be further simplified as:

d_sin26
0,=6,=0,= ita\n‘l—zn L e

(46)

2 Z d, cos26,

1 Z d, sin26,
(47)

2

)Z _,d,sin26, ]

1
He,ve =—[ﬂx+ﬂyi(ﬂx—ﬂy d sin 20

which is the same as the result reported earlier in [7].
The z-component of the effective permittivity and
permeability of the multilayered biaxial media can be
found [6]:
N N
i= ZLd_n, z 1 d_ (48)
d , d,

& n=1 €, Uy Hie n=1 A,
I11. NUMERICAL RESULTS

In this section, we present numerical results showing
the effective medium theory works well for multilayered
anisotropic material with different orientations up to
10 GHz by comparing the parameters extracted without
low frequency approximation with the ones with low
frequency approximation.

The composite structure investigated is the four-
layer non-magnetic medium. Figure 3 plots the real and
imaginary parts of relative permittivity and permeability
extracted from reflection and transmission coefficients
with same thickness, same rotation angles and different
relative permittivity (with same loss tangent in four
layers) and permeability in x and y directions. Results



with and without the low frequency approximation are
given. The frequency ranges from 10 MHz to 20 GHz.
The real part of relative effective permeability is close to
one (the relative permeability with low frequency limit
is one in both x and y directions) and has nearly 1%
difference at frequency up to 10 GHz. The effective
permittivity also works up to 10 GHz. At low frequency
range, the imaginary part of relative permeability is zero
and imaginary part of relative permittivity is negative
due to loss. When the frequency goes up, the relative
permittivity and permeability would have imaginary
parts with opposite signs, but the attenuation constant is
still positive [11].

3.2

10 20

olmag(exr) Without appr.
—~ ozl Imag(exr) Low freq. appr.
&7 7| |sImag(e. ) Without appr.
[ yr
g . -Imag(eyr) Low freq. appr. *»

0.01 0.1 1 10 20

Freq (GHz)
(a) Relative permittivity in x and y directions
2 . ; .
0
R
- eal(p, )
- Real(u_ )
2F yr
- Imag(u )
-Imag(u,,)
-4 . . .
0.01 0.1 1 10 20
Freq (GHz)

(b) Relative permeability in x and y directions

Fig. 3. Real and imaginary parts of relative permittivity
and permeability of equivalent model with and without
low frequency approximation for 4-layer biaxial non-

magnetic media. d, , ,, = 0.375 mm, ¢,, , = 3(1-0.01j),
y1y3_4(1 001.') x1x3y2y4_2(1 001.]) 1234_30
0, = 30°.
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Figure 4 plots the real part of relative permittivity
and permeability extracted from reflection and
transmission coefficients with same thickness, different
rotation angles and different relative permittivity and
permeability in x and y directions. Again, there is a very
good agreement for relative dielectric constants and
effective angle between low frequency approximation
and without it. The real part of relative effective
permeability is almost one for frequency up to several
GHz. Comparing without low frequency approximation
the frequency independent model has a good agreement
for frequency up to 10 GHz.

3 r
o€, Without appr.
2.8F €y Low freq. appr.
o € Without appr.
26L Low freq. appr.
2.4 : : :
0.01 0.1 1 10 20

Freq (GHz)
(2) Relative permittivity in x and y directions
1.02 ; .

< *Hyy Without appr.
098k Oy, Lo.w freq. appr.
oy Without appr.
Ly Low freq. appr.
0.96 : : .
0.01 0.1 1 10 20
Freq (GHz)
(b) Relative permeability in x and y directions
46 T T
oWithout appr.

45.51 |=Low freq. appr.

wa 45 v\l.%%%
44 5} 0}
44 - - -
0.01 0.1 1 10 20

Freq (GHz)
(c) Effective angle

Fig. 4. Real part of relative permittivity and permeability
of equivalent model with and without low frequency
approximation for different 4-layer biaxial non-magnetic
media.d,,,, =0.375mm, 6, =30°, 6,,=60° ¢,,,, =3,

=4, ¢ =2.

yl y3 x1,x3,y2,y4
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IV. CONCLUSION

We have presented the method to model the
multilayered biaxial anisotropic material with different
orientation using effective medium theory. By using this
method, multilayered biaxial anisotropic media with
different orientations can be numerically regarded as
an effective medium. A frequency independent model
is derived using the low frequency approximation.
Numerical examples show the good agreements for
effective parameters between with and without low
frequency approximation for the frequency up to 10 GHz.
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