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Abstract ─ The focusing of electromagnetic waves 
from a quartic inhomogeneous chiro-slab is 
examined, using Maslov’s method. Analytic field 
expressions are derived for the transmission 
coefficients at the interfaces and numerical 
computations are made to determine the field 
behavior around the caustic point of the chiro-slab. 
The effects of chirality parameter, permittivity and 
permeability on the intensity of the field around 
caustic point of the chiro-slab are also discussed. 
The results obtained through this method are 
shown to be in good agreement with those 
obtained from Huygens Kirchhoff’s integral. 
 
Index Terms ─ Caustic, chiral, Hamilton, 
intensity and Maslov’s method. 
 

I. INTRODUCTION 
The discovery of chiral media and 

metamaterials during the last century has brought 
together the scientists and researchers from areas 
as diverse as physics, chemistry and biology [1]. 
This media offered a range of new millimeter, 
microwave and optical devices, in the area of 

electromagnetic and optics. For example, a chiral 
slab with negative refractive index has been shown 
to act as a perfect lens having sub-wavelength for 
circularly polarized waves [2-4]. Many other 
applications of the chiral metamaterials include 
but not limited to waveguides, antennas, 
polarization rotators and cloaking surfaces [5-14]. 

Two distinct properties of chiral media are the 
optical activity and circular dichroism. The 
irregular molecule arrangement enable the chiral 
material to rotate the plane of polarization of 
incident wave by an amount proportional to the 
width of the medium transverse relative to the 
wavelength of the wave. Moreover, the attenuation 
of the right-hand and left-hand circularly polarized 
wave is shown to be strongly affected by the 
chirality parameter of the medium [15,16]. Chiral 
scatterers are quite different from their dielectric 
or conducting counterparts, in that, the former 
produce both the co-polarized and cross-polarized 
scattered fields. The circular dichroism property of 
chiral media on the other hand, gives rise to 
different absorptivity of the right and left-
circularly polarized waves inside a chiral medium. 
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In electromagnetics, to study the scattering 
and propagation, different numerical and 
analytical methods are available. Asymptotic Ray 
Theory (ART) is a simple and powerful tool for 
the evaluation of high frequency fields [17-19]. It 
is widely used to provide and explain the behavior 
of electromagnetic fields in both homogeneous 
and inhomogeneous media, but the field in 
caustics and shadow boundary has to be treated as 
a separate problem because ART shows 
singularities at these points. Kirchhoff integral is 
usually employed to calculate the fields at these 
points. There is a more convenient method based 
on Maslov’s theory. Maslov’s asymptotic theory is 
based on an idea that combines both the simplicity 
of ART and generality of Fourier transform. This 
method has been used by many authors [20-22] to 
find out the field behavior in the focal region of 
different geometries. 

In this paper, we have treated a quartic 
inhomogeneous chiro slab to study the behavior of 
electromagnetic waves around caustic point using 
Maslov’s method. We are extending our previous 
work from focusing of dielectric inhomogeneous 
slab and quadratic inhomogeneous slab composed 
of chiral medium to inhomogeneous chiral 
uniform thickness slab with quartic dependent 
permittivity on one transversal Cartesian 
coordinate using this technique [16,20]. We have 
determined the transmission coefficient of 
electromagnetic waves by an inhomogeneous 
quartic chiro slab for normal incident analytically. 
The numerical computations have been made to 
study the behavior of transmitted electromagnetic 
field from a quartic inhomogeneous slab 
composed of chiral medium. 
 

II. FORMULATION 
Consider an inhomogeneous chiral planar slab 

of uniform thickness d and placed in a dielectric 
medium as shown in Fig. 1. The dielectric medium 
is described by the constitutive parameters ( , ), 
whereas chiral medium filling the slab is described 
by the constitutive parameters . It is 
assumed that inhomogeneity chiral medium slab is 
incorporated through permittivity parameter of the 
chiral medium. It is also assumed that distribution 
of permittivity is described by a fourth order 
polynomial equation (hereafter termed as quartic 
distribution) as given below[20]: 
 , (1) 

where  is permittivity of corresponding 
homogeneous material, parameters b and c are 
associated with focal length of the chiro slab. 
 

 
 
Fig. 1. Quartic inhomogeneous chiral slab. 
 

The electromagnetic field in the chiral 
medium filling the slab region is described by [2-
4]: 
 , (2) 
 , (3) 
where  and  are the permittivity permeability of 
chiral medium and  is the chirality parameter, 
which describes electromagnetic coupling. Two 
wave numbers  and  for eigenwaves 
propagating inside the chiral medium are: 
 , (4) 

 , (5) 

with . A set up of Cartesian 
coordinate system with unit vectors  and 

 are introduced here to explain the problem of 
transmission through quartic inhomogeneous chiro 
slab. In the region , the incident plane 
electromagnetic wave is written as [16]: 
 , (6) 
 . (7) 
The unknown reflected electromagnetic fields can 
be written as: 
 , (8) 
  (9) 
The four electromagnetic waves are propagating 
inside the inhomogeneous chiro slab 

, two propagating towards interface located at 
 and the other two waves are propagating 

towards the interface , as shown in Fig. 1. 
The expressions for electromagnetic waves 
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propagating towards the interface  are 
represented as: 
 

,  (10) 
 

. (11) 
The electromagnetic fields of the two waves 
propagating towards the interface  are 
represented as: 
 

, (12) 
 

, (13) 
where , ,  and  are the amplitudes 
of the unknown coefficients.  is wave impedance 
in the region , the transmitted 
electromagnetic field in terms of unknown 
coefficient is written as: 
 , (14) 
 , (15) 
where  In above equations, unknown 
coefficients can be determined using the boundary 
conditions. The boundary conditions for the 
electromagnetic fields at interfaces  
and  are [4,15]: 
 , (16) 
 , (17) 
 , (18) 
 , (19) 
application of above boundary conditions yield the 
following equations: 
 , (20) 
 , (21) 
 , (22) 
 , (23) 

,  (24) 

,  (25) 

,  (26) 

. (27) 
By solving set of equations (20-27), we obtain 
reflection and transmission coefficients. We 
consider transmission at the rear face of chiro slab, 
so transmission coefficient at this interface is 
given by [4]: 

 , (28) 

where μ ϵ γ ϵμ μϵ . 
 
A. Solution of Hamilton’s equations 

The solution of Hamilton’s equations for the 
inhomogeneous medium described by equation (1) 
are given as [20]: 

 
τ

,(29) 

where  is the parameter along the ray length and 
′ ′ ξ , ′ λ  and ′ . 

The Cartesian coordinates of refraction point at the 
rear face ξ η  and the components of 
associated wave vector are given by: 

 , (30) 

where τ  is the arc length of the ray for  
In above equations η  are the Cartesian 
coordinates of refraction point of front face of the 
chiro slab. The coordinate of the ray after passing 
through the slab, there is , are given by[18]: 

 

 
B. Focused field at caustic point 

The geometrical optics solution is given by 
[20]: 
 ψ0 , (31) 
where  is Jacobean and ψ  is the value of 
initial phase difference between front and rear 
faces of the chiro slab, which is given by [20]: 

 ψ ϵ β ξ τ βξ ) ψ . 
Geometrical optics field contains singularity at the 
focal point. Our interest is to find the uniform field 
expression valid in focal region using Maslov’s 
method. The uniform expression which is valid in 
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the focal region is given by [20,21]: 

 
π

∞
∞ ξ

ψ   (32) 
Quantities in the square brackets and phase 
function ψ  are obtained by the procedure 
given in [20] and variable of integration are 
changed from wave vector domain to the ray 
domain. The field intensity expression in 
component form may be expressed as: 

 
π

ψ ξ, (33) 

 
π

Γ ψ ξ. (34) 

The amplitude and phase function in simplified 
form can be written as: 

 

 β ξ ψ ψ , 

 β ξ ψ ψ , 

 ξ2 cos ψ1 9 ψ , 
 ξ2 ψ ψ , 

 Γ . 
The phase function is given as: 
 ψ ψ′ Υ ϵ ξ ψ′ , 

 ψ′ τ ψ
β

, 

 ψ1
′ ψ0 ϵ ξ ψ2

′
βξ ϑ ψ ψ3

′ , 
 ψ′ τ

β
ψ

β
ψ , 

 ψ3
′ ψ ψ ψ ψ , 

 Υ β ξ ϑ ψ ψ ψ , 
 ϑ ψ . 
 

III. HUYGENS KIRCHHOFF’S 
INTEGRAL 

To check the accuracy of the results obtained 
in the Caustic region of quartic inhomogeneous 
chiro slab, we compare the computational results 
obtained by Kirchhoff’s approximation. Using 
Green’s theorem, we may show that transmitted 
field from quartic inhomogeneous chiro-slab is 
obtained by [16]: 

 Ψ , (35) 

where  and  is 

defined in above section 4. 
The field intensity expression in component form 
may be expressed as: 

 
π

Φ , (36) 

 
π

Γ Φ , (37) 

Φ ψ0
. (38) 

 
IV. RESULTS AND DISCUSSIONS 
In this paper, we have solved equations (34), 

(35), (37) and (38) numerically to study the 
focusing behavior of quartic inhomogeneous chiro 
slab. The effect of chirality γ, permittivity ε and 
permeability µ on transmitted fields are observed 
by varying these parameters. The thickness of the 
slab is taken as , wave number is assumed 
as ,  and  in this 
work. To check accuracy of our high frequency 
field expressions, we compare the results obtained 
using Maslov’s method (solid line) and Huygens-
Kirchhoff’s integral (dashed line), which are in 
good agreement. These results are shown in Fig. 2. 
 

 
 
Fig. 2. Comparison of normalized field intensity of 
chiro slab around focal point along the z-axis 
using Maslov’s method (solid line) and Huygens-
Kirchhoff’s integral (dashed line). 
 
Figures 3 and 4 represent the comparison of 
responses for the case of normalized field intensity 
distribution around the focal region along the z-
axis and x-axis, respectively, with the variation of 
chirality parameters. These comparisons show that 
the field intensity shifts to a smaller value as we 
decrease the chirality and vice versa. Figures 5 and 
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6 represent the comparison of normalized field 
intensity distribution around the focal region along 
the z-axis and x-axis, respectively, with the 
variation of permittivity. These comparisons show 
that the field intensity shifts to a smaller value as 
we increase the permittivity and vice versa. 
Figures 7 and 8 represent the comparison of 
normalized field intensity distribution around the 
focal region along the z-axis and x-axis, 
respectively, with the variation of permeability of 
chiral medium. These comparisons show that the 
field intensity shifts to a smaller value as we 
decrease the permeability and vice versa. A slab of 
such chiral medium may be used as a perfect lens, 
which provide sub wavelength resolution for 
circularly polarized waves. 
 

 
 
Fig. 3. Comparison of normalized intensity of slab 
around focal point along z-axis with w.r.t. values 
of chirality parameter. 
 

 
 
Fig. 4. Comparison of normalized intensity of slab 
around focal point along x-axis with w.r.t. values 
of chirality parameter. 

 
 
Fig. 5. Comparison of normalized intensity of slab 
around focal point along z-axis with w.r.t. values 
of permittivity. 
 

 
 
Fig. 6. Comparison of normalized intensity of slab 
around focal point along x-axis with w.r.t. values 
of permittivity. 
 

 
 
Fig. 7. Comparison of normalized intensity of slab 
around focal point along z-axis with w.r.t. values 
of permeability. 
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Fig. 8. Comparison of normalized intensity of slab 
around focal point along x-axis with w.r.t. values 
of permeability. 
 

V. CONCLUSION 
In this study, transmission of electromagnetic 

waves from a quartic inhomogeneous chiro slab is 
analyzed. We have used Maslov’s method to 
calculate the field expressions for refracted field 
from the quartic inhomogeneous chiro slab. The 
effects of slab’s parameters, i.e., chirality, 
permittivity and permeability on the amplitude of 
transmitted field in caustic region are shown and 
discussed. From the plots, we have observed that 
the field intensity in the caustic region of a quartic 
inhomogeneous chiral slab decreases by 
decreasing the chirality parameter. The results 
presented here will be helpful for potential 
applications in novel waveguide devices such as 
directional couplers, cloaking and polarization 
transformer. 
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