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Abstract ─ Fast directional multilevel algorithm 
(FDMA) combined with quad-tree structure is 
presented for analyzing multilayer microstrip 
problems. This method is successfully applied to 
analyze scattering in free space and it is extended 
to solve multilayer mircrostrip problems in this 
paper. The quad-tree structure is employed for the 
layer containing the microstrip patch, and then the 
defined of far field for every observed group is 
modified. There is only Kernel evaluation in low 
rank representation so that the surface-wave is 
extracted for the far-field Green’s functions 
expansion when the dielectric substrate is thick or 
relative permittivity is large. The memory 
requirement and the CPU time per iteration of the 
multilayer microstrip structure is presented, which 
show the accuracy and efficiency of this method. 
  
Index Terms - Modified fast directional multilevel 
algorithm, multilayer microstrip structures, S-
parameters, and transmission coefficient. 
 

I. INTRODUCTION 
 The method of moments (MoM) [1, 2] is 

preferred in the analysis of microstrip structures, 
such as mircrostrip antennas, microwave 
integrated circuits, and microstrip interconnects. 
The first kind is the so-called spectral domain 
MoM [3], which is time-consuming evaluation of 
doubly infinite integrals for integrands are highly 
oscillatory and decay slowly. The second kind is 
the spatial domain MoM, which is proposed by 
Michalski and Hsu in [4] for scattering by 
microstrip patch antennas in a multilayered 
medium. However, for large-scaled complex 
microstrip structures, it is impractical to solve 
resultant matrix equation because it has a memory 
requirement of O (N2) and computational 

complexity is proportional to O (N3). Many fast 
algorithms are developed to simulate large-scale 
microstrip problems, including frequency domain 
method [5-14] and spectral domain method [15-
17]. The frequency domain method is more 
popular than spectral domain method because of 
escaping of Sommerfeld integral. 

The frequency domain method includes the 
adaptive integral method (AIM) [5], the fast 
multipole algorithm (FMA) [6-8] and the 
multilevel matrix decomposition algorithm 
(MLMDA) [9], etc. These methods are 
successfully employed to analyze microstrip 
problems in conjunction with the discrete complex 
image method (DCIM) [10-11]. To be noticed, 
though the FMA is successfully applied to the 
microstrip problems, the procession is always 
difficult because of its dependence on the Green’s 
function. At the beginning, FMA is tried to 
combine with DCIM to solve the static and two-
dimensional problems [6]. Unfortunately, it will be 
lack of accuracy when the frequency is high. 
Though, FMA is employed in [7] for full wave 
analysis, the implementation is very complicated 
because the surface-wave poles are extracted in 
DCIM. The FMA also has been applied to thin 
layer structures as the thin stratified medium fast 
multipole algorithm [12], which is adaptive to 
thin-stratified media.  

The fast directional multilevel algorithm is 
originally applied in the analysis of scattering 
problem of free space [13]. The method is Kernel 
independent and the Green’s function is expanded 
by low rank representation, which is demonstrated 
efficiently in [13-14]. In this paper, the method is 
successfully applied to deal with planar microstrip 
structures in multilayered medium. There is only 
Kernel evaluation in low rank representation so 
that it is easily implemented in full wave analysis.   
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A quad-tree structure other than oct-tree structure 
is used for multilayered medium. However, the 
quad-tree structure is used for the layer, which 
contains the metallic patch. As a result, the 
definition of far field in our method has made 
some modifications. The DCIM is employed to 
efficiently evaluate the Sommerfeld integral and 
the surface wave contribution is considered for the 
far field of the Green’s functions.  

The interactions between the nearby groups 
are accounted for directly. For far apart groups, the 
interaction between the groups is accelerated by 
FDMA. The definition of high frequency regime 
and low frequency regime is the same as in the 
free space [13-14], except that the high frequency 
regime or low frequency regime in the neighboring 
layer must be considered now. Numerical results 
are presented to demonstrate the efficiency of this 
method. 
 

II. FORMULATION 
In this paper, the analysis is based on the 

mixed potential integral equation (MPIE) [14]. 
The microstrips are divided into triangular 
elements and the current is expanded using planar 
Rao-Wilton-Glisson (RWG) basis functions [2]. 
Consider a multilayered medium shown in Fig. 1. 
The dielectric constant of the substrates are εr1, 
εr2, εr3, etc, corresponding to the thickness d1, d2, 
d3, etc. The boundary condition associated with 
the tangential electric field on a perfectly 
conducting surface, we obtain, 

ˆ ˆ( ) ( ) ( ) ,s i rn n on S × = − × + E r E r E r     (1) 
where sE  refers to the scattered field excited by 
the current on the conducting surface of the 
antenna S. Ei denotes the incident electric field. 
The MPIE can be written as,  
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The symbol Ga denotes Green’s functions for the 
magnetic vector potential while Gq for the electric 
scalar potential. Both Ga and Gq can be obtained 
by an inverse Hankel transform of their spectral 
domain Sommerfeld integral [17], 
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Both Ga and Gq are formed by three parts 

respectively,  
0 , ,a a a ci a swG G G G= + +                  (6) 

0 , ,q q q ci q swG G G G= + + .                 (7) 
Ga0 and Gq0 represent the contribution from the 
quasi-dynamic images, which dominate in the 
near-field region, 
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where (1 ) /(1 )r rK ε ε= − + . Ga,ci and Gq,ci 
represent the contribution from the complex 
images, which dominates in the intermediate 
region. They can be obtained by applying DCIM 
and using Sommerfeld identity,   
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The third part stands for the contribution from 
the surface waves, which dominates in the far-field 
region, 

(2)0
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4a sw p pG j H k kρ ρ
µ π ρ
π

= −    (12) 
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In the above equations, 2 2(2 )nr nhρ= + , h is the 

thickness of substrate. 2 2
i ir bρ′ = −  and 

2 2
i ir bρ′′ ′= − , where ia , ia ′ , ib and ib′  are complex 

coefficients obtained by Prony’s method. 
Galerkin’s method is applied, which results in a 
matrix equation, 

  =ZI V .                            (14) 
Using the fast directional multilevel algorithm, the 
matrix-vector product ZI  can be written as, 

    N F= +ZI Z I Z I  

Here ZN is the near part of Z and is computed 
directly. ZF is the far part of Z and the 
computation of ZF is accelerated by FDMA. Those 
elements in ZF are not explicitly computed and 
stored. 
 
III. FAST DIRECTIONAL MULTILEVEL 

ALGORITHM 
The FDMA is originally developed in [14] for 

solving N-body or N-point problems. Then the 
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algorithm is applied for electromagnetic scattering 
problem via combined field integral equation in 
[13]. After that, we leverage Calderlon identity for 
preconditioning FDMA to improve the 
convergence of EFIE [18-19]. Now, the FDMA is 
extended to solve multilayer microstrip problems. 
 

 
Fig. 1. The geometry of multilayered medium. 

  
A. The construction of low rank representations 

As in [13, 14, 17, 18], we need to construct 
low rank representations for Green’s function. The 
most process of implementation for this part is the 
same except that the Green’s function used here is 
described in equations (6) and (7). Quad-tree 
structure is employed here, which will be 
discussed in part B, therefore the random sampling 
is based on a square box,  

 
,

( , ) ( , ) ( , )a i j a i p pq a q j
p q

G G d G≈∑r r r r r r .   (15) 

We also need to construct the low rank 
representation for electric scalar potential Gq. 
Fortunately, the process is the same as above. It 
can be seen that the process of the construction in 
layered medium is almost the same as in free space 
described in [13]. Differently, We need to repeat 
the above process twice for Ga and Gq 
respectively, corresponding to store two sets of 
locations {rp}, {rq} and the matrix D for every 
layer. The detailed implementation of FDMA 
using MPIE formulation can refer to [13, 14, 17, 
18]. 

 
B. The quad-tree structure for layered medium 

The oct-tree structure is usually used for three 
dimension structures with layered medium. 
Therefore, the oct-tree is originally adopted for the 
multilayer microstrip problem, but it is not 
memory efficient because of the three dimension 
sampling in part A. In this paper, quad-tree 

structure other than oct-tree is applied for 
multilayered medium and we make some 
modification when quad-tree structure is adopted. 
Take two-layered medium for example, and 
assume that metallic patch is contained in two-
layered medium. 

We first enclose all the patches of the first 
layer in a small square box, then the box is 
subdivided into small boxes until the smallest box 
at the lowest level. The boxes are organized into a 
quad-tree structure with the smallest boxes at the 
bottom of the inverted tree, and the largest box at 
the root of the inverted tree. The same operation is 
done for the second layer. We can get the final 
quad-tree structure for two layers shown in Fig. 2 
(a) - (b). Figure 2 (a) stands for the grouping 
method in the low frequency regime, and the 
group size is smaller than one wavelength. Figure 
2 (b) stands for the group size, is larger than one 
wavelength in the high frequency regime. 

Assuming that the blue box Y in the first level 
is the observed box, and the corresponding box of 
Y in the second layer is also in blue color. All the 
boxes of two layers in red color are defined as the 
near field area of box Y while the boxes in yellow 
color are defined as the far field area. In other 
words, the boxes in yellow color of the two layers 
are all the far field interaction group of observed 
box Y. It is because that the thickness of the 
substrate is always thin, therefore, we can define 
the far field boxes of Y are all the yellow boxes in 
both layers. 

 
IV. NUMERICAL RESULTS   

In this section, a number of numerical 
examples are presented to demonstrate the 
efficiency of the FDMA for solving linear systems 
arising from the discretization of MPIE for 
analyzing microstrip structures. In the 
implementation of the FDMA, the restarted 
version of GMRES algorithm [20] is used as the 
iterative method. All experiments are performed 
Core-2 8400 with 3 GHz CPU and 4 GB RAM in 
double precision. The iteration process is 
terminated when the normalized backward error is 
reduced by 10-3 for all examples. 

The first example concerns the S-parameters 
from a four-section low-pass filter [21]. The 
geometry is depicted in Fig. 3 (a), where εr= 10.8 
and the substrate thickness is d = 0.0254 mm. The 
width of the patch are L1=10.12 mm, L2=6.12 mm, 
L3=2.8 mm, L4=1.3 mm, L5=9.8 mm, L6=3.5 mm, 
with Ws=1 mm, W=Wc= 0.3 mm, W5 = 0.2 mm, W6 
= 4 mm, Wf = 0.57 mm, G = 0.2 mm, Lc = 1.78 mm, 
and Lf = 15 mm. The unit voltage source is applied 
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and the S-parameters of this low-pass filter are 
shown in Fig. 3 (b). One level FDMA is used here 
and the finest group size is no larger than 0.05 λ at 
the smallest frequency. The results from FEKO 
[22] are also given in Fig. 3 (b) for comparison. 
Our results are in well agreement with the results 
from FEKO. 

 
  

 
(a) 

 
(b) 

 

Fig. 2. (a) The grouping method for two layer-
media in the low frequency regime and (b) the 
grouping method for two layer-media in the high 
frequency regime. 

 
 It can be observed that the results of the S-

parameter are in well agreement below 4 GHz and 
8 GHz to 10 GHz. Though, the agreement with the 
FEKO between 4 GHz to 8 GHz is not good, it can 
be satisfied with the engineering requirement 
because the S-parameters are all below 40 dB. It 
can be concluded that the FDMA is stable even at 
low frequency regime.  

 
(a) 

 

 
 

(b) 
 

Fig. 3. (a) The configuration of four-section low-
pass filter and (b) S-parameters of the four-section 
low-pass filter. 
 

The following example is a quasi-periodic 
structure, which is analyzed as two layers 
microstrip structures with relative permittivity εr = 
3.38. FDTD or FEM is often used for the 
simulation of periodic structure. Some new 
methods also come forth to deal with such special 
problem [23-24]. Though, different from common 
microstrip structure, the process of FDMA for 
periodic structure is the same as microstrip 
structure.  

The proposed quasi-periodic structure with 
seven periods is shown in Fig. 4 (a)-(c). In our 
simulation, the unit voltage source is applied, with 
f0 = 3GHz. We applied quad-tree in the first level 
for mircostrip line and in the second level for 
metal patch. We use three levels FDMA, and the 
results of S-parameters in Figs. 5 and 6 agree well 
with the results simulated by Ansoft designer. 
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(a) 

 
(b) 

 

 
(c) 

 
Fig. 4. (a) The configuration of a microstrip EBG  
structure, (b) proposed microstrip EBG structure, 
and (c) top view of a cell of the proposed 
microstrip  EBG structure. 
 
 

 
 

Fig. 5. S11 parameter of the EBG structure. 

 
 

Fig. 6. S21 parameter of the EBG structure. 
 

The next structure is a finite planar frequency 
selective surface (FSS). The transmission 
coefficient is defined as, 

2 2ia s iaT E E E= − +              (16) 

where iaE denotes the quantities relative to the 
incident field and sE is the far field at the 
transmission direction or the reflection direction. 
Our theoretic foundation is that the reflection 
coefficient of the metallic plate is 1 while its 
transmission coefficient is 0. Since the metallic 
plate is special form FSS. It implies that we can 
calculate iaE  using the far field of the metallic 
plate. It is obvious to obtain that ia s

metallic plateE E= −  

at the transmission direction. s
metallic plateE  denotes 

the far field of the metallic plate under the same 
incident plane wave. Then the transmission 
coefficient of general finite FSS can be calculated 
using, 

22s s s
metallic plate metallic plateT E E E= − + .     (17) 

The transmission of the octagonal loop FSS 
embedded in a three-layered medium is 
investigated. The FSS array consists of 20 20×  
octagonal loop elements with number of 
unknowns 25600 as shown in Fig. 7. The dielectric 
constant of the substrates are εr1 = 3.0, εr2 = 
1.0006, and εr3 = 3.0 and the corresponding 
thickness of the substrates are 0.18 mm, 10.0 mm, 
and 0.18 mm, respectively. The outer radius of the 
element is 3.5 mm and the inner radius is 3 mm. 
The dimensions of the unit are Tx = 8 mm, Ty = 8 
mm. The incident wave is TE polarization wave 
with 30 , 0i iθ φ= =   and the skew angle is 60o. 
The patch of octagonal loop FSS is in the third 
layer, as a result, we just employed the quad-tree 
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in the third level. The three-level FDMA is used 
here. As shown in Fig. 8, the transmission 
coefficients of the 20 20×  octagonal loop FSS 
arrays are plotted. It can be observed that the 
transmission coefficient of the finite FSS 
simulated by our method has a good agreement 
with the characteristic of the infinite FSS 
simulated by Ansoft designer. 

 
 

Fig. 7. The configuration of the octagonal loop 
FSS. 

 

 
 

Fig. 8. The transmission loss curves versus 
frequency by the octagonal loop FSS arrays. 
 
 

 
 

Fig. 9. The Complexity of FDMA for memory 
requirement and MVP time per iteration. 

In this part, a series FSS array which consists 
of 8×8, 15×15, 20×20, and 25×25 octagonal loop 
elements are considered. The dielectric constant 
and the configuration of the octagonal loop FSS 
are the same as above. Assuming the incident 
angles of plan wave are θ i = 30o, φ i = 0o at 15 
GHz. The matrix vector product (MVP) time per 
iteration and the memory requirement versus the 
number of unknowns are plotted in Fig. 9. It is can 
be observed that the CPU time per iteration and 
the memory requirement are all scaled as O (N 
Log N).   

 
VI. CONCLUSION 

In this paper, the fast directional multilevel 
algorithm is first applied for analyzing multilayer 
microstrip problems. The EBG structure and the 
finite FSS arrays are considered as multilayer 
microstrip structure, while the corresponding S-
parameters and transmission coefficient are 
computed. The new method is easily implemented 
because it is Kernel independent. With the aid of 
DCIM, the MPIE is discretized in the spatial 
domain. The efficiency of this method is 
demonstrated by numerical results. 
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