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Abstract—The inclusion of a spatial prior in the high-frequency
regime of the scattering transform for the 2-D D-bar method for
electrical impedance tomography is studied for use with human
subject data. The effects and balance of the two regularization
parameters for the inverse problem are studied. Results on data
from human volunteers reveal improved spatial resolution when
compared to inspiratory and expiratory CT scans.

I. INTRODUCTION

The inverse problem of electrical impedance tomography
(EIT) is modeled by the generalized Laplace equation,

∇ · (σ(x, y)∇u(x, y)) = 0, (x, y) in Ω, (1)

where σ(x, y) is the conductivity distribution to be recon-
structed from boundary data represented by the Dirichlet-to-
Neumann (DN) map,

Λσ : u|∂Ω 7→ σ
∂u

∂ν

∣∣
∂Ω
, (2)

which physically takes boundary voltages to current densities
on the boundary. It was established in [1] that for σ ∈ C2(Ω),
the DN map Λσ uniquely determines σ.

Cross-sectional EIT images of the chest have applications in
bedside monitoring of patients with acute respiratory distress
syndrome (ARDS), detection of pulmonary edema, atelecta-
sis, and pneumothorax, since the heterogeneity characterizing
these disorders is well-represented in a 2-D slice in a patient
lying down. The references [2], [3] provide surveys of clinical
pulmonary applications of EIT.

The inverse problem of EIT is severely ill-posed, and hence
highly sensitive to measurement noise and modeling errors. As
a result, EIT reconstructions tend to suffer from low spatial
resolution. The use of prior information in the reconstruction
process is a classic approach in inverse problems to regu-
larize and improve spatial resolution. Iterative reconstruction
methods include a priori information about the conductivity
distribution in the chest in the regularization term (see, for
example, [4]–[15].) In this work, the conductivity is computed
using a direct (non-iterative) method known as the D-bar
method.

D-bar reconstruction methods are based on special functions
known as complex geometrical optics (CGO) solutions, which
satisfy a direct relationship to the unknown conductivity, and

through the computation of the CGO solutions from measured
EIT data, the inverse problem can be solved directly (non-
iteratively). A real-time implementation of the D-bar method
was given in [16], and the D-bar method has been used as
the reconstruction method in a study to estimate regions of
air trapping in cystic fibrosis patients [17] and in a study of
EIT-derived measures of spirometry [18]. Patients with cystic
fibrosis receive a CT scan approximately every three years
(more often if clinically indicated). This offers the opportunity
to use some information about the patient’s anatomy from
the CT scan as priors in the reconstruction algorithm. A
method for including a spatial prior in the D-bar reconstruction
algorithm was first proposed in [19] and tested on simulated
data. In [20] a method for optimizing the spatial prior was
presented for use with experimental tank data. In this work we
demonstrate the effectiveness of that method on data collected
on several patients with cystic fibrosis during tidal breathing.
CT scans of the patients’ chests were available as part of their
regular clinical visit and were used to construct the priors.

II. METHODS

A. Outline of the D-bar Method (No Priors)

The D-bar method applied here is based on the global
uniqueness proof for the 2-D inverse conductivity problem
[1] and subsequent implementation and development (see [21]
and the references therein). The CGO solutions are special
solutions to the Schrödinger equation, which arises from the
change of variables in (1) ũ =

√
σu and q = σ−1/2∆σ1/2:

(−∆ + q(x, y))ũ(x, y) = 0, (x, y) ∈ Ω. (3)

Introducing a a non-physical complex frequency k in (3),
extending the equation to (x, y) ∈ R2, and identifying a point
in the complex plane z = x+ iy with the spatial point (x, y),
the CGO solutions ψ(z, k) satisfy,

(−∆ + q(z))ψ(z, k) = 0, z ∈ R2. (4)

The related CGO solution µ(z, k) is defined by µ ≡
eikzψ(z, k). The CGO solution ψ(z, k) is related to the DN
map, and hence the measured data, through the boundary
integral equation,

ψ(z, k)|∂Ω = eikz|∂Ω −
∫
∂Ω

Gk(z − ζ)(Λσ − Λ1)ψ(·, k)ds,
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where Gk is the Faddeev’s Green’s function for the Laplacian
operator [22], and Λ1 denotes the DN map corresponding to
σ ≡ 1 in Ω. The conductivity can be directly computed from
knowledge of µ(z, k) in the interior of Ω through,

σ(z) = µ2(z, 0).

To compute µ in the interior, the scattering transform t(k) of
the conductivity is needed, and an integral equation is solved
for µ:

µ(z, k) = 1 +
1

(2π)2

∫
R2

t(k′)

k′(k − k′)
e−i(kz+k̄z̄)µ(z, k′)dk′,

where the scattering transform is a nonphysical nonlinear
Fourier transform of q defined by,

t(k) :=

∫
Ω

eik̄z̄q(z)ψ(z, k)dz. (5)

Since q is unknown, in practice the scattering transform is
computed from the data via the formula,

t(k) =

∫
∂Ω

eikz̄(Λσ − Λ1)ψ(z, k)ds. (6)

Difference images from a reference frame in which the voltage
on each electrode was averaged over all of the frames in
the data collection sequence can be computed using texp

dif (k),
introduced in [23], where the CGO solution ψ(z, k) is replaced
by its asymptotic behavior eikz in the scattering transform.
This approximation is denoted by texp

dif (k) and is given by,

texp
dif (k) ≡

∫
∂Ω

eik̄z̄(Λσ − Λ1)eikzds(z)

−
∫
∂Ω

eik̄z̄(Λref − Λ1)eikzds(z),

=

∫
∂Ω

eik̄z̄(Λσ − Λref)e
ikzds(z)

where Λref is the DN map corresponding to the averaged data.

B. Outline of the D-bar Method with Spatial Priors

Since the computation of the scattering transform blows
up in the presence of noise outside |k| ≤ R1 for some R1,
as in [19] the scattering transform is extended to a larger
k disk by computing it for the noise-free case of a known
conductivity and by using the definition of the scattering
transform (5), rather than the equation utilizing the data
(6); this scattering transform is denoted tpr. This leads to a
piecewise-defined scattering transform tpw, where the prior
information is encoded in the method in the high-frequency
components of the scattering transform through tpr:

tpw(k) :=


texp
dif (k), |k| ≤ R1

tpr(k), R1 < |k| ≤ R2

0, |k| > R2

. (7)

The prior information is included in a second location in the
computations as well. Denoting the CGO solution computed
for the noise-free case of a known conductivity by,

µint(z) :=
1

πR2
2

∫
|k|≤R2

µpr(z, k)dk, (8)

we solve a modified integral equation:

µR2 ,α(z, k) = α+ (1− α)µint(z)

+
1

(2π)2

∫
|k|≤R2

tpw(k′)

k̄′(k − k′)
e−k′µR2 ,α(z, k′) dk′,

(9)

where the weighting parameter α is used to control the
influence of the term µint upon the resulting reconstruction.

C. Construction of the Spatial Prior

The prior consists of a simple phantom representative of
known features of the true conductivity distribution with
assigned conductivity values. In this work, the inspiratory and
expiratory CT scans best representing the slice of the chest
in the plane of the electrodes were chosen to construct two
sets of priors – one for inspiration and one for expiration.
The boundaries of the chest shape, lungs, and heart, were
approximated from the CT scans by importing the images
into MATLAB and using the tool for exporting selected
coordinates (rn, θn) in the image to a text file. Fourier series
approximations to the chest shape and the organ boundaries
are represented by the function r(θ):

r(θ) = a0 +
N∑
i=1

ai cos(θ) + bi sin(θ),

where {ai}Ni=0 and {bj}Nj=1 are chosen so as to minimize the
root mean squares error ‖r(θn) − rn‖ over all the selected
coordinates (rn, θn).

Denoting the vector of conductivity values in each of the
regions (heart, left lung, right lung, and background) by c,
we seek to find a c that minimizes the difference between the
scattering transform computed from the measured data tvec

and the scattering transform computed from the prior tvec
pr .

We define the objective function,

J(c) := ‖tvec
pr (c)− tvec‖22, (10)

and solve the constrained nonlinear minimization problem,

minimize
c∈Rn

J(c) subject to ` ≤ c ≤ u, (11)

where ` and u are n-vectors of lower and upper bounds,
using the Interior Point Algorithm in MATLAB’s Optimization
Toolbox.

III. RESULTS AND DISCUSSION

This data was collected with the ACE1 EIT system [24]
as part of a larger study conducted in accordance with the
amended Declaration of Helsinki. Data were collected at
Children’s Hospital Colorado, Aurora, CO under the ap-
proval of the Colorado Multiple Institutional Review Board
(COMIRB) (approval number COMIRB 14-0652). Informed
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written parental consent and children’s informed assent was 
obtained from the subjects. The data used in this paper are 
from a 6 year old human male cystic fibrosis patient (referred 
to here as Subject 1) and a 12 year old human female cystic 
fibrosis p atient ( referred t o h ere a s S ubject 2 ). T he C T scans 
were performed as part of the subject’s standard care, and the 
EIT data was collected immediately prior to the CT scan.

Pediatric EKG electrodes (Phillips 13951C) of height 33 
mm and width 23 mm were placed around the perimeter of 
the subject’s chest with an additional electrode on the shoulder 
as ground. The number of electrodes used was the maximum 
number that would fit a round t he c ircumference w ith no 
electrodes touching. For Subject 1, this was 22 electrodes, 
and for Subject 2 this was 24 electrodes. Alternating currents 
with frequency 125 kHz were applied at approximately 4 mA, 
peak-to-peak using pairwise adjacent excitation patterns. After 
the EIT data was collected, fiducial m arkers w ere p laced at 
the center of each electrode, so that their locations could be 
noted in the CT scans. The expiratory CT scan with the most 
electrodes in the plane of the scan was chosen for creating 
the boundary and prior for full expiration, and the inspiratory 
scan at the level closest to the chosen expiratory CT scan was 
chosen for creating the boundary and prior for full inspiration. 
It should be noted that the expiratory CT scans are 4 cm apart 
in the Z (caudal-cranial) direction, while the inspiratory scans 
are 0.5 mm apart in the Z-direction.

Approximate organ boundaries and the outer boundary were 
visually extracted from the CT scan, and the domain was 
divided into four regions: background, heart, left lung, and 
right lung. The spatial priors for Subject 1 for inspiration and 
expiration are found in Fig. 2, and the spatial priors for 
Subject 2 for inspiration and expiration are found in Fig.   
5. Initial guesses for the conductivity in each of the four
regions were chosen from a preliminary reconstruction, and
the constrained optimization problem (11) was solved to obtain
values for the prior in each of the four regions. The scattering
transform tpr was then computed, and the scattering transform
(7) was used for the final reconstruction. Figs. 9 and 10 show
the real and imaginary parts of the scattering transforms tpr,
which are computed from equation (5) using the spatial priors
with the optimized organ values, and the real and imaginary
parts of the scattering transforms tpw, which are computed
from equation (7), which pieces together texp

dif computed from
the data and tpr. All plots are on |k| ≤ 6 (i.e., R2 = 6 for tpw),
and it is evident that there is some mismatch in amplitude and
features of texp

dif with tpw. A more thorough study of the effect
of this mismatch is a topic of future work.

The CT scan slices at inspiration and expiration from the
two subjects are shown in Figs. 1 and 4 in the standard DICOM
orientation, in which the subject’s left is on the viewer’s right.
The expiratory CT scan for the 6 year old subject includes
some diaphragm in the subject’s right lung, which raises the
question of whether the diaphragm is expected to be visible
in the EIT images.

The EIT reconstructions effectively compute the conduc-
tivity within a 3-D slice of the body with a thickness equal

Fig. 1. Inspiratory (left) and expiratory (right) CT scans of a 6-year old male
subject used to construct the boundary shape and organs for the spatial priors.

Fig. 2. Inspiratory (left) and expiratory (right) approximate organ boundaries 
used in the a priori D-bar method for a 6-year old male subject.

to that of the electrodes in the cross-section defined b y the 
placement of the row of electrodes. The thickness of the 
slice is approximate, since in the clinical setting the centers 
of the electrodes are not aligned perfectly in a plane, and 
the slice that they define m ay w ell b e a skew f rom t he CT 
scan slices. Furthermore, the induced currents will flow out 
of the plane of the electrodes and affect the reconstructions. 
The effect of out-of-plane currents on EIT images has been 
analyzed in, for example, [25]–[28], and the influence of out-
of-plane inhomogeneities is dependent on the conductivity 
of the inhomogeneities and their radial distance from the 
electrodes, with the least influence i n t he c enter o f t he slice 
[25]. One rule of thumb is that out-of-plane objects lying a 
vertical distance within 1/2 the radius R of the domain may 
influence t he v oltage m easurements [ 28]. A pproximating R 
by P/(2π), where P is the perimeter of the subject in the 
plane of the majority of the electrodes, which for this subject 
was P = 62 cm, R/2 = P/(4π) ≈ 4.9 cm. While the CT 
scan slice at Z = 141 mm contains the most fiducial markers, 
several markers can also be seen in the slice in Fig. 1, which   
is at Z = 161 mm, and so the effect of the diaphragm on 
the reconstructed images is inconclusive from this analysis. 
Another point to consider is the fact that the position of the 
diaphragm changes when a patient is supine, as is the case 
in the CT scanner, versus when they are sitting up, as is 
the case when the EIT data was collected [29]. In [29] MRI 
images were collected on 10 healthy men in both the sitting 
and supine positions, and it was found that the movement of 
the diaphragm (known as the diaphragmatic excursion) was 
greater in the supine position than in the sitting position. 
Since these factors do not point strongly to an influence of 
the presence of the diaphragm on the reconstructions, the 
diaphragm was not included in the prior in this study.

Reconstructions from inspiratory and expiratory data of
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Subjects 1 and 2 are shown in Figs. 3 and 6, respectively.
Regions of high relative conductivity are shown in red, and
regions of low relative conductivity are plotted in blue. To
demonstrate the effects of the parameters R2 and α on the
reconstructions, comparison plots for the inspiratory scans
from both subjects are shown in Figs. 7 and 8. For all
reconstructions here, R1 = 5, so a prior with R2 = 6 is
fairly weak. Note that a stronger prior (indicated by larger R2

or smaller α) does not necessarily improve the reconstruction
further, and may in fact introduce artifacts. This is likely due to
increased mismatch between the a priori scattering transform
tpr and the scattering transform computed from the measured
data.

Fig. 3. Top: Standard D-bar reconstructions of data collected during in-
spiration (left) and expiration (right) for a 6-year-old male subject. Bottom:
Corresponding D-bar reconstructions with optimized prior.

Fig. 4. Inspiratory (left) and expiratory (right) CT of 12-year old female
subject used to construct the boundary shape and organs for the spatial priors.

Fig. 5. Inspiratory (left) and expiratory (right) approximate organ boundaries
used in the a priori D-bar method for a 12-year old female subject.

Fig. 6. Top: Standard D-bar reconstructions of data collected during inspi-
ration (left) and expiration (right) for a 12-year-old female subject. Bottom:
Corresponding D-bar reconstructions with optimized prior.

α = 0.75 α = 0.5 α = 0

R2 = 6.0

R2 = 8.0

R2 = 10

Fig. 7. A comparison of D-bar reconstructions of inspiratory data from a
6-year-old male subject using a prior with various values of R2 and α.

IV. CONCLUSION

Spatial resolution of the EIT images reconstructed by the
D-bar method is improved through the use of simple spatial
priors. Further research is needed to determine their clinical
value and whether they aid in detecting pathologies.
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α = 0.75 α = 0.5 α = 0

R2 = 6.0

R2 = 8.0

R2 = 10

Fig. 8. A comparison of D-bar reconstructions of inspiratory data from a
12-year-old female subject using a prior with various values of R2 and α.

Fig. 9. Top: Plots of the real (left) and imaginary (right) parts of the a priori
scattering transform tpr using truncation radius R2 = 6, for an inspiratory
frame from a 6-year-old male subject. Bottom: Real and imaginary parts of
the corresponding piecewise-defined scattering transform tpw.
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Fig. 10. Top: Plots of the real (left) and imaginary (right) parts of the a priori
scattering transform tpr using truncation radius R2 = 6, for an inspiratory
frame from a 12-year-old female subject. Bottom: Real and imaginary parts
of the corresponding piecewise-defined scattering transform tpw.
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