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Abstract—The nonstandard (NS) finite difference
time domain (FDTD) algorithm provides remark-
ably high accuracy on a coarse grid by optimiz-
ing to monochromatic wave propagation within
each uniform region. But, an effective absorb-
ing boundary condition (ABC) is also necessary
to accurately calculate electromagnetic fields. Al-
though Berenger’s perfectly matched layer (PML)
is a highly effective ABC, there is still no NS-
formulation of it. In this paper, we develop a NS-
version of the PML (NS-PML). We compare the
NS-PML with other ABCs and demonstrate its
excellent absorption.

Index Terms—Nonstandard finite difference time
domain (NS-FDTD) algorithm, nonstandard per-
fectly matched layer (NS-PML), stability.

I. INTRODUCTION
The nonstandard (NS) finite difference time do-

main (FDTD) algorithm provides high accuracy
on a coarse grid by optimizing to monochro-
matic wave propagation [1, 2, 3]. Even for sub-
wavelength structures the NS-FDTD algorithm has
performed successfully [4], but an effective absorb-
ing boundary condition (ABC) is also necessary
to accurately calculate electromagnetic fields. The
improved second-order Mur ABC and higher-order
ABCs shows good absorption [5, 6], but reflection
at corners of the numerical grid is high and it is
sometimes unstable. Although Berenger’s perfectly
matched layer (PML) [7] is a highly effective ABC,
there is no NS-formulation of it.

We develop a NS-FDTD algorithm for the con-
ductive Maxwell’s equations in Section II, a NS-

version of the PML (NS-PML) in Section III,
and its stability in Section IV. We compare the
NS-PML with other ABCs and demonstrate its
excellent absorption in Section V.

II. NONSTANDARD FDTD ALGORITHM
FOR THE CONDUCTIVE MAXWELL’S

EQUATIONS
In dispersion-less and linear-isotropic media, the

conductive Maxwell’s equations are given by

(µ∂t + σ∗)H = −∇×E, (1a)

(ε∂t + σ)E = ∇×H, (1b)

where ∂t = ∂/∂t, H is the magnetic field, E is
the electric field, µ is the permeability, ε is the
permittivity, σ is the electric conductivity, and σ∗

is the magnetic conductivity. Applying ∇× to both
sides of (1) and using the vector identity,

∇×∇×V = ∇ (∇ ·V)−∇2V, (V = H,E) ,
(2)

we obtain an absorbing wave equation in a medium
with zero charge density,(
∂2t − v2∇2 + 2 (a+ a∗) ∂t + 4aa∗

)
ψ = 0, (3)

where v = 1/
√
µε, a = σ/ (2ε), and a∗ =

σ∗/ (2µ). The forward and backward solutions are

ψ0 = e−(a+a∗)tei(k·r±ω̄t), (4)

where r = (x, y, z), k is the wave vector, and

ω̄ =

√
ω2 − (a− a∗)2, (5)

where ω is the angular frequency.
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Using the conventional finite difference time do-
main (FDTD) algorithm for t = n∆t, x, y, z = mh
(n,m = integer), (3) is discretized as follows,(
d2t −

v2∆t2

h2
d2 + (α+ α∗) d̄t + 4αα∗

)
ψ = 0,

(6)
where α = a∆t, α∗ = a∗∆t, dtf(t) = f(t +
∆t/2)− f(t−∆t/2), d̄tf(t) = f(t+∆t)− f(t−
∆t), and d = (dx, dy, dz) (dx, dy, dz are defined
analogously to dt). Inserting the solution (4) into
(6), we find(
d2t −

v2∆t2

h2
d2 + (α+ α∗) d̄t + 4αα∗

)
ψ0 ̸= 0.

(7)
The right side of (7) does not vanish, because ψ0

is not a solution of the difference equation (6).
We now seek a nonstandard (NS) finite dif-

ference (FD) model of (3) which has the same
solution as (3). Replacing d2 with d2

0 and h
with s(k, h), we find a high accuracy spatial FD
expression (see Appendix A),

∇2ψ0
∼=

d2
0ψ0

s(k, h)2
, s(k, h) =

2

k
sin

(
kh

2

)
, (8)

and require that(
d2t − u2d2

0 + (β + β∗) d̄t + 4ββ∗
)
ψ0 = 0. (9)

This is an example of a NS-FDTD algorithm. Let
us find u, β, β∗ for which (9) is exactly satisfied.
The temporal-spatial FD expressions give

d2tψ0 = 4 sinh2
(
α+ α∗ ± iω̄∆t

2

)
ψ0, (10)

d̄tψ0 = −2 sinh (α+ α∗ ± iω̄∆t)ψ0, (11)

d2
0ψ0 = −4 sin2 (kh/2)ψ0. (12)

Substituting (10)-(12) into (9) and requiring that
the imaginary part vanishes, we find

β =
tanhα

1 + tanhα tanhα∗ , (13)

β∗ =
tanhα∗

1 + tanhα tanhα∗ . (14)

Setting the real part to zero, we obtain

u2 =
sinh2 [(α+ α∗)/2] + sin2 (ω̄/2)

cosh (α+ α∗) sin2 (kh/2)

− ββ∗

sin2 (kh/2)
. (15)

Fig. 1. Yee cell. h is the grid spacing. Ex, Ey,
Ez are electric field components. Hx, Hy, Hz

are magnetic field components. Components are
staggered on the numerical grid.

From the NS-FDTD algorithm for the absorbing
wave equation, we obtain the NS-FDTD algorithm
for the conductive Maxwell’s equations. Accord-
ing to [2], the NS-FDTD algorithm for the non-
conductive Maxwell’s equations is given by

dtH = −u0
Z
d×E, (16a)

dtE = u0Zd0 ×H, (16b)

where u0 = sin(ω∆t/2)/ sin(kh/2), Z =
√
µ/ε,

and d0 =
(
d0x, d

0
y, d

0
z

)
satisfies d·d0 = d0 ·d = d2

0

(see Appendix A). Following (16), we define

(dt + 2β∗)H = − u

Z
d×E, (17a)

(dt + 2β)E = uZd0 ×H. (17b)

Using the discretized vector identity to which
Gauss’ law is applied,

d0 × d×V = − (d0 · d)V = d2
0V, (18)

(17a) and (17b) can be transformed into (9). Thus,
(17) is a NS-FDTD algorithm for the conductive
Maxwell’s equations optimized to monochromatic
waves. As shown in Fig. 1, the electromagnetic
field components are laid out on the grid,

Hx(x+ h/2, y, z, t−∆t/2), (19a)

Hy(x, y + h/2, z, t−∆t/2), (19b)

Hz(x, y, z + h/2, t−∆t/2), (19c)
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
Ex(x, y + h/2, z + h/2, t), (20a)

Ey(x+ h/2, y, z + h/2, t), (20b)

Ez(x+ h/2, y + h/2, z, t). (20c)

Expanding the temporal finite difference operators,
the NS-FDTD algorithm becomes

Hn+1/2 =
β∗−
β∗+

Hn−1/2 − u

β∗+Z
d×En, (21a)

En+1 =
β−
β+

En−1 +
uZ

β+
d0 ×Hn+1/2, (21b)

where β± = 1 ± β, β∗± = 1 ± β∗, and we simply
write H(r, t) → Hn (analogously for E).

III. NONSTANDARD PERFECTLY
MATCHED LAYER

We derive a nonstandard (NS) perfectly matched
layer (PML) formulation based on Berenger’s
PML. According to the Berenger’s PML, the con-
ductive Maxwell’s equations in the transverse mag-
netic (TM) mode (E parallel to media interfaces)
are split by(

µ∂t + σ∗y
)
Hx = −∂yEz, (22a)

(µ∂t + σ∗x)Hy = ∂xEz, (22b)

(ε∂t + σx)Ezx = ∂xHy, (22c)

(ε∂t + σy)Ezy = −∂yHx, (22d)

where Ez = Ezx + Ezy. The split Maxwell’s
equations are not equivalent to the absorbing wave
equation in the PML, because Gauss’ law is invalid
for σx ̸= σy. However, we found that the NS-
FDTD algorithm based on the absorbing wave
equation provides highly effective absorption even
in the PML, as shown in Section V. Just as σ is
separated into σx, σy in the PML, we separate
β(σ) into βx = β(σx), βy = β(σy) and β∗(σ)
into β∗x = β∗(σx), β∗y = β∗(σy) in (17). Thus, the
NS-FDTD algorithm becomes(

dt + 2β∗y
)
Hx = − u

Z
dyEz, (23a)

(dt + 2β∗x)Hy =
u

Z
dxEz, (23b)

(dt + 2βx)Ezx = uZd0xHy, (23c)

(dt + 2βy)Ezy = −uZd0yHx, (23d)

where u = u0 only inside the PML to promote the
numerical stability as we discuss in Section IV.
Expanding the temporal finite difference operators
in the Yee cell, we obtain

Hn+1/2
x =

β∗y−
β∗y+

Hn−1/2
x − u

β∗y+Z
dyE

n
z , (24a)

Hn+1/2
y =

β∗x−
β∗x+

Hn−1/2
y +

u

β∗x+Z
dxE

n
z , (24b)

En+1
zx =

βx−
βx+

En−1
zx +

uZ

βx+
d0xH

n+1/2
y , (24c)

En+1
zy =

βy−
βy+

En−1
zy − uZ

βy+
d0yH

n+1/2
x , (24d)

where βi± = 1 ± βi, β∗i± = 1 ± β∗i (i = x, y). In
the transverse electric (TE) mode (E perpendicular
to media interfaces), the conductive Maxwell’s
equations are split by

(µ∂t + σ∗x)Hzx = −∂xEy, (25a)(
µ∂t + σ∗y

)
Hzy = ∂yEx, (25b)

(ε∂t + σy)Ex = ∂yHz, (25c)

(ε∂t + σx)Ey = −∂xHz, (25d)

where Hz = Hzx + Hzy. We separate β into βx,
βy (analogously for β∗) and obtain

Hn+1/2
zx =

β∗x−
β∗x+

Hn−1/2
zx − u

β∗x+Z
dxE

n
z , (26a)

Hn+1/2
zy =

β∗y−
β∗y+

Hn−1/2
zy +

u

β∗y+Z
dyE

n
z , (26b)

En+1
x =

βy−
βy+

En−1
x +

uZ

βy+
d0yH

n+1/2
y , (26c)

En+1
y =

βx−
βx+

En−1
y − uZ

βx+
d0xH

n+1/2
x , (26d)

where u = u0 in the PML. In three dimensions,
the NS-PML formulation is similarly derived using
the separations based on Berenger’s PML.

In two-dimensional PMLs, there is no reflec-
tion if the conductivities are continuous and the
impedance matching condition is satisfied,

σ∗x/µ = σx/ε, σ∗y/µ = σy/ε. (27)

But there is a small reflection due to the discretiza-
tion on a grid [8], the following definition gives a
simple control of the absorption performance [9],

σx =

{
σm
(
1− i

L

)M
, for i < L (28a)

σm
(
1− N−i

L

)M
, for i > N − L, (28b)

σy =


σm

(
1− j

L

)M
, for j < L (29a)

σm

(
1− N−j

L

)M
, for j > N − L, (29b)
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where x = ih, y = jh (i, j = 0, 1, · · · , N ), L
is the number of PML layers, M is the damping
constant, and σm is given by using the incidence
angle θ and theoretical reflection coefficient Rth,

σm = −(M + 1)εv

2Lh cos θ
lnRth. (30)

We empirically choose θ = 60◦, Rth = 10−8, and
M = 2.

IV. NUMERICAL STABILITY
The numerical stability of the NS-FDTD algo-

rithm for the conductive Maxwell’s equations is the
same as the absorbing wave equation, because they
are equivalent in homogeneous media as shown in
Section II. Thus, we derive the stability for latter.
For a monochromatic wave, we obtain

d2
0ψ0 = −D2ψ0, (31)

where D2 is given later. Using (31), the NS-FDTD
algorithm (9) is rewritten in the form,(

ψn
0

ψn+1
0

)
= An

(
ψ0
0

ψ1
0

)
, (32)

where we simply write ψ0(r, n∆t) → ψn
0 , and

A =

(
0 1

−1−β−β∗

1+β+β∗
2−4ββ∗−u2D2

1+β+β∗

)
. (33)

Since the eigenvalue of A gives the algorithm
stability (see Appendix B), we find

u2 ≤
2− 4ββ∗ + 2

√
1− (β + β∗)2

D2
. (34)

The strictest condition on u2 is found by taking the
maximum possible value of D2 in (34). Solving
∂kp

D2 = 0 (p = x, y, z) in each dimension, we
obtain

max
(
D2
)
=


4, for 1-D (35a)
1

γ1
, for 2-D (35b)

γ1
γ2

(
3− 2γ21

γ2

)
, for 3-D, (35c)

where γ1 and γ2 are defined in Appendix A.
Although the stability is almost-completely satis-
fied in the PML because electromagnetic waves
are exponentially damped, non-physical separated
conductivities sometimes cause instability [10, 11].

Table 1: Example simulation parameters

medium vacuum
wavelength 500 nm
grid spacing 50 nm
beam width 15µm
computational domain 120µm × 60µm

Fig. 2. Comparison of nonstandard (NS) absorb-
ing boundary conditions (ABCs). White arrows
show propagation directions of pulses. (a) Incident
pulses: A is incident on a corner of the compu-
tational domain, while B is incident on a side.
Reflections of pulses A and B with (b) NS-Mur
ABC, (c) NS-Higdon ABC, and (d) L = 8 layer
NS-PML.

Thus, we replace conductivity-dependent u with
conductivity-independent u0 in the PML.

V. PERFORMANCE VALIDATION
We compare the NS-PML with the nonstandard

Mur (NS-Mur) [5] and Higdon (NS-Higdon) ab-
sorbing boundary conditions (ABCs). Similarly to
the NS-Mur ABC, the NS-Higdon ABC is simply
derived from the conventional Higdon ABC [12]
by replacing v∆t/h with u0.

Using the example parameters listed in Table 1,
we simulate absorptions at an optical wavelength
on a coarse grid in the TM mode. Figure 2 shows
intensity distributions of reflections using the NS-
Mur, NS-Higdon, and NS-PML of L = 8 layers.
Figure 2(a) shows incident pulses impinge upon the
boundary at an angle of θ = 45◦ from the normal
(A is incident on a corner of the computational
domain, B is incident on a side). In Fig. 2(b),
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Fig. 3. Angular reflection spectrum of NS-PML
(L = 8 layers) compared with NS-Mur and NS-
Higdon.

the NS-Mur generates large reflections for pulse A
(about −80 dB) because corner values are approx-
imated. In Fig. 2(c), the NS-Higdon improves the
corner absorption, but it also has about the same
reflection as the NS-Mur for pulse B. Whereas, in
Fig. 2(d), the NS-PML of 8 layers greatly reduces
the reflections for both pulses (about −190 dB).

Using the parameters of Table 1, we calculate
the reflection coefficient, which is defined by the
ratio of pulse B intensities before and after re-
flection on a side. In Fig. 3, we show the angular
reflection spectra using the NS-Mur, NS-Higdon,
and NS-PML of L = 8 layers. For both the
NS-Mur and NS-Higdon, the reflection rapidly
increases with incidence angle, whereas the NS-
PML provides high absorption at large angles. In
Fig. 4, we show the angular reflection spectra of
NS-PML with different numbers of layers, L = 8,
16, 32, 64. The more layers, the higher the absorp-
tion (doubling L reduces reflection by about 30
dB). When θ > 60◦, the reflection exponentially
increases.

VI. CONCLUSION
We developed a nonstandard (NS) finite differ-

ence time domain (NS-FDTD) algorithm for the
conductive Maxwell’s equations and a NS-version
of the perfectly matched layer (NS-PML). Hereto-
fore, the NS-FDTD algorithm has performed suc-
cessfully in many nanoscale simulations [3, 4].
However, it is sometimes unstable after a large
number of wave periods (for example, in whis-
pering gallery mode calculations) due to corner

Fig. 4. Angular reflection spectrum of NS-PML
with different numbers of layers, L = 8, 16, 32,
and 64.

reflections, but the NS-PML ensures absolute sta-
bility. We showed that the NS-PML provides more
effective absorption than conventional NS-Mur and
NS-Higdon absorbing boundary conditions.

Comparing the NS-PML with the conventional
or standard (S) PML, the absorption performance
is the same because it is determined by the given
splitted conductivities. But although the memory
cost is the same, the NS stability is better than the
S one (the NS computational wave velocity can be
increased by: 10% in 2-D; 35% in 3-D) [3].

The “unsplit” PML has been proposed [13, 14].
Since the unsplit PML has lower computational
cost, in future work we will try to develop a NS-
version of the unsplit PML.

APPENDIX A
NONSTANDARD FINITE DIFFERENCE

MODEL
A high accuracy spatial finite difference model

is found by optimizing to monochromatic wave
propagation [2]. In one-dimension, the conven-
tional central finite difference (FD) approximation
is defined by

∂xψ(x, t) ∼=
dxψ(x, t)

h
, (36)

where dxψ(x, t) = ψ(x+ h/2, t)− ψ(x− h/2, t).
For monochromatic waves ψ0 = ei(kx±ωt), we
have an exact nonstandard (NS) FD expression,
dxψ0

s(k, h)
= ∂xψ0, s(k, h) =

2

k
sin

(
kh

2

)
. (37)

The exact NS-FD expression of (37) cannot be gen-
eralized beyond one dimension, but it is possible to
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construct a high accuracy NS-FD expression with
respect to plane waves of the form,

∇2ψ0(r, t) ∼=
d2
0ψ0(r, t)

s(k, h)2
, (38)

where

d2
0 = d2 + γ1

(
d2xd

2
y + d2yd

2
z + d2zd

2
x

)
+ γ2d

2
xd

2
yd

2
z, (39)

where d = (dx, dy, dz) and

γ1 ∼=
1

6
+
k2h2

180
− k4h4

23040
+ · · · , (40)

γ2 ∼=
1

30
+
k2h2

360
− k4h4

7200
+ · · · . (41)

Details of this derivation are given in [2, 3]. The
error of the NS-FD approximation is

1

ψ0

(
∇2 − d2

0

s(k, h)2

)
ψ0

∼=
(kh)6k2

20160
+ · · · . (42)

Since the error of the conventional FD approxima-
tion is

1

ψ0

(
∇2 − d2

h2

)
ψ0

∼=
(kh)2k2

12
+ · · · , (43)

(38) is almost exact.
We need to approximate ∇× in Maxwell’s

equations, but d0 = (d0x, d
0
y, d

0
z) which satisfies

d2
0 = d0 · d0 does not exist. Instead, we require

that
d2
0 = d0 · d = d · d0, (44)

and find that

d0 =

 dx
(
1 + γ1

2

(
d2y + d2z

)
+ γ2

3 d
2
yd

2
z

)
dy
(
1 + γ1

2

(
d2x + d2z

)
+ γ2

3 d
2
xd

2
z

)
dz
(
1 + γ1

2

(
d2x + d2y

)
+ γ2

3 d
2
xd

2
y

)
 .

(45)

APPENDIX B
EIGENVALUE AND STABILITY

An algorithm is given by

Ψn = AnΨ0, (46)

where t = n∆t (n = integer), Ψ(r, t) → Ψn, and

A =

(
0 1

−c1 2c2

)
. (47)

If |A| ̸= 0 such as (33), A is diagonalizable and
the algorithm stability is given by |λ| ≤ 1 (λ =

eigenvalue of A) [15]. λ is found by solving

|A− λI| = 0, (48)

where I is the identity matrix. We obtain

λ = c2 ±
√
c22 − c1. (49)

Using |λ| ≤ 1, the algorithm stability becomes

c22 ≤ c1 ≤ 1. (50)
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