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Abstract ─ We study the propagation of light in a 
subwavelength planar waveguide with an angular bend. 
We observe the mode conversion of a guided wave with 
a symmetric beam profile impinging into the bending of 
a waveguide. The guided wave outgoing from the bend 
is a mixed set of symmetric and asymmetric modes. The 
amount of mode conversion through the bend is 
quantified by calculating the Fourier transform of the 
electric field profile. It is found that the conversion rate 
is a function of the bending angle. 
 
Index Terms ─ Bending, mode conversion, subwavelength, 
waveguide. 
 

I. INTRODUCTION 
Optical fibers (OF) are dielectric waveguides in the 

form of cylinders with a diameter (d) larger than the 
visible range wavelengths (λ=390 nm to λ=700 nm) [1]. 
OF are flexible waveguides, however, the angle of 
bending (θ) is limited by a critical angle (θc) defined by 
the principle of total internal reflection (TIR) [1]. They 
are widely used in optical networks, sensors and other 
devices [2, 3]. Nowadays to control the flow of data on 
the Telecom Industry, optical and electronic devices 
coexist. On the one hand, for long distances photons are 
transported via optical fibers, which support high 
bandwidths with low losses. On the other hand, in the 
electronic circuitry the essential functions of switching 
and routing are made by manipulating the flow of 
electrons. The bottleneck for data transfer in this hybrid 
technology is the operation frequency of the electronic 
processor which currently is of only a few GHz [4]. To 

increase the speed of data transfer in optical networks, it 
has been proposed the development of photonic integrated 
circuits (PIC) [5, 6]. A PIC does analogous main functions 
to those of electronic integrated circuits (EIC). The 
difference is that PIC provides a direct manipulation of 
the photons traveling in optical waveguides. It is expected 
that the processing of light in PIC overcome the physical 
limitations of speed and power dissipation faced by EIC 
[7]. 

A progressive development of PIC has been made in 
the last two decades, which can be classified on three 
main approaches. A first approach is based on the use of 
photonic crystals (PC) as a framework for the design of 
photonic devices to control the flow of light [6]. PC are 
periodic dielectric structures composed by at least two 
materials in the unit cell of period (a) which is on the 
order of the visible wavelength, 𝑎~𝜆 [8]. The fundamental 
characteristic of PC is the existence of photonic band 
gaps (PBG) where photons cannot propagate through the 
periodic lattice. Photonic devices on the order of visible 
wavelengths can be engineered in PC introducing 
localized states in the PBG by removing unit cells in the 
otherwise perfect crystal [9]. A second strategy to design 
PIC is based on the use of plasmons [10]. Plasmon-based 
approaches require a precise manipulation of the 
electromagnetic fields, which are exponentially decaying 
from the surfaces [11]. It has been suggested the 
possibility of creating surface-plasmon circuitry with 
photonic components smaller than the diffraction limit 
of light [12]. Plasmons however, have substantial optical 
losses which can severely limit their applicability [13]. 
To overcome these losses, it has recently been proposed 
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the use of gain-loss structures, which introduce unusual 
possibilities for the propagation of plasmons [14]. A 
third approach to fabricate PIC is based on the use of 
nanowires [15-17]. OF and nanowires are both cylindrical 
waveguides of a diameter d. However, OF have a diameter 
much bigger than the visible wavelength (𝑑 > 𝜆) which 
allow a multimodal propagation. In contrast, the 
nanowire diameter is smaller than the visible wavelength 
(𝑑 < 𝜆) and as a consequence, only the propagation of a 
few modes is allowed. This characteristic is desirable for 
the fabrication of PIC because it is possible to have a 
more precise control and manipulation of light. 

In the last decade, an intensive effort has been made 
to reduce the width of waveguides [17]. The fabrication 
of optical waveguides with diameters smaller than the 
wavelength is a difficult task. For many years it was not 
possible to attain nanowires with a good quality 
fabrication because of inherent disorder in the fabrication 
process such as the existence of surface roughness and 
diameter variations [16]. In 2003, Tong et al. reported an 
experimental technique that allowed fabricating wires 
with diameters as small as 50 nm with an excellent 
quality [17]. These subwavelength nanowires allowed a 
higher confinement of photons in small volume regions 
opening new possibilities for both, the study of fundamental 
properties and their integration into functional devices 
[17, 18]. The use of subwavelength waveguides has spun 
the development of at least five fundamental building 
blocks for photonic circuitry: i) light sources (lasers) 
[19], ii) passive components (interconnects) [20], iii) 
active components (transistors) [21], iv) nonreciprocal 
optical isolators (diodes) [22], and v) light detectors [23]. 

Recently Voss et al. investigated the waveguiding at 
the intersection of two nanowires, which were dissimilar 
in materials and diameters [24]. One of the main results 
was the experimental evidence of the excitation of high-
order modes, as a result of slight changes in the alignment 
between subwavelength nanowires. Another important 
result was the in-situ observation of the generation of 
high-order modes at imperfections of a nanowire. These 
results experimentally confirmed the phenomena of mode 
conversion in subwavelength nanowires 

Mode conversion has been recently studied for two 
other cases of waveguide bends. In the first case, Xing  
et al. analyzed the propagation of spin-waves passing 
through a bended magnetic waveguide at the submicron 
scale using micro-magnetic simulations [25]. In the 
second case, Zhang et al. studied theoretically and 
experimentally the TE10-TE20 mode conversion of a 
rectangular waveguide at the microwave regime [26]. In 
these cases the possibility of separating the fields after 
the mode conversion into different waveguide branches 
was reported. In both cases, it has been found that it’s 
possible to have a phase shift between branches as a 
result of the path difference. In particular, in Ref. [25] it 
was demonstrated the possibility of creating a kind of 

Mach-Zehnder interferometer where logic-NOT and 
logic-AND gates can be tuned in frequency. This result 
opens the possibility of integrating the mode conversion 
into interferometric devices. 
 

II. THEORY 
The propagation of the electromagnetic fields in a 

planar waveguide is analyzed by using the curl Maxwell’s 
equations: 

𝛁 ×𝐇 (𝐱, 𝑡) =
𝜕

𝜕𝑡
𝐃(𝐱, 𝑡), (1) 

𝛁 ×𝐁 (𝐱, 𝑡) = −
𝜕

𝜕𝑡
𝐄(𝐱, 𝑡). (2) 

For the Eq. (1) we have considered the case where 
the density of current is zero, 𝐉(𝐱, 𝑡) = 0. Maxwell 
equations are complemented by the constitutive relations 
that introduces the material electromagnetic properties 
of the physical problem. The electric permittivity (𝜀) 
provides a description of the macroscopic interaction 
between the electric field and the dielectric material, 
whereas the magnetic permeability (𝜇) describes the 
interaction of the material with the magnetic field. For 
the case of a dielectric material (without dispersion), 
these relations can be written in the form: 

𝐃(𝐱, 𝑡) = 𝜀(𝐱)𝐄(𝐱, 𝑡), (3) 
𝐁(𝐱, 𝑡) = 𝜇(𝐱)𝐇(𝐱, 𝑡). (4) 

In Fig. 1 we present the basic geometry of a planar 
waveguide composed by a slab of high refractive index 
(nh) and width d, which is sandwiched between two 
semi-infinite media of low refractive index (nl). In this 
work, we analyze the case of the transversal electric (TE) 
polarization, where the electric field is parallel to the  
z-axis, 𝑬(𝒙, 𝑡) = 𝑘̂𝐸𝑧(𝑥, 𝑦, 𝑡). The electromagnetic waves 
inside and outside the slab are propagating and evanescent, 
respectively. 
 

 
 
Fig. 1. Planar waveguide of width d and refractive index 
nh between two semi-infinite media of refractive index nl. 
 

The dispersion relation is obtained by solving two 
well-known transcendental equations [27]. On the one 
hand, the condition for the modes of even parity with  
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respect to the x-axis is given by the equation: 
tan(𝜋𝑄𝑥,ℎ) = 𝑄𝑥,𝑙/𝑄𝑥,ℎ. (5) 

On the other hand, the condition for the modes with 
odd parity is: 

cot(𝜋𝑄𝑥,ℎ) = −𝑄𝑥,𝑙/𝑄𝑥,ℎ. (6) 
The reduced wave vectors in the x-axis for the high 

and low refractive index media are: 

𝑄𝑥,ℎ = √𝑛ℎ
2Ω2 − 𝑄𝑦

2 , (7) 

𝑄𝑥,𝑙 = √𝑄𝑦 
2 − 𝑛𝑙

2Ω2. (8) 

The reduced frequency is: 
Ω = 𝜔𝑑/2𝜋𝑐. (9) 

And the reduced wavevector in the y-axis is: 
𝑄𝑦 = 𝑘𝑦𝑑/2𝜋. (10) 

Figure 2 presents the dispersion relation for the planar 
waveguide. The high and low refractive indices are nh=2 
and nl=1, which correspond to the refractive index of 
ZnO nanowires in air, according to Refs. [18, 24]. Qy and 
Ω are the abscissa and ordinate axis, respectively. The 
light gray zone (Ω<0.3) is the monomodal frequency 
regime where only one eigenmode is allowed. Conversely, 
the dark-gray zone (Ω>0.3) is the multimodal frequency 
regime where two or more eigenmodes are allowed. The 
TE0 and TE1 modes correspond to the first even and odd 
solutions, respectively. In the monomodal regime, we 
identify the α eigenmode at (0.32,0.2) which belongs to 
the TE0 mode. At the multimodal region we identify the 
β eigenmode at (0.49,0.4) and the γ eigemode at (0.72,0.4), 
which correspond to the TE1 and TE0 modes, respectively. 
The arrow line from γ to β illustrates the conversion of 
modes that we analyze below. 
 

 
 
Fig. 2. Dispersion relation for a planar waveguide. The 
light and dark gray regions are the monomodal and 
multimodal regimes. The α and γ points belong to the 
TE0 mode, while the β point is part of the TE1 mode. 
 

In Fig. 3 we present the electric field profile for the 
α, β and γ eigenmodes. We observe that the TE0 modes 

corresponding to the α and γ eigenmodes in Fig. 3 (a) and 
Fig. 3 (c) have an even symmetry. Correspondingly, the 
TE1 mode corresponding to the β eigenmode in Fig. 3 (b) 
has an odd symmetry. 
 

 
 
Fig. 3. The electric field profile for the α, β and γ 
eigenmodes are presented in (a), (b) and (c). 
 

III. NUMERICAL METHOD 
We simulate the propagation of the electromagnetic 

field in the planar waveguide using the finite difference 
time domain (FDTD) method [28]. The FDTD method is 
a computational technique used for modeling the 
temporal evolution of the Maxwell equations. This 
numerical method is based on the formulation of the 
differential equations in an associate system of equations 
in finite differences. The time-dependent Maxwell’s 
equations are discretized using a central-difference 
approximation to the space and time partial derivatives. 
The resulting finite-difference system of equations is 
reformulated in terms of a computational algorithm that 
can be solved in the time-domain using a recursive 
process. 

In this work, we have simulated the propagation of 
the electromagnetic field using Phoxonics, the software that 
we have designed to implement the FDTD technique [29]. 
Phoxonics is a sophisticated and flexible computational 
program that allows studying different geometric 
configurations. In particular, we have analyzed the mode 
conversion caused by the bending of a planar waveguide. 

Considering a polarization of the electric field 
 𝑬(𝒙, 𝑡) = 𝑘̂𝐸𝑧(𝑥, 𝑦, 𝑡), the Maxwell’s equations (1) and 
(2) can be written as three scalar equations in the form: 

𝜕

𝜕𝑡
𝐷𝑧(𝑥, 𝑦, 𝑡) =

𝜕

𝜕𝑥
𝐻𝑦(𝑥, 𝑦, 𝑡) −

𝜕

𝜕𝑦
𝐻𝑥(𝑥, 𝑦, 𝑡), (11) 

𝜕

𝜕𝑦
𝐸𝑧(𝑥, 𝑦, 𝑡) = −

𝜕

𝜕𝑡
𝐵𝑥(𝑥, 𝑦, 𝑡), (12) 

𝜕

𝜕𝑥
𝐸𝑧(𝑥, 𝑦, 𝑡) =

𝜕

𝜕𝑡
𝐵𝑦(𝑥, 𝑦, 𝑡). (13) 

The set of scalar Equations (11)-(13) can be 
reformulated in terms of finite differences. The finite-
difference version of the Equation (11) at the point 
(𝑥, 𝑦, 𝑡) = (𝑖∆𝑥, 𝑗∆𝑦, 𝑛∆𝑡) is: 
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𝐷𝑧 (𝑖, 𝑗, 𝑛 +
1
2

) − 𝐷𝑧 (𝑖, 𝑗, 𝑛 −
1
2

)

∆𝑡
 

=
𝐻𝑦 (𝑖 +

1
2

, 𝑗, 𝑛) − 𝐻𝑦 (𝑖 −
1
2

, 𝑗, 𝑛)

∆𝑥
 

−
𝐻𝑥 (𝑖, 𝑗 +

1
2

, 𝑛) − 𝐻𝑥 (𝑖, 𝑗 −
1
2

, 𝑛)

∆𝑦
. 

(14) 

The Eq. (12) is written in finite differences for the 
point (𝑥, 𝑦, 𝑡) = [𝑖∆𝑥, (𝑗 +

1

2
) ∆𝑦, (𝑛 +

1

2
) ∆𝑡] as: 

𝐵𝑥 (𝑖, 𝑗 +
1
2

, 𝑛 + 1) − 𝐵𝑥 (𝑖, 𝑗 +
1
2

, 𝑛)

∆𝑡
 

=
𝐸𝑧 (𝑖, 𝑗 + 1, 𝑛 +

1
2

) − 𝐸𝑧 (𝑖, 𝑗, 𝑛 +
1
2

)

∆𝑦
. 

(15) 

Finally, the Eq. (13) in finite differences for the 
point (𝑥, 𝑦, 𝑡) = [(𝑖 +

1

2
) ∆𝑥, 𝑗∆𝑦, (𝑛 +

1

2
) ∆𝑡] is: 

𝐵𝑦 (𝑖 +
1
2

, 𝑗, 𝑛 + 1) − 𝐵𝑦 (𝑖 +
1
2

, 𝑗, 𝑛)

∆𝑡
 

=
𝐸𝑧(𝑖 + 1, 𝑗, 𝑛 + 1/2) − 𝐸𝑧(𝑖, 𝑗, 𝑛 + 1/2)

∆𝑥
. 

(16) 

To establish the set of finite difference Equations 
(14)-(16) in terms of a numerical algorithm, we write 
these equations in a leapfrog manner that can be solved 
recursively by using a computational program. To 
validate the computational implementation of the FDTD 
method using Phoxonics, we consider a planar waveguide 
with one or two monochromatic sources embedded inside. 
These sources are placed at the bottom of our simulation 
grid to allow seeing the excitation of the eigenmodes. For 
the case of the α and γ even-modes, they can be excited 
with a single monochromatic source that is defined by: 

𝐸𝑧(𝑥, 𝑦, 𝑡) = 𝐴1𝛿(𝑥 − 𝑤1𝑥)𝛿(𝑦 −
𝑤1𝑦)sin (𝜔𝑡). (17) 

To excite the β mode, it is necessary to consider two 
monochromatic sources defined by: 

𝐸𝑧(𝑥, 𝑦, 𝑡) = [𝐴1𝛿(𝑥 − 𝑤1𝑥)𝛿(𝑦 − 𝑤1𝑦) +

𝐴2𝛿(𝑥 − 𝑤2𝑥)𝛿(𝑦 − 𝑤2𝑦)]sin(ωt). 
(18) 

The points (w1x,w1y) and (w2x,w2y) define the position 
of the monochromatic sources on the x and y axes. A1 
and A2 are the amplitudes of the sources. The frequency 
of the monochromatic sources is ω. 

The excitation of the α and γ eigenmodes using 
FDTD is obtained by considering a single monochromatic 
source, as it is defined in Eq. (17). The position of the 
monochromatic source is  (𝑤1𝑥 , 𝑤1𝑦) = (0, −8𝑑). In 
Figs. 4 (a) and 4 (c), the spatial distribution of the TE0 
mode is illustrated when the sources are emitting at the 
reduced frequencies Ω = 0.2 and Ω = 0.4, respectively. 
To obtain the excitation of the β eigenmode we need to 
use two monochromatic sources as it is defined in Eq. (18). 
The amplitude of the sources are 𝐴1 = 1 and 𝐴2 = −1. 

The position of the sources are (𝑤1𝑥 , 𝑤1𝑦) = (−0.4𝑑,

−8𝑑) and (𝑤2𝑥 , 𝑤2𝑦) = (+0.4𝑑, −8𝑑), respectively. In 
Fig. 4 (b) we present the distribution of the TE1 mode for 
the case where both monochromatic sources are emitting 
at a reduced frequency of Ω = 0.4. 

To validate the excitation of the α, β and γ modes in 
the planar waveguide using the FDTD technique, we 
calculate the Fourier transform (FT) of the electric field 
by using the formula: 

𝐸𝑧(𝑄𝑦) ≅
1

√2𝜋
∫ 𝐸𝑧(𝑦)

𝐿𝑦

0

𝑒𝑖2𝜋𝑄𝑦𝑦/𝑑𝑑𝑦. (19) 

The limits of integration have been switched to 
consider the finite interval [0:Ly]. 
 

 
 
Fig. 4. Simulation of the electric field propagation using 
FDTD. The excitation of the α, β and γ eigenmodes are 
presented in (a), (b) and (c), respectively. 
 

In Fig. 5 we present the FT for the electric field on 
the surface of the planar waveguide. The FT of the 
electric field distributions in Fig. 3 (a), Fig. 3 (b) and  
Fig. 3 (c) is presented in Fig. 5 with dotted, dashed and 
solid lines, respectively. From left to right, the FT peaks 
around the reduced wavevectors Qy=0.32, Qy=0.49 and 
Qy=0.72 prove the existence of the α, β and γ eigenmodes, 
respectively. 
 

 
 
Fig. 5. Fourier transform of the electric field at the 
surface of the planar waveguide. From left to right, the 
dotted, dashed and solid lines are the α, β and γ modes. 
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IV. MODE CONVERSION 
In this section, we analyze the mode conversion 

caused by a bending in a planar waveguide. We consider 
the case where the TE0 impinges into the bend. In Fig. 6 
is shown a planar waveguide with a bend angle θ at the 
vicinity of the coordinate system origin. 
 

 
 
Fig. 6. A planar waveguide with a bend angle θ. The 
bend is placed at the vicinity of the coordinate system 
origin. 
 

In Fig. 7 we simulate the propagation of light in the 
monomodal regime. An even beam profile corresponding 
to the TE0 mode with a reduced frequency Ω=0.2 is 
impinging into the waveguide bend. The cases of 
waveguides bended with angles of θ=15°, θ=30°, and 
θ=90°, are presented in (a), (b) and (c), respectively. There 
are three important observations. The first one is that the 
incident guided wave passes through the bending 
without distortion in his symmetry. The second is that 
the propagation of guided light is not limited by any 
critical bending angle, as it exists in conventional OF as 
consequence of the TIR. And the third is that the bending 
emission increases with the bend angle. 
 

 
 
Fig. 7. Propagation at the monomodal regime (Ω=0.2) of 
the TE0 mode through a waveguide with an angular bend 
θ. The cases θ=15°, 30° and 90° are presented in (a), (b) 
and (c). 

In Fig. 8 we simulate the propagation at the 
multimodal regime. Here, the TE0 mode is impinging 
into the bend with a reduced frequency Ω=0.4. For the 
case of θ=15° illustrated in Fig. 8 (a), we observe that a 
slight deformation on the geometry of the electric field 
profile exists. In Fig. 8 (b) is shown the case for θ=30°, 
for which we observe that after the bend there is a mixed 
profile of the TE0 and TE1 modes where it is not possible 
to identify a predominant even or odd symmetry. Finally, 
in Fig. 8 (c) we present the case of θ=90°. It is evident 
that the incoming mode TE0 is converted after the bend 
into the TE1 mode. 
 

 
 
Fig. 8. Propagation at the multimodal regime (Ω=0.4) of 
the TE0 mode through a waveguide with an angular bend 
θ. The cases θ=15°, 30° and 90° are presented in (a), (b) 
and (c). 
 

The mode conversion can be quantified by using the 
FT of the electric field as it is defined in in Eq. (19). The 
FT is calculated for the electric field after the bend on the 
surface of the planar waveguide. We consider the case 
presented in Fig. 8, where a guided wave of TE0 mode is 
impinging into the bending with a reduced frequency of 
Ω=0.4. 

In Fig. 9 we present the FT for the cases 
corresponding to an angle of bend θ=0°, 15°, 30° and 60° 

using black, blue, green and red lines, respectively. We 
observe that as the angle of bend increases, the amplitude 
corresponding to the γ mode diminishes. Conversely, as 
the angle of bend increases the amplitude of the β mode 
increases. Thus after the bend, the amplitude of the TE0 
mode decreases and the TE1 mode increases, in both 
cases as function of the bend angle. 

In Fig. 10 we present the variation of the TE0 and 
TE1 modes as a function of the angle θ using a solid and 
dashed lines, respectively. It is observed that the amount 
of the TE0 mode decreases monotonously as a function 
of the angle of bend. It is found that the TE0 mode 
disappear after the bend when is reached θ=80°. In 
contrast, the amount of the TE1 mode increases as a 
function of the angle of bend in the range from 0° to 60°. 
At 60°, the amount of TE1 mode starts to decrease. We 
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observe that for the bend angle θ=90° a complete mode 
conversion occurs. 
 

 
 
Fig. 9. Fourier transform of the electric field after the 
bending. The cases θ=0°, 15°, 30° and 60° are presented 
with black, blue, green and red lines, respectively. 
 

 
 
Fig. 10. Fourier transform of the electric field profile as 
a function of θ. The amplitude of the TE0 and TE1 modes 
are presented with solid and dashed lines, respectively. 
 

V. CONCLUSION 
In conclusion, these results demonstrate that 

subwavelength bend waveguides not just passively 
transmit light from one point to another. At the multimodal 
regime, the bend of a subwavelength waveguide acts as 
a mode converter exciting high-order modes. Therefore, 
the waveguide bend needs to be intrinsically considered 
as an active device because it causes a spatial redistribution 
of the fields. This phenomenon provides an opportunity 
to create logic devices based in the mode conversion. 

We have found a strategy to identify the mode 
conversion by calculating the FT of the distribution of 
electric field after the bending. Finally, this study based 
on the analysis of a two-dimensional geometry is a first 
step to better understand and utilize the mode conversion 
in three-dimensional nanowires, which is an essential step 
for the design of PIC based in subwavelength waveguides. 
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