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Abstract ─ This paper presents a simple and systematic 

approach to determine the equivalent frequency-

independent circuit model for a dual-band planar 

antenna. The Foster Canonical network synthesis 

technique with two RLC tanks has been employed to 

generate the two resonant bands of the antenna. The 

transfer function model is subsequently refined using a 

data fitting algorithm (viz the Nelder-Mead simplex 

algorithm). Parametric adjustments are performed at the 

final stage in order to further improve the accuracy of the 

final parameters. 
 

Index Terms ─ Data-fitting algorithm, equivalent 

circuit, Foster canonical network, planar antenna, 

resonant bands. 
 

I. INTRODUCTION 
The continuous improvement in the design of  

planar printed antennas has contributed significantly  

to the technological advancement of wireless 

telecommunication. Prior to the mid-1990s, for instance, 

majority of the GSM handsets could only support single 

band operations [1]. In order to support more than one 
band, a few antennas are required to be installed into  

the device. Hence, the size of a multi-functional 

telecommunication device was usually bulky in those 

days. This is to say that; the functionalities of the device 

are very often traded for its size and portability. As dual-

band antennas made their debut in 1996 [2 – 6], however, 

telecommunication devices experienced a dramatic 

reduction in sizes. With its ability to support multiple 

bands using a single antenna, much space has therefore 

been spared. Since then, researchers have been exploring 

ways to enhance the number of bands supported by an 
antenna; while, at the same time, making sure that its  

size is constrained within certain permissible dimensions 

[7 – 13]. 

When designing an antenna, it is important to derive 

its lumped equivalent circuit. This is because the circuit 

provides useful insights into the performance and 

operational principles of the antenna. It is also 

worthwhile noting that antennas are usually designed 

using electromagnetic field solvers, such as HFSS [14] 

or CST [15]; whereas, the receiver circuits are usually 

designed using electronic circuit simulators, such as 

SPICE [16]. Hence, the equivalent circuit of an antenna 

is useful when integrating the antenna with the front-end 

receiver circuits, during the validation phase. Validating 

both the antenna and receiver as a whole will certainly 

provide better accuracy to the actual performance of the 
system. 

Antennas which generate only one resonant band 

can be easily modelled as a serial or parallel connection 

of resistance (R), inductance (L), and capacitance (C). 

When two or more bands are involved, however, the 

equivalent circuit turns out to be more complicated. In 

[17], Foster proposed modelling the resonant bands 

using RLC tanks, such as those shown in Fig. 1. The 

number of RLC tanks (represented by the subscript n) in 

the figure corresponds to the resonant bands that the 

circuit could generate. Thereafter, different methods, 

which adopt Foster’s network synthesis technique as the 
cornerstone of their work, have been developed to derive 

the RLC equivalent circuit of antennas [18 – 22]. Since 

the Foster canonical network consists of various lumped 

passive elements, it is usually challenging to determine 

the exact combination of parameters which fits the return 

loss curve. As can be seen in the literature [18 – 22], the 

procedures applied to determine the parameters are 

usually quite laborious and mathematically involved. 

In this paper, a simple and systematic approach to 

determine the equivalent circuit model for a dual-band 

planar antenna is presented. The derivation of the 
parameter for each element in the Foster canonical 

network is progressively described. We shall demonstrate 

that the return loss obtained from the approximate 

approach agrees reasonably well with that from an 

electromagnetic solver. In order to improve the accuracy 
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of the circuit, the parameters are refined using a data 

fitting algorithm and then parametrically fine-tuned at 

the final stage of the design.  
 

 
 

Fig. 1. General circuit topology of the Foster canonical 

network. 

 

II. EQUIVALENT CIRCUIT TOPOLOGY 
Besides the radiating resonant modes which are 

described by the RLC tanks in the Foster canonical 

network, quasi-static fields are present in an antenna  

as well. As can be seen in Fig. 1, these fields are 

characterized by the combination of resistance R0, 

capacitance C0 and inductance L∞ in the circuit network. 

The resistance R0 accounts for the conduction loss of the 

substrate material; whereas, the asymptotic behaviour of 
the feed point impedance at the higher and lower edges 

of the antenna frequency band is modelled by C0  

and L∞ [23]. The quasi-static inductance L∞ is usually 

infinitesimal when the order of the resonant modes is 

low. Hence, the circuit network for a dual-band antenna 

can be simplified into that in Fig. 2. The input impedance 

Zin in the figure can be expressed as: 

 𝑍𝑖𝑛 =
1

1

𝑅0
+𝑠𝐶0

+
1

1

𝑅1
+

1
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1
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where s = j2ϖf and f is the operating frequency.  
 

 
 

Fig. 2. The circuit topology for a dual-band antenna. 
 

III. NUMERICAL EXAMPLE 
To carefully outline the procedure in determining 

the lumped elements in the antenna, a dual-band 

monopole antenna designed using HFSS is used as an 

example. The planar antenna is connected to a microstrip 

feedline and is printed on an FR4-epoxy substrate which 

has a thickness of 1.6 mm, dielectric constant of 4.4 and 

loss tangent of 0.022. As can be seen from the layout  
in Fig. 3, the antenna is composed of two rectangular 

radiating patches. Since a monopole antenna exhibits 

optimal performance when its length is a quarter of its 

operating wavelength λ, the lengths of the top and 

bottom patches have been, respectively, kept to be within 

a quarter wavelength of the first and second resonant 

frequencies. As can be seen from the return loss curve in 

Fig. 4, the antenna resonates at fr1 = 2.1 GHz and fr2 = 
5.2 GHz and it constitutes 15 dB bandwidths of 1.05 

GHz (from 1.75 to 2.80 GHz) and 0.6 GHz (from 4.84  

to 5.44 GHz) for the lower and upper resonant bands, 

respectively. Both resonant bands cover various IEEE 

802.11 wireless local area network (WLAN) channels, 

which include those within the 2.4 GHz, 5.2 GHz, 4.9 

GHz, 5.0 GHz, and 5.8 GHz bands. 

Upon close inspection on the circuit topology in Fig. 

2, it can be seen that the quasi-static resistance R0 and 

capacitance C0 can be readily evaluated from [19]: 

 𝑅0 = lim
𝑓→0+

𝑅𝑒{𝑍𝑖𝑛(𝑓)}, (2) 

and  

 𝐶0 = lim
𝑓→0+

𝐼𝑚{𝑌𝑖𝑛 (𝑓)}

2𝜋𝑓
=

1

2𝜋
lim
𝑓→0+

𝜕𝐼𝑚{𝑌𝑖𝑛 (𝑓)}

𝜕𝑓
 , (3) 

where Yin is the input admittance of the circuit. Figures 5 

and 6 depict, respectively, the simulated input resistance 

and susceptance of the antenna as a function of 

frequency. As f approaches 0, it can be seen that R0 and 

C0 can be approximated as 15 Ω and 0 F, respectively. 

In comparison with the resistance, the magnitude of 

the susceptance turns out to be considerably smaller. 

This result suggests that both the non-static inductance 

(i.e., L1 and L2) and capacitances (i.e., C1 and C2) are 

much smaller than the resistance (i.e., R1 and R2). In order 

to estimate the parameters of the RLC tanks, values close 
to the 50 Ω characteristic impedance Z0 are arbitrarily 

assigned to resistance R1 (i.e., 30 Ω) and R2 (i.e., 50 Ω); 

whereas, both C1 and C2 are arbitrarily set to 2 pF. The 

resonant frequency fr of a simple parallel RLC network 

is given in (4) below: 

 𝑓𝑟 =
1

2𝜋×√𝐿𝐶
. (4) 

Inductance L1 and L2 can therefore be easily found by 

substituting the corresponding capacitance (i.e., C1 and 

C2) and resonant frequencies (i.e.,  fr1 and fr2) into (4). 
The return loss RL of the circuit can be calculated by 

substituting (1) into (5) below: 

 𝑅𝐿 = −20log (|
𝑍𝑖𝑛−𝑍0

𝑍𝑖𝑛+𝑍0
|). (5) 

Figure 7 shows the comparison of the return loss 

curves computed from (5) and that obtained from the 

simulation. In order to investigate the effect of the curve 

at the presence of C0, we have also plotted the return loss 

with C0 arbitrarily chosen at 3 pF. Despite observing 
deviations among the curves, it is apparent that the 

theoretical results register certain resemblance with the 

simulation. In particular, the curve plotted based on the 

absence of C0 are closer to that obtained from the 

simulation at the resonant frequencies fr. To improve the 

accuracy of the parameters, a non-linear data fitting 

algorithm, such as the Nelder-Mead simplex optimization 
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routine, is adopted to minimize the mean-square error 

between both results. In this case, the approximate 

parameters for the lumped elements are used as the initial 

guesses for the search. Since eight parameters are 

involved in the optimization process, it is clearly not easy 
for the solution to converge to the required roots. Hence, 

it is often necessary to perform parametric adjustments 

on the parameters to further refine the accuracy of the 

results. The return loss curve, computed using the final 

parameters (shown in Table 1), is compared with the 

simulation result, as shown in Fig. 8. It is apparent from 

the figure that both curves are now in good agreement 

with each other. In fact, the RLC network resonates at the 

same frequencies and magnitudes with those generated 

from the planar antenna and both curves are highly 

correlated at the second band. 

IV. CONCLUSION
A simple and systematic approach to evaluate the 

parameters in the Foster canonical network is presented 

here. The circuit network provides insight into the 

passive elements existing in a dual-band planar antenna. 

The approach starts with an approximation from the 

input resistance and susceptance of the antenna. The 

combination of parameters is subsequently refined so 

that the network could give a more realistic behaviour of 
the actual antenna.  

Fig. 3. The layout of a dual-band planar antenna. 

Fig. 4. The simulated return loss of a planar antenna. 

Fig. 5. The input resistance of a planar antenna. 

Fig. 6. The input susceptance of a planar antenna. 

Fig. 7. The return loss obtained from the simulation 

(solid line) and the initial parameters with C0 = 0 F 

(dashed line) and C0 = 3 pF (dotted line). 

Fig. 8. The return loss obtained from the simulation 

(solid line) and final parameters (dotted line). 
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Table 1: Lumped elements in an antenna 

Component Value 

R0 1.3 Ω 

C0 0 F 

R1 54.1 Ω 

C1 1.36 pF 

L1 5.1 nH 

R2 66.5 Ω 

C2 1.66 pF 

L2 0.48 nH 
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