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Abstract — The hybrid volume-surface integral
equation (VSIE) method has the advantage of
solving electromagnetic  scattering problems
involving complex structure mixed metal with
dielectric. In this paper, a method combining VSIE
with overlapped domain decomposition method
(ODDM) is used to analyze -electromagnetic
scattering problems successfully. To further
improve efficiency, the multilevel fast multipole
algorithm (MLFMA) is adopted, then a novel
VSIE-ODDM-MLFMA is proposed. Numerical
results show that the proposed method has low
memory requirement, fast convergence, and
accurate simulation result. It indicates that the
proposed method has the ability to analyze
complicated electromagnetic problems.

Index Terms — volume-surface integral equation,
electromagnetic scattering, overlapped domain
decomposition method, multilevel fast multipole
algorithm.

I. INTRODUCTION

The solution of the hybrid volume-surface
integral equation (VSIE) is based on the method of
moments (MoM) which has been widely used for
numerical analysis of electromagnetic radiation
and scattering problems [1-3]. For direct solver,
the memory requirement is O(N°) and the CPU
time is O(N°) in MoM. However, both of them in
MoM are O(N°) for iterative solvers, where N
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denotes the number of unknowns. For the
electrically large problems, it is difficult to fulfill
the requirement of memory and efficiency on
single personal computer presently. The
overlapped domain decomposition method
(ODDM) has the function of decomposing the
computed domain into several subdomains. Each
subdomain is extended with a buffer domain. The
solution of the whole domain could be completed
by solving the extended subdomains circularly.
Due to introducing buffer domain, the current
edge-effect in each subdomain could be depressed
effectively and the convergence of the outer
iteration is much fast. For solving only one
subdomain at a time, the ODDM has the
advantage of saving computing resources. The fast
multipole method (FMM) can accelerate the
matrix vector product with complexity of O(N'~)
and its extension, the multilevel fast multipole
algorithm (MLFMA) [4-7], further reduces the
complexity to O(NlogN) [8]. In this paper, a new
VSIE-ODDM-MLFMA is proposed which
combines both ODDM and MLFMA with VSIE.
Numerical results show the accuracy and
efficiency of the proposed method. It demonstrates
that the proposed method has the ability to analyze
complicated electromagnetic problems.

II. FORMULATION
The section presents the VSIE-ODDM-
MLFMA solver and its computational complexity
analysis.
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A. Outline of the VSIE

Using the equivalence principle, the
conducting bodies are replaced by equivalent
surface currents and the dielectric materials are
replaced by equivalent volume currents [9]. Above
is the basic idea of the VSIE [10-11] method.

For the electromagnetic scattering problems
involving complex structure mixed metal with
dielectric, the integral equations can be expressed
by mathematical relationship with corresponding
magnetic vector and electric scalar potentials. As
follows, the volume integral equation (VIE) and
the surface integral equation (SIE) are given by

D + joA,(r)+VO,(r)

E =—
£(r)
+joA(r)+Vd(r) reVl, (D
and
E', =[joA,(r)+VD,(r)
+joA () +VD(r)],, resS Q)

where £(r) is the permittivity of the dielectric
material, A, (r), Ay(r), @, (r), and O (r)

are vector and scalar potentials produced by the
volume and surface current, respectively, given by

AAﬂzmi}Aﬂk&JWM'u:&V (3)

1
D (r)=- VeI (r')g(r,r)du’
,(r) WOL (1) g,
u=S5,V. (4)
~jkole
In (3) and (4), g(r,r") =—————, the Green’s
47r|r—r

function of free space, J¢ is the surface current,
J, is the volume current which is related to the

total electric flux density D in equation (1).

To solve the equations (1) and (2), the
conducting surface is discretized into small
triangular patches, while the dielectric region is
divided into tetrahedral elements [9]. Employing
both the Schaubert-Wilton-Glisson (SWG) [12]
and the Rao-Wilton-Glisson (RWG) [1] basis
functions in equations (1) and (2), then testing (1)
with SWG basis function and testing (2) with
RWG basis function, we can get a matrix equation
which could be written as a submatrix form in the
following:
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where the first matrix is impedance matrix, /,,
and /,, are the unknown expansion coefficients,

E” and E™ denote the excitation vectors. The
more details of the VSIE can be found in [9].

B. Basic principle of ODDM

When decomposing the whole computed
domain to several subdomains, the corresponding
impedance matrix [Z] will be decomposed into

several submatrices. The solution of the whole
domain could be got by solving submatrix
equations circularly. Above-mentioned process is
the idea basis of domain decomposition method
(DDM) [13]. For solving only one submatrix
equation at a time, the memory requirement can be
reduced. However, as the whole matrix equation
need to be solved by iterative solvers, the
computing time would become longer usually.
Using parallel computation could improve
efficiency. Similarly, employing preconditioned
techniques can reduce iteration number and CPU
time.

Fig. 1. The illustration of the DDM model.

As is shown in figure 1, if the domain is
decomposed along the thin solid lines, there would
be no common elements among the submatrices.
In this way, the electric current of subdomain
boundary would have singularity which can lead
to the problem of low efficiency and slow
convergence, even no convergence. In order to
restrain electric current singularity, Brennan
proposed a forward and backward buffer region
(FBBR) iterative scheme which regards the
forward or backward domain of subdomain
boundary as buffer domain of the subdomain [14].
However, only the current edge-effect in one side
of each subdomain is depressed. On the basis of
the idea presented in [14], the ODDM was
proposed in [15]. The dotted line in Figure 1 is the



boundary of the extended subdomain whose
solution is restricted to the original subdomain by
discarding the currents in buffer domain. The
whole domain current could be got by solving
circularly. Above paragraph has illustrated the
basic principle of ODDM.

The ODDM involves twofold iterations
including inner iteration and outer iteration. The
iteration solving subdomain is inner iteration while
the process of solving all the subdomains once is
called as an outer iteration, in which the current in
the whole domain is updated once by the inner
iteration. The following figure has explained the
relation between inner iteration and outer iteration.

Computed domain

i=1 \LK\Wt\dOmX\\ ;Inoidcnt domain
i=2 Incident domain \\le\vkhmain

Incident domain

v Incident domain

Incident domam \\\\\\x\

Fig. 2. The relation between inner iteration and
outer iteration.

i=3 Incident domain

(

In figure 2, the iterative domain denotes the
extended subdomain that need to be computed and
its complementary domain is the corresponding
incident domain, the thin solid line is subdomain
boundary, the dotted line is the boundary of the
extended subdomain with buffer domain, i
represents the sequence number of the solved
subdomain and k denotes kth outer iteration.

C. FMM and MLFMA

Based on FMM, the MLFMA has gained great
success in solving electromagnetic problems with
electrically large size [16-17]. MLFMA is the
promotion of FMM in hierarchical structure. The
basic principle of FMM is to divide scattering
units which derived by discretizing scattering
object into groups. The mutual coupling of any
two scattering units is calculated by different
methods according to the relative position of their
groups. When they are adjacent, we use direct
calculation method, otherwise, separate into three
steps containing aggregation, translation and
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disaggregation. As shown in Fig.3, for a given
group of field point, firstly, the contributions of all
scattering units in its non-adjacent group would be
aggregated to the center of each group, secondly,
the contributions of these groups would be
translated from each center to the center of the
given group, finally, all the contributions of the
non-adjacent groups would be disaggregated from
the center of the given group to each scattering
unit in the group. For a group of source point, the
group center represents the contributions of all
scattering units in this group to its non-adjacent
groups. For a group of field point, the group center
represents the contributions of all non-adjacent
groups to this group. In this way, the number of
scattering center is considerably reduced [18-19].

Fig. 3. The direct interaction between two far-field
elements is separated into three steps containing
aggregation, translation and disaggregation.

The expression for matrix vector product in
FMM is written as

ZZ’”” n z zzmn n

qu neG
+g‘j‘> R’”P (k) ZB: rpt/ (k’ pq)ZG: (l‘;)lndzlg- (6)
q¢& ne

The first term in (6) denotes the contribution from
nearby groups (including the self-group) which is

represented by the symbol BP , the second term is
the far-field interaction calculated by FMM, the
qn(k) r, k7)), and R (k) donate the

aggregation, translatlon, and disaggregation factor,
respectively.

D. The VSIE method combined with ODDM
As is shown in (3) and (4), using the volume

current J,, and surface current J to respectively
denote magnetic vector and electric scalar
potentials in equation (1) and equation (2), we get
the incident field expression. To derive the
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formulation of VSIE-ODDM conveniently, we
define one F linear operator as

E, <r)) jouy [ 3, (r

jvq r') g(r,r')du’

Then the equation (1) and equation (2) could
be expressed as

B =D (0, ()
+F,J(r) rev, (8)
E.  =[FJ,0)N)+FJ;x)], res 9
To build the integral iteration formula
between subdomains, we define two linear
operators 7" (r,J) and K”(r,J) for the VIE (8).
The two linear operators can be written as

g(r r')du'

u=S8,V. (1)
]a)go

T(r,d) = %w 3, (")
+F,(J,(r') r'eQ.rel’ (10

K°(r,0)=F,J, (")
+E,J () reQlreV’ (11)
where i is the sequence number of subdomain, the
i th extended subdomain Q] includes V" and S/,

Q! is the complementary domain of Q.

Q=Q +Qb([) where Q

1

Here,

sy denotes the buffer

domain of Q, . Similarly, V= V.+V,, and

S/=58,+8,, -

equation (10) and equation (11), we get the VIE-
ODDM iteration scheme which is expressed as

TP (r,3)=-K"(r,J*")
+E'(r) reV/ (12)
Comparing equation (12) with equation (8), the

Combining equation (8) with

computed domain is reduced from V' to V., and

the excitation source in the computed domain
includes both the information of incident plane
wave and the coupling from other subdomains.

A similar procedure can be applied for the SIE

(9). We define two linear operators 7" (r,J) and
K" (r,J) , then we can get the SIE-ODDM

iteration scheme, expressed as

TV (r,J9)=-K" (r,J* ™)
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+E'(r),, resS. (13)
Expanding the equation (12) by RWG and
SWG basis function and testing it with SWG basis
function, the matrix form of the VIE-ODDM can
be obtained. Similarly, for equation (13), selecting
RWG basis function as testing function, we can
get the matrix form of the SIE-ODDM. Combining
the two matrix equations, a VSIE-ODDM iteration
scheme is presented as

2z ne [ 2
- {Z Z}H
> MD = MM (k)

jercenn| Ly Ly Ly

g

> DD > DM (k-1)

zr0 M I

> MD > MM (k-1)
J>i,c(j)eb(i) Z szf IMj

i=1,2, M.  (14)

Here, M denotes the number of subdomain,
[ED, Eé” ]T represents the vector of incident
field in the ith extended subdomain Q' Z, 7 PP ,
ZiiDM ’ Zii , and Zu‘

. . DD 5DM  SMD = MM
matrices in Q] -Z,y , Zij , Zij , and Zij are

are the self-impedance

the mutual-impedance matrices between €2 ; and
Q. By solving the equation (14) and discarding

the current in the buffer domain Q the current

b(i)
in subdomain €2, could be updated. The process

of solving the equation (14) is an inner iteration.
By several outer iterations, we can get the current
in the entire domain.

E. The VSIE-ODDM-MLFMA solver

The MLFMA may be employed to accelerate
the matrix vector product. The entire object is first
enclosed into a large cube, which is partitioned
into eight smaller cubes. Each subcube is then
recursively subdivided into smaller cubes until the
edge length of the finest cube is about 0.1
wavelength. In ODDM, the whole computed
domain needs to be decomposed into iterative
domain and incident domain. However, when
combining the ODDM and MLFMA, it is
necessary to consider the problems of
decomposition and grouping simultaneity.
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Fig. 4. The cube belongs to iterative domain and
incident domain simultaneity. ( ® , o represent
basis function units in the ith iterative and incident
domain, respectively.)

In VSIE-ODDM-MLFMA, for a certain cube
of a certain MLFMA layer, if no less than one
basis function unit is located in ith iterative
domain or incident domain, the cube belongs to ith
iterative domain or incident domain. As is shown
in Fig. 4, the cube (a) belongs to ith iterative and
incident domain simultaneity because it has both
e and o basis function units. As a cube in ith
iterative domain, the cube (a) is equal to cube (b),
while as a cube in ith incident domain, the cube (a)
is equal to cube (c). Due to outside of the iterative
domain, the o basis function units will contribute
outgoing radiation (called aggregation) but do not
receive updates via translation and disaggregation.

F. Computational complexity analysis of the
VSIE-ODDM-MLFMA

The computational complexity for the VSIE-
ODDM-MLFMA is composed of the inner and
outer iterations. We define the average number of
unknowns in every iterative domain as
N=N/M+N, where N is the total number of
unknowns, &, denotes the average number of
unknowns in buffer domain. Suppose that the
average number of inner iterations is ¢, the average
CPU time of solving each iterative domain is
O(¢NilogNy). Assuming that the number of the
outer iterations is ¢, then the total CPU time of the
inner iteration is about

O(c-M-&-N,logN,)

ZO(g.M.g.(%+Nb)log(%+Nb))

—0(-&-(N+ MNlog -+ N). (19

When the size of the whole coefficient matrix
is fixed, the CPU time of inner iteration is mostly
determined by ¢'¢. According to past experience,
the accuracy of both electric current and radar
cross section (RCS) could generally meet the
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requirements when ¢ is 3. Obviously, the memory
requirement for the inner iteration is O(N;logN,).
When using an iterative solver to solve the
problems, only near-field matrix elements need to
be stored. So the VSIE-ODDM-MLFMA is better
than VSIE and VSIE-ODDM in the aspects of
memory requirement or computational efficiency.
In contrast to VSIE-MLFMA, the memory
requirement is reduced significantly, which is very
important to analyze electrically large problems.

III. NUMERICAL RESULTS
To demonstrate the accuracy and efficiency of
the proposed method, several numerical examples
are presented in this section.

|
X }\ Y

Fig. 5. Perfectly conducting sphere coated with
dielectric layer.
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Fig. 6. Bistatic radar cross sections of a dielectric-
coated sphere.

The first example is a perfectly conducting
sphere with a diameter of 0.34234,, which is
coated with a 0.10174, thick dielectric layer whose
relative dielectric constant is ¢=2. The mixed
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structure is illuminated by a plane wave. In order
to use the VSIE-ODDM-MLFMA, the target is
decomposed into four domains. The dielectric
domain is discretized into tetrahedrons and the
metal domain is discretized into triangles, as a
result, 14332 SWG basis functions and 963 RWG
basis functions are generated.

The bistatic RCS computed by the VSIE-
ODDM-MLFMA is shown in Figure 6. The
comparison with the exact Mie series solution is
given and excellent agreement is found. The
example demonstrates the accuracy of VSIE-
ODDM-MLFMA for analyzing the structure
mixed metal with dielectric.

Y
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Fig. 7. A dielectric cuboid coated with a metal
layer on the surface.

As shown in Figure 7, the second example is a
dielectric cuboid coated with a metal layer on the
surface whose specific size is marked. The relative
permittivity of the dielectric cuboid is 1.6. The
incident wave frequency is 300MHz. To apply the
ODDM, first we divide the computed domain into
two domains averagely in X direction. Then we
discretize the dielectric and metal domains as the
first example, as a result, 4959 basis functions are
generated, which includes 4323 SWG basis
functions and 636 RWG basis functions.

We use VSIE-MLFMA program, VSIE-
ODDM-MLFMA program, VSIE-ODDM program
and VSIE program to compute bistatic RCS of the
target respectively. The comparative results are
presented in Figure 8.

As shown in Table 1, the comparison of the
total memory requirement and CPU time between
VSIE-ODDM-MLFMA and VSIE-MLFMA is
provided. In VSIE-ODDM-MLFMA, the total
memory requirement is 42288KB, which is
reduced by 35.3% significantly in contrast to
65364KB in VSIE-MLFMA. If we divide the
computed domain into more subdomains, the
memory requirement will be further reduced. This
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experiment results also tell us that the total
memory requirement of VSIE-ODDM-MLFMA
only accounts for 10.6% of VSIE, 20.4% of VSIE-
ODDM, and the CPU time is reduced significantly
in contrast to VSIE and VSIE-ODDM.
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Fig. 8. Bistatic radar cross sections of a dielectric
cuboid coated with a metal layer on the surface.

Table 1: The comparison of the total memory

requirement and CPU time between VSIE-
MLFMA and VSIE-ODDM-MLFMA
Memory CPU
Method requirement(KB) | time(s)
VSIE-MLFMA 65364 88
VSIE-ODDM-
MLEMA 42288 132
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Fig. 9. The illustration of a 7x7 planar FSS array
and the square ring unit.
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Fig. 10. Bistatic radar cross sections computed by
the VSIE-ODDM-MLFMA and FEKO.

In order to further demonstrate the VSIE-
ODDM-MLFMA has the ability to solve the
problems of complicated structure, we take the
third example of a 7x7 FSS array whose
dimension is shown in Figure 9. The FSS unit is
square ring whose outside edge length D1 is 7mm,
inside edge length D2 is 6mm, and cycle is
8mm.The dielectric substrate has 56mm in length,
56mm in width, and 0.5mm in thickness with the
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relative permittivity ¢,=3.0. To use the ODDM, we
first divide the computed domain into four
inhomogeneous domains, then discretize them into
tetrahedrons in dielectric domain and triangles in
metal domain, respectively. As a result, 30213
SWG basis functions and 1372 RWG basis
functions are generated. The FSS array is
illuminated by a TM polarization wave from the
vertical direction at 14 GHz. The RCS results
computed by the proposed method are plotted in
Figure 10. The comparison with the FEKO is
given and the good agreement between the two
methods is obtained.

The experimental results in Figure 10 have
demonstrated the proposed method has the ability
to solve electromagnetic scattering problems of
complicated structure accurately.

IV. CONCLUSION
In this paper, the ODDM and MLFMA are
introduced to the VSIE simultaneity, which could
solve the problem of insufficient hardware sources
and improve the efficiency. Numerical results of
the presented examples demonstrate the accuracy
and efficiency of this proposed method. It shows

that the VSIE-ODDM-MLFMA can solve
complicated electromagnetic problems
successfully.

REFERENCES

[1T S. M. Rao, D. R. Wilton and A. W. Glisson,
“Electromagnetic scattering by surface of arbitrary
shape,” IEEE Trans. Antennas Propagat., vol. AP-
30, no. 3, pp. 409-418, 1982.

[2] K. A. Michalski, and D. L. Zheng,
“Electromagnetic scattering and radiation by

surfaces of arbitrary shape in layered media, part I:

theory,” IEEE Trans. Antennas and Propag.,
vol.38, no.3, pp. 335-344, March 1990.

[3] D. Ding, J. Ge, R. Chen, “Well-Conditioned CFIE
for Scattering from Dielectric Coated Conducting
Bodies above a Half-Space,” ACES Journal, vol.
25, no. 11, pp. 936-946, November 2010.

[4] R. Coifman, V. Rokhlin, and S. M. Wandzura,
“The fast multipole method for the wave equation:
A pedestrian prescription,” /IEEE Trans. Antennas
and Propag., vol. 35, no. 3, pp. 7-12, June 1993.

[5] C. C. Lu and W. C. Chew, “A multilevel
algorithm for solving boundary integral equations
of wave scattering,” Micro. Opt. Tech. Lett., vol. 7,
pp. 466-470, July 1994.

[6] J. M. Song, W. C. Chew, “Multilevel fast-
multipole algorithm for solving combined field

666



667

integral equation of electromagnetic scattering,”
Micro. Opt. Tech. Lett, vol. 10, pp. 14-19,
September 1995.

[71 M. M. Li, H. Chen, C. Li, R. S. Chen, C. Ong,
“Hybrid UV/MLFMA Analysis of Scattering by
PEC Targets above a Lossy Half-Space,” ACES
Journal, vol. 26, no. 1, pp. 17-25, January 2011.

[8] J. M. Song, C. C. Lu, W. C. Chew, “Multilevel
fast multipole algorithm for electromagnetic
scattering by large complex objects,” IEEE Trans.
Antennas Propagat., vol. 45, no. 10, pp. 1488-
1493, 1997.

[9] X.C.Nie, N. Yuan, L. W. Li, Y. B. Gan, and T. S.
Yeo, “A fast volume-surface integral equation
solver for scattering from composite conducting-
dielectric objects,” IEEE Trans. Antennas Propag.,
vol. 53, no. 2, pp. 818-824, 2005.

[10] C. C. Lu and W. C. Chew, “A coupled surface-
volume integral equation approach for the
calculation of electromagnetic scattering from
composite metallic and material targets,” IEEE
Trans. Antennas Propagat., vol. 48, no. 12, pp.
1866-1868, 2000.

[11] T. K. Shark, S. M. Rao, and A. R. Djordievic,
“Electromagnetic scattering and radiation from
finite microstrip structures,” [EEE Trans. on
Microwave Theory and Tech., vol. 38, no. 11, pp.
1568-1575, 1990.

[12] D. H. Schaubert, D. R. Wilton, and A. W. Glisson,
“A  tetrahedral = modeling  method  for
electromagnetic scattering by arbitrarily shaped
inhomogeneous dielectric bodies,” IEEE Trans.
Antennas Propagat., vol. AP-32, no. 1, pp. 77-85,
1984.

[13] A. Toselli and O. Widlund, Domain
Decomposition Methods-Algorithms and Theory,
Springer, Berlin, 2005.

[14] C. Brennan, P. Cullen, and M. Condon, “A novel
iterative solution of three dimensional electric
field integral equation,” [EEE Trans. Antennas
Propagat., vol. 52, no. 10, pp. 2781-2784, 2004.

[15] W. D. Li, W. Hong, and H. X. Zhou, “Integral
equation-based overlapped domain decomposition
method for the analysis of electromagnetic
scattering of 3D conducting objects,” Microw.
Opt. Tech. Lett., vol. 49, no. 2, pp. 265 - 274,
February 2007.

[16] H. Zhao, J. Hu, Z. Nie, “Parallelization of
MLFMA with Composite Load Partition Criteria
and Asynchronous Communication,” ACES
Journal, vol. 25, no. 2, pp. 167-173, February
2010.

[17] K. C. Donepudi, J. M. Jin et al, “A higher order
parallelized multilevel fast multipole algorithm for

ACES JOURNAL, VOL. 27, NO. 8, AUGUST 2012

3-D scattering,” I[EEE Trans. Antennas and
Propag., vol. 49, no. 7, pp. 1069-1078, July. 2001.

[18] R. S. Chen, E. K. N. Yung, C. H. Chan, and D. G.
Fang, “Application of SSOR preconditioned
conjugate gradient algorithm to edge-FEM for 3-
dimensional full wave Electromagnetic boundary
value problems,” IEEE Trans. on Microwave
Theory and Tech., vol. 50, no. 4, pp. 1165-1172,
2002.

[19] N. Engheta, W. D. Murphy, V. Rokhlin, and M. S.
Vassiliou, “The fast multipole method (FMM) for
electromagnetic scattering problem,” IEEE Trans.
Antennas Propagat., vol. 40, no. 6, pp. 634-641,
1992.

Jialin Chen was born in Leshan,
Sichuan, the People’s Republic of
China in 1986. He received his
B.Sc. degree in radar engineering

and M.Sc. degree in
electromagnetic field and
microwave technique from
Department of Electronic and

Communication Engineering, Naval
Aeronautlcal Engineering Institute, Yantai, China, in
2007 and 2009, respectively. He is currently working
toward the Ph.D. degree in information and
communication engineering at Naval Aeronautical
Engineering Institute. His current research interests
include computational electromagnetics, antennas,
electromagnetic scattering and propagation, and radar
target recognition.

Shangsheng Li was born in
Shandong, P. R. China in 1965. He
received his B.Sc. degrees from
Southeast University and M.Sc.
degree from Nanjing University of
Aeronautics and Astronautics, in
1987 and 1996, respectively. Now
he is a professor in Naval
Aeronautlcal Engineering Institute. His research
interests mainly include microwave/millimeter-wave
systems, antenna, and computational electromagnetics.

Yaping Song was born in Hunan, P.
R. China in 1987. He received his
B.Sc. and M.Sc. degrees from
Naval Aeronautical Engineering
Institute, Yantai, China, in 2008
and 2010, respectively. His research
interests include computational
electromagnetics, electromagnetic
scattering and radiation.





