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Abstract ─ In this paper, a full wave analysis of 
substrate integrated waveguide (SIW) structures is 
presented based on the moment method in 
combination with the mode matching technique. 
Initially, input and output post pairs are terminated 
with two waveguide sections. Then waveguide 
width, as an unknown variable, is adjusted to 
obtain minimum reflection from the SIW. Field 
distribution in the structure and current density on 
posts as well as dispersion characteristic of the 
SIW are investigated. Also, by taking the 
advantage of the moment method, analysis of the 
structures with longitudinal discontinuity along the 
wave propagation direction is offered. 
Furthermore, versatile instances are analyzed and 
compared with experimental values, results from 
high frequency structure simulator (HFSS), and 
numerical methods in recent literature. Good 
agreement between the results verifies the 
accuracy of the hybrid method. 
  
Index Terms ─ Bandpass filter, method of 
moment, mode expansion, mode matching 
technique, substrate integrated waveguide.   
 

I. INTRODUCTION 
Substrate integrated waveguides (SIW’s) have 

emerged as a promising substitution for circuits 
and components operating in a millimeter-wave 
and terahertz region. They combine the high-Q-
factor and low-loss merits of traditional 
rectangular waveguides with the simplicity of 
planar fabrication and low-cost integration. 
Nowadays, many microwave circuits are designed 
based on SIW technology [1-4]. Some empirical 

equations have been reported to accurately 
characterize the dispersion behavior of the SIW 
[5-7]. However, they are not accurate for all values 
of lateral cylinder spacing and cylinder diameter 
as well as frequency of operation. In [8], 
measurement results confirm the frequency 
dependence of equivalent width which has not 
been taken into account in closed-form formulas 
of [5-7].  

Various numerical techniques such as finite 
element method (FEM), finite difference time or 
frequency domain (FDTD/FDFD), transmission 
line method (TLM), method of line (MoL), and 
method of moment (MoM), can be developed to 
analyze the structure under consideration [9-13]. 
Furthermore, in [14] a fast and simple technique is 
employed to calculate dispersion characteristics of 
SIW structure. However, it is not as accurate as 
mentioned time-consuming numerical methods for 
a wide range of structure parameters. 

In these methods, for achieving reasonable 
accuracy, one must choose a grid size small 
enough which results in an enormous number of 
cells for the cavity and microstrip space and thus 
requires a large amount of computer memory and 
computation time. To overcome these problems, 
the hybrid of moment method and mode matching 
technique is employed to expand modes in the 
structure based on Cartesian eigenfunctions [15]. 
The most considerable advantage of the proposed 
method is that it can be easily extended to the 
structures with longitudinal discontinuities.  

This paper is organized as follows: In section 
II, the theoretical issues are explained to extract 
the equivalent waveguide width of the SIW. Then, 
the extension of the proposed method to SIW 
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structures with longitudinal discontinuities is 
presented. In section III, the accuracy and 
generality of the proposed method is verified by a 
number of examples consisting of planar 
discontinuities in SIW structure. Finally, section V 
concludes the paper. 
 

II. THEORETICAL ISSUES 
 

A. Equivalent waveguide width of the SIW 
Figure 1 shows an x-z cut of a typical two-port 

substrate integrated waveguide in which metallic 
posts are inserted in dielectric substrate. In order 
to expand the fields inside the structure based on 
Cartesian coordinate system, a closed metallic 
contour is generated to enclose the circuit as 
shown in Fig. 1. This enclosure consists of input 
and output waveguide sections with the same 
width of W1 and two metallic walls far from the 
metallic posts. The effect of the enclosure is 
negligible if the field is well confined in the 
analyzed SIW. It is worth mentioning that the 
value of W1 which causes minimum reflection at 
the input and output ports represents the 
equivalent width of the SIW. In matched 
condition, there is no reflection from input and 
output ports of the whole structure. Therefore, the 
equivalent width only depends on characteristic 
dimensions of the SIW. First, consider a pair of 
circular posts in the rectangular waveguide as 
illustrated in Fig. 2a. The equivalent problem is 
created by replacing the posts with a number of 
uniform current filaments running from top to 
bottom. In this case, as Fig. 2b shows, the electric 
Green’s function of the structure can be obtained 
by considering a current filament at (xi , zi) as 
below 

i i i i i iJ ( x , z ) I ( x x ) ( z z )     . 
Afterwards, the electric field in the structure can 
be obtained as 

i i i i i
i

E ( x , z ) G ( x , z / x , z ) I ( x , z )  . 

By nullifying the total electric field on the post 
surfaces, the currents on the posts and scattering 
parameters of the structure are calculated [16]. In 
the following, the analysis of one pair of posts is 
generalized to multi pairs. The structure in Fig. 1 
is divided into M+2 regions. There are (M-1) pairs 
of posts instead of only one pair of posts. In fact, 
analysis method of one pair posts in rectangular 

waveguide is firstly discussed and then is 
generalized to multi-posts. For the structure under 
consideration, as illustrated in Fig. 3a, the 
following current delta functions are inserted 
along the waveguide to obtain the Green’s 
function of the structure.  

1( ) ( j ) ( M )
i i i i yˆI { I , , I , , I }a   . 

In SIW structures only TEn0 modes can be 
excited and extracted, due to evanescence of the 
surface current on lateral walls. Therefore, the 
current filaments have no variations in y-direction, 
and hence, are uniform. The above current 
functions are shown in Fig. 3b. Each current 
filament in region k (Rk) can be described by  

k k k k k k
i i i i i i

k

J ( x ,z ) I ( x x ) ( z z )

i 1, , p .

    

 
            (1)            

                     

 
Fig. 1. Top view of the substrate integrated 
waveguide circuit. 
 

In which ( k
i

k
i z,x ) is the location of ith-

filament in kth-region and Pk is the number of 
current filaments in kth-region. To obtain the 
current distribution on posts, the method of 
moment is employed. The scalar potential function 
in the region k (Rk) can be written as 

2

k
nh ( z )

k k k
n n[ A exp( j z ) B exp( j z )]

n ( x b / )
cos( )

b

  



   







 .   (2a) 

Similarly, the scalar potential functions for the 
input and output waveguide sections, as shown in 
Fig. 1, can be represented by 

)
W

)2/Wx(n
cos()zjexp(B

1

1

1n
n

0
n

0 
 



 .     (2b) 

)
W

)2/Wx(n
cos()zjexp(A

1

1

1n
n

1M
n

1M 
 



 .  (2c) 
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in which k
nA and k

nB are coefficients of forward 

and reflected TEn0
  modes in kth region of Fig. 3b 

and  
22

n )b/n(  , 

2
1

2
n )W/n(  , 

are the propagation constant of the structure. 
Taking into account the continuity and 
discontinuity of tangential electric and magnetic 

fields at )z,x( k
i

k
i , we have [16] 

)
b

)2/bx(n
sin(

n

j2
)

z

h

z

h
(

k
i

zz

1k
n

k
n

k
i

















,     (3a) 

)z,x(h)z,x(h k
i

k
i

1k
n

k
i

k
i

k
n

 .                            (3b) 

 

(a) (b) 
Fig. 2. (a) A pair of circular posts that are composed 
of a number of current delta function (b) a current 
delta function in the rectangular waveguide. 
 

 
(a) 

(b)
Fig. 3. (a) SIW’s post pairs enclosed with lateral 
conducting walls (b) currents delta functions of the 
structure. 
 

By inserting (2a) in (3), following two recursive 
equations are obtained. 





k

2r

rr
1

1k ]I[]C[]A[]A[  ,            (4a) 





k

2r

rr
2

1k ]I[]C[]B[]B[ ,                (4b) 

in which 
Tk

N
k
1

k ]A,,A[]A[  ,  Tk
N

k
1

k ]B,,B[]B[   

and  Tr
P

r
1

r ]I,,I[]I[  . 

The rth-row and sth-column element of the 
coefficient matrices are as follows 
 

1,

2,

( / 2)
sin( ) exp( )

( / 2)
sin( ) exp( )

2

1, 2, ,  1,2, ,  

k
k s

rs r s
r

k
k s

rs r s
r

k

r x b
C j z

r b

r x b
C j z

r

r N and s P

 


 


 
 




   
   

, 

where, N and Pk are the number of modes and 
current filaments in region k, respectively. The 
other sets of equations are achieved by matching 
the tangential electric and magnetic fields at the 
junctions of input and output waveguide ports to 
SIW region. By applying mode matching 
technique at z=0 and z=L, the following equations 
are extracted as [17]  

][E]][B[E]][A[E Exc
11 21  .                          (5a) 

[0]]][B[F]][A[F MM 21  .                            (5b) 

where, 
 

rs

N

1n n1

s1
rs )2/r()

bW

)n,s(f)n,r(fs2
(E 




 



, 

rs

N

1n n1

s2
rs )2/r()

bW

)n,s(f)n,r(fs2
(E 








, 

1

1 1

2
2

N
s

rs rs
n n

r

r f ( r,n ) f ( s,n )
F ( ) ( r / )

W b

exp( j L ),

 
 







 
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 




2

1 1

2
2

N
s
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W b

exp( j L ),

 
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
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
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 




1Exc W/)1,s(f2E  , 
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1

1

2
1

2
1

2

2

W /

W /

n ( x W / )
f ( r ,n ) sin( )

W

r ( x b / )
sin( )dx ,

b























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sr0
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rs . 

Considering (4) and (5) for k=M, the following 
relations are obtained. 





2r

rr
1Exc1

1 ]I][V[]E][U[]A[ ,                    (6a) 





2r

rr
2Exc2

1 ]I][V[]E][U[]B[ .                   (6b) 

In which [U] is the unit matrix and  
1

22
1

11 ]E][F[]G[]U[  , 

])][C[F]][C([F][G][V r
2

r
1

1
1

r

211
  , 

)]E][F[]G][E[]U([]E[]U[ 1
22

1
11

1
22

  , 

])][C[F]][C([F]][G[E][E][V r
2

r
1

1
11

1
2

r

212
  ,

][E]][E[F][F][G 1
1

2211
 . 

Hence, using (4) and (6), [Ak] and [Bk] can be 
written in terms of excitation wave and currents on 
posts. This allows us to apply Galerkin’s testing 
procedure into the solution process. Equating the 
total tangential electric field to zero at the points 

of the filaments results in 


M

2k

kP equations and 




M

2k

kP  unknowns as 

0))zjexp(B)zjexp(A(

))2/bx(nsin()b/n(

k
p

k
n

k
n

k
p

k
n

k
n

k
p




 .   (7) 

            

In which )z,x( k
p

k
p indicates the location of pth-

current filament in kth-region and }M,,2,1{k  . 
By inserting (4) in (7), the coefficients of currents 
on posts and field distribution in the structure can 
be achieved. Scattering parameters at waveguide 
ports are obtained from following relations   

]][[][][][ 11
1

0
11 BAHEBS   ,                   (8a) 

M 1 M M
21 2 3[S ] [A ] [H ][A ] [H ][B ].                 (8b) 

In which the elements of the above matrices are as 
follows 


r1

s
rs,1 bβrW

f(r,s)2sβ
H , 

L)jβexp(
bβrW

f(r,s)2sβ
H s

r1

s
rs,2  

, 

L)exp(jβ
bβrW

f(r,s)2sβ
H s

r1

s
rs,3 


 , 

and E is a N1 -columnar vector which depends 
on the excitation mode of the input waveguide 
port. Considering the TEn0- mode as an excitation 
mode, the nth element of R is 1 and the other 
elements are zero.  

   In the above formulation, W1 is the equivalent 
width of SIW which should result in minimum 
reflection when these two waveguide ports are 
located at input and output of SIW waveguide, 
according to Fig. 1. In this case, W1 is chosen as an 
unknown parameter. Optimization process initiates 
with W1=W and by reducing the value of W1 in each 
step, the value of which results in minimum 
reflection is considered as an equivalent width of 
SIW.   

 

B. Discontinuity along the propagation 
direction 

By obtaining the equivalent waveguide width 
of the SIW, it is possible to evaluate the above 
procedure for the analysis of the longitudinal 
discontinuity along the substrate integrated 
waveguide. Figure 4 shows an inductive 
discontinuity in the SIW structure. In this case, in 
addition to SIW’s posts, the inductive post is 
divided into a number of current filaments. 
Following the above procedure, the currents on 
posts and the scattering parameters of the 
discontinuity can be calculated from (7) and (8). 

 
III. RESULTS AND VALIDATION 

EXAMPLES 
It is shown, in the following, that the presented 

technique provides good agreement with recently 
theoretical and measurement data. Consequently, 
the proposed method is applied to the analysis of 
microwave and millimeter-wave SIW circuits. As 
a first case, consider the structure shown in Fig. 1 
with the geometrical parameters of 0.8d mm , 

2S mm , 7.2W mm , b=10 mm, and 33.2r  .  
Equivalent waveguide width is an important 
parameter of the SIW structure and depends 
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strongly on post diameter (d), distance between 
cross-sectional (W) and longitudinal (S) posts [6]. 
Equivalent width results in minimum reflection at 
z=0 and has distinctly been denoted by W1 in Fig. 
1. The reflection coefficient of the structure as a 
function of port width W1, is indicated in Table 1. 
As it shows, increasing the number of posts in the 
longitudinal direction caused decreasing the effect 
of coupling between input/output posts with walls 
at z=0 and z=L. As a result, the equivalent width 
inclined to an optimum value. This value is in 
good accuracy in comparison to the result of 
Weff=6.866 mm obtained from the closed-form 
formulas of [6, 7].  

As the result shows, since the equivalent width 
of SIW is very near to its physical width, 
optimization process is not time consuming and 
after two or three steps, the method is converged. 
This effective width is very vital in SIW 
applications especially in filter designs. Dispersion 
characteristic diagram of SIW as a function of 
frequency compared with that of a rectangular 
waveguide whose equivalent width is calculated 
from [6] is illustrated in Fig. 4. The comparison 
verifies the accuracy of the proposed method. 
Furthermore, the electric field in SIW at a region 
between posts is illustrated in Fig. 5. As expected, 
outside of posts electric field diminishes 
exponentially. This guarantees the above 
mentioned point as the distance between posts is 
very small in comparison to wavelength in the 
structure, the leakage of the electromagnetic fields 
is negligible and the structure acts as a waveguide. 

The second example consists of an inductive 
post discontinuity in the SIW structure, as shown 
in Fig. 6, with the following parameters: d=1.1 
mm, S=2 mm, W=7.2 mm, and 2.33r  . The 
parameters of lumped equivalent circuit of 
discontinuity are necessary to design a bandpass 
filter.  

The variation of inductance as a function of 
post offset from center line of the structure is 
shown in Fig. 6. As the parameter e increased, the 
inductance of the circuit decreased which results 
in more reflection. 
An important feature of the method of analysis is 
that the fields and currents in the structure can be 
easily monitored. As an example, current density 
on posts as a function of post angle for e=2 mm is 
shown in Fig. 7.  

Following the filter design procedure and 
using the equivalent circuit parameter in Fig. 6, a 
third order bandpass filter is designed and 
analyzed by applying the mentioned method. Our 
simulation result is compared to the results from 
FDTD method and measurement of  [10] is shown 
in Fig. 8. Good agreement between the results 
verifies the accuracy of the method. 

As a last example, a third order bandpass post 
filter consisting of cylindrical cavities coupled to 
rectangular cavity through inserted posts, reported 
in [18], is analyzed. The configuration of the filter 
is shown in Fig. 9. 
 
Table 1: S11(dB) in terms of number of post pairs, 
for various values of W1 at f=15 GHz for Pk=12 
 W1 =6.6 

mm 
W1 =6.7 

mm 
W1=6.8 

mm 
W1 =6.9 

mm 
M=2 -24 -33 -35 -24 
M=3 -20 -26 -43 -25.4 
M=4 -19.6 -24 -32 -26 
M=5 -20.2 -25 -30 -27.5 
M=6 -20.6 -24.5 -33 -26.3 
M=8 -20.5 -24.1 -32.7 -26 
M=10 -20.6 -24.2 -32.5 -26.5 
 

Fig. 4. Dispersion characteristic of TE10-mode in 

the SIW. 

 

In this case, the proposed method is 
accompanied by the general scattering matrix 
(GSM) method [19] to accelerate the speed of 
process. The scattering parameters of the filter, as 
shown in Fig. 9, are compared with those 
calculated with the commercial code HFSS. 

With the hybrid method, the typical 
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computation time of the post filter in Fig. 10 is 
about 7 min, while the CPU time for HFSS 
simulation is usually over 12 min by the step size 
of 100 MHz. Also, the memory requirement in 
HFSS is much more than the proposed technique. 

  

 

Fig. 5. Ratio of electric field to maximum value of 
incident electric field at the region between gaps. 
 
 

  

1 1.5 2 2.5 3
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1
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2.5
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L
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)

 

Fig. 6. Variation of inductance of equivalent 
circuit versus post distance e, from the waveguide 
side walls. 
 

 

Fig. 7. Current density versus angle from center of 
the inductive post for e=2 mm. 
 

  

 

Fig. 8. Measured and simulated scattering 
parameters of the inductive post filter. 
 

VI. CONCLUSION 
A hybrid approach which combines the 

method of moment and mode matching technique 
was proposed to study substrate integrated 
waveguide circuits with longitudinal 
discontinuities. In comparison to other numerical 
techniques, the proposed method is based on field 
theory and gives more insight about the 
electromagnetic behavior of the structure. 
Inserting waveguide ports in input and output of 
SIW permits to extract equivalent waveguide 
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width Also, the proposed method is validated 
through some examples. It provides excellent 
agreement with measurement and theoretical 
results reported in recent literatures and 
commercial electromagnetic simulators. Also, 
field distributions and current density on posts as 
well as dispersion properties of the SIW structure 
are investigated. It confirms that the SIW has most 
properties of conventional waveguide and is a very 
good candidate for designing microwave circuits. 

 

 
Fig. 9. Simulated scattering parameter of the 
bandpass post filter. 
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