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Abstract ─ Temperature rise and specific absorption rate 

distribution in a human head due to electromagnetic 

energy produced by an adjacent antenna are evaluated. 

An algorithm proposed in this paper provides these 

distributions at multiple frequencies using a single 

simulation. The head tissue parameters are used from  

the available three-term Debye coefficients obtained  

by the experimental data from 500 MHz to 20 GHz. The 

proposed algorithm is developed by integrating the 

Debye model of human head tissues parameters into  

the finite-difference time-domain method by using the 

auxiliary differential equation approach along with the 

use of bioheat equation for specific absorption rate and 

temperature computations.  

 

Index Terms ─ Dispersive material, FDTD method, 

Specific Absorption Rate (SAR), temperature rise. 
 

I. INTRODUCTION 
Many researchers have studied the temperature rise 

and specific absorption rate (SAR) distribution in the 

human head due to electromagnetic (EM) radiation 

produced by cellular phones with different types of 

antennas [1–8] using the nondispersive algorithm based 

on the finite-difference time-domain (FDTD) method. In 

the previous work [1–8], the SAR computation for a human 

head was conducted at only one frequency of interest 

using a single simulation because of the depressiveness 

properties of the biological tissue. Therefore, the thermal 

analysis and SAR computation for multiple frequencies 

was not integrated into the nondispersive algorithm 

because the EM properties of the biological tissues are 

dependent on frequency.  

In this paper, a dispersive algorithm is developed to 

obtain SAR and temperature distributions at multiple 

frequencies of interest from a single FDTD simulation. 

The dispersive algorithm is based on the integration of 

Debye tissue model into the FDTD method using the 

ADE as presented in [9] along with the Pennes bioheat 

equation from [10]. The dispersive EM properties of  

the human head tissues for a wide range of frequencies 

(500 MHz to 20 GHz) used in this investigation are  

based on the three-term Debye coefficients (the relative 

permittivity of medium at infinite frequencies, the static 

relative permittivity, and the relaxation time) calculated 

and tabulated in [11]. The dispersive algorithm provides 

the temperature rise and SAR distribution in the head  

at multiple frequencies of interest in a single FDTD 

simulation.  

The simulation procedure of the dispersive algorithm 

can be achieved in the following steps: 1) EM simulation 

of the dispersive head model using the FDTD method 

due to a  multi-frequency source; 2) computation of the 

steady-state SAR distribution due to the EM simulation 

at the frequencies of interest; 3) computation of the 

steady-state temperature distribution using the bioheat 

equation when SAR=0; and 4) computation of the final 

temperature distributions at the frequencies of interest  

by substituting the steady-state SAR distribution in the 

bioheat equation. Finally, the difference of the final  

and steady-state temperature distributions in the head 

gives the temperature rise distribution. As expected, the 

computed temperature rise and SAR in the head are 

found to be different for different frequencies because of 

the frequency dependent of the biological tissues EM 

parameters. The temperature rise in the head due to the 

antenna is insufficient to cause a remarkable change on 

EM parameters of head tissues. 

To prove the validity of the developed algorithm, the 

radiation from an antenna is evaluated in the presence  

of a heterogeneous head model obtained from [12].  

The temperature rise and SAR distributions in the head 

at multiple frequencies centered around 900 MHz and  

1.5 GHz are obtained using multiple simulations using 

the traditional nondispersive algorithm as well as using 

a single FDTD simulation based on the developed 
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algorithm. Furthermore, in order to show the effect of 

distance between the head model and the antenna, the 

maximum temperature rise and SAR in the head are 

calculated for a set of separation distances. This work 

will facilitate the future interaction between a human 

head and EM plane waves produced by 5G base stations. 

 

II. MODEL AND METHODS 

A. Human head model 

The realistic and heterogeneous head model used in 

this work has been constructed from a ZUBAL MRI 

head phantom [12]. MATLAB is used to read and 

resampled the head data which consists of 8 tissues, 

including skin, muscle, bone, blood, fat, lens, and  

white and grey matter. The head model consists of 

86(width)×110(depth)×120(height) cubic cells. In order 

to ensure the numerical stability in the FDTD method, a 

cell dimension should be less than 𝜆min/10, where 𝜆min 

is the wavelength of the highest frequency in free space. 

The cell size used here is 2 mm in the three Cartesian 

directions. The time step is restricted by the Courant 

stability criterion.  

 

B. Dispersive head tissues 

The head model used in this paper consists of eight 

dispersive tissues. A numerical procedure developed in 

[11] provides two-term and three-term Debye coefficients 

to accurately fit the experimental data from [13] for the 

head tissues for the frequency range 500 MHz to 20 GHz. 

The three-term Debye coefficients of the head tissues 

used in this work are given in Table 1. The complex 

relative permittivity (𝜀𝑟
∗(𝜔)) for three-term Debye 

coefficients is given [11] as: 

 
3

*

1

( )
1

k
r

k kj


  







 


 , (1) 

where 𝜀∞ is the relative permittivity at infinite 

frequencies, 𝜀𝑘 and 𝜏𝑘 are the static relative permittivity 

and the relaxation time of the kth term, respectively. 

 

Table 1: Three-term Debye parameters of head tissues 

for the frequency range 500 MHz to 20 GHz 

Tissue 𝜀∞ ∆𝜀1 ∆𝜀2 ∆𝜀3 𝜏1[ps]    𝜏2[ps]  𝜏3[ps]  

Skin 4.136 32.51 2.499 125.6 7.248 527.2 1.380 

Fat 2.994 2.467 6.066 31.39 3.970 7904 3.739 

Bone 3.532 4.992 12.47 34.85 5.811 133.5 1.172 

Blood 5.939 46.72 8.064 693.1 7.203 125.2 4.387 

Muscle 5.896 45.70 2.956 324.1 6.474 139.0 3.443 

Lens 5.415 32.56 8.388 304.1 6.719 106.3 3.909 

W. Matter 5.338 30.04 2.090 70.50 7.181 225.7 1.156 

G. Matter 5.380 42.16 2.754 137.1 7.187 224.6 1.399 

 
C. FDTD method and antenna 

The proposed dispersive algorithm and the 

nondispersive algorithm are used to analyze the 

interactions between the human head model and an 

antenna as a wave source. The antenna is placed 24 mm 

away from the right ear of the head model and excited by 

a voltage source with a Gaussian waveform containing 

the frequencies of interest. The width and time delay of 

the Gaussian waveform are set to T=50 ps and 4.5T, 

respectively [9]. In this work, CPML [14] absorbing 

boundaries are applied at the borders to truncate the 

problem domain. 
 

D. SAR calculation in the head 

The FDTD method is used for the computation of 

the SAR which is used in the temperature rise calculation. 

The average electric (E) field components at the center 

of each cell for all frequencies of interest are determined 

by using the discrete Fourier transform during the FDTD 

time-marching loop. Once the FDTD time-marching loop 

is completed, the amplitudes of the E field components 

are used for the calculation of the steady-state SAR 

distribution at each frequency of interest. The calculated 

steady-state SAR at each frequency of interest is 

considered the EM heat source and is used in the 

temperature rise calculation of the head. The SAR is 

defined at a given location as: 

 22 2( , , )
( , , ) ( , , ) ( , , )

( ,
( , ,

2 ,
)

)
x y z

i j k
i j kSAR i j k E E Ei j k i j k

i j k




   , 

 (2) 

where 𝜎(𝑖, 𝑗, 𝑘) and 𝜌(𝑖, 𝑗, 𝑘) are the electric conductivity 

and mass density [kg/m3] of the tissue at a given location, 

respectively. In Equation (2), an averaging of 𝐸𝑥, 𝐸𝑦 , and 

𝐸𝑧 is performed to obtain the corresponding values at the 

exact location of interest. The computed SAR distribution 

is normalized to the antenna output power. For calculating 

the peak SAR over 1 gram of tissue in the head, the IEEE 

standard C95.3-2002 is considered [15]. 
 

E. Temperature rise calculation in the head 

When the steady-state SAR distribution in the head 

is computed, the thermal simulation is performed by 

solving the bioheat equation [10] which consists of two 

simulations: In the first simulation, the temperature 

distribution in the head is calculated by using the bioheat 

equation without EM power (i.e., SAR=0) during the 

thermal time-marching loop. This calculation is carried 

out until the convergence is reached. The calculated 

temperature distribution is considered as the steady-state 

temperature distribution in the head. In the second 

simulation, the final temperature distribution is calculated 

by substituting the obtained steady-state SAR distribution 

into the bioheat equation. The temperature rise distribution 

is achieved by taking the difference between final and 

steady-state temperature distributions. 

The bioheat equation is given by: 

  2

b

T
C K T SAR B T T

t
 


        


, (3) 

where 𝑇 is the temperature of the tissue at time 𝑡, 𝜌 is the 

mass density of the tissue [kg/m3], 𝐶 is the heat capacity 
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of the tissue [J/(kg∙oC)], 𝐾 is the thermal conductivity  

of a tissue [J/(m∙oC)], 𝐵 is the blood perfusion rate 

[W/(m3.oC)], and 𝑇𝑏  is the blood temperature. 

Heat exchange [1] between the skin surface and air 

is modeled by imposing the continuity of the heat flow 

perpendicular to skin surface as a boundary condition. 

The boundary condition applied to skin surface and also 

internal cavity surface of the head is expressed as:  

  a

T
K h T T

n


    


, (4) 

where 𝑇𝑎 is the air temperature, 𝑛 is the unit normal 

vector to the skin surface or internal cavity, and ℎ is the 

convection heat transfer coefficient [W/(m2∙oC)].  
During each thermal time-step, the bioheat equation 

in (3) is applied to all tissues in the head and then the 

boundary condition in (4) is applied to the skin surface 

and internal cavity surface of the head. The temperature 

is computed at the center of each cell with a spatial step 

d equal to that used in the FDTD simulation and a 

thermal time-step equal to ∆𝑡. The discretized form of 

the bioheat equation in (3) and the boundary condition in 

(4) at mth thermal time-step with a cell indexed as (i, j, 

k) can be written, respectively in (5) and (6) as: 
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. (6) 

The finite-difference approximation of the boundary 

condition in (6) computed at the skin/air interface is 

given only for the z-direction, which is normal to the skin 

surface of the head. Similarly, this approximation can be 

applied to x- and y-directions which are normal to the 

skin surface of the head. The convection heat transfer 

coefficients (h) is set to 10.5 [W/(m2∙oC)] from the skin 

surface to air and 50 [W/(m2∙oC)] from the internal 

surface to the internal cavity [1]. Table 2 gives the mass 

density (𝜌) and thermal parameters (C, K, B) of the head 

tissues [2, 5, 7]. The air temperature (𝑇𝑎) and initial head 

temperature (𝑇𝑏) in the simulations were set to 20 oC and 

37 oC, respectively. In order to avoid the numerical 

instability, the thermal time-step (∆𝑡) is chosen to satisfy 

the following criterion [1]: 

 
2

2

2

12

Cd
t

K Bd


 


. (7) 

 

III. NUMERICAL RESULTS 
In the first part of this section, the temperature rise  

and SAR distributions are obtained using the proposed 

dispersive algorithm at all frequencies of interest in a 

single simulation. In the second part, these distributions 

are obtained using the nondispersive algorithm by 

performing multiple simulations, each at a single 

frequency. These two approaches were conducted to 

compare results and to show the performance and 

efficiency of the developed dispersive algorithm. Finally, 

in the last part of this section, the performance of the 

developed algorithm and the effect of distance from the 

head model to the antenna on the SAR and temperature 

rise are presented. In all simulations, the output power of 

the antenna was set to 0.6 W for 900 MHz and 0.27 W 

for 1.5 GHz as in [1].  
 

Table 2: Mass density and thermal parameters of the 

head tissues 
Type of 

Tissue 
𝜌 

[kg/m3] 

C 

[J/(kg.oC)] 

K 

[W/(m.oC)] 

B  

[W/(m3.oC)] 

Skin 1125 3600 0.42 9100 

Fat 916 3000 0.25 1700 

Bone 1810 1300 0.40 1000 

Blood 1058 3900 0.56 0 

Muscle 1047 3800 0.50 2700 

Lens 1100 3000 0.40 0 

W. Matter 1038 3500 0.50 40000 

G. Matter 1038 3800 0.57 40000 

Air (internal) 1.2 1000 0.03 0 

 

A. Temperature rise and SAR distributions in the 

head using the proposed dispersive algorithm 

In order to provide solutions at multiple frequencies, 

an antenna with at least two frequency bands is required 

to radiate towards the head. Thus, a modified dipole 

antenna of 156 mm length and 0.74 mm diameter is 

modified by adding two passive wires replaced at a 

distance of 4 mm at the two sides of a dipole antenna as 

shown in Fig. 1. The diameter and length of the passive 

wires are 1.56 mm and 88 mm, respectively. The center 

operating frequencies of this loaded dipole antenna are 

900 MHz and 1.5 GHz. The input reflection coefficient 

(𝑆11) and directivity pattern in the xy plane cut at 900 

MHz and 1.5 GHz are shown in Fig. 2. 

The temperature rise and SAR distributions of the 

head due to the antenna are calculated at three frequencies 

centered at 900 MHz and at three other frequencies 

centered at 1.5 GHz using a single simulation. The 

maximum 1 gram averaged SAR value in the head is 

1.628 Watt/kg at 900 MHz and 1.068 Watt/kg at 1.5 GHz. 

The SAR values calculated in this work are found to be 

exactly the same as those values reported in [1]. Figure 

3 shows the 1 gram averaged SAR distribution at 900 

MHz and 1.5 GHz in the x-y cross section of the head 

model. Figure 4 shows the resulting temperature rise 

distribution at 900 MHz and 1.5 GHz in the x-y cross 

section of the head model. The maximum temperature 

rise in the head is 0.281 oC at 900 MHz and 0.149 oC at 
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1.5 GHz. The maximum temperature rise calculated in 

[1] is 0.18 oC at 900 MHz and 0.15 oC at 1.5 GHz. There 

is some small difference between our results and those 

published in [1], mainly due to the fact that the head 

model used in this paper is different and the head phone 

set as a source in [1] is different from the dipole antenna 

used in this paper. The maximum temperature variation 

in the head as a function of time is shown in Fig. 7 at 

870, 900, 930 MHz and 1.46, 1.50, 1.54 GHz. It can be 

seen from Fig. 5 that the temperature increases rapidly 

over the first 10 minutes, then temperature increase slows 

down, and the maximum (steady-state) temperature is 

reached after 32 minutes of exposure. 
 

                             
 

Fig. 1. The dipole antenna loaded with two passive wires. 
 

 
 

Fig. 2. 𝑆11 and directivity pattern in the xy plane cut. 
 

 

 
 

Fig. 3. 1 gram averaged SAR distribution in the head at 

(a) 900 MHz and (b) 1.5 GHz. 

 

 
 
Fig. 4. Temperature rise distribution in the head at (a) 

900 MHz and (b) 1.5 GHz. 

 

 
 

Fig. 5. Maximum temperature rise in the head vs. time at 

870, 900, 930 MHz and 1.46, 1.50, 1.54 GHz. 

 

B. Temperature rise and SAR distributions in the 

head using the nondispersive algorithm 

In order to prove the validity of the proposed 

dispersive algorithm, the temperature rise and SAR 

distributions in the head are calculated at the same 

frequencies listed in the above section, but using multiple 

simulations using the nondispersive algorithm. The SAR 

and temperature rise distributions obtained from these 

simulations agree very well with the results obtained from 

the single simulation shown in previous section. The 1 

gram averaged SAR and temperature rise distributions 

are shown in Fig. 6 and Fig. 7, respectively. The maximum 

1 gram averaged SAR value in the head is 1.628 Watt/kg 

at 900 MHz and 1.068 Watt/kg at 1.5 GHz. The maximum 

temperature rise in the head is 0.281 oC at 900 MHz and 

0.149 oC at 1.5 GHz. 
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Fig. 6. 1 gram averaged SAR distribution in the head at 

(a) 900 MHz and (b) 1.5 GHz. 
 

 

 
 

Fig. 7. Temperature rise distribution in the head at (a) 

900 MHz and (b) 1.5 GHz. 
 

C. Performance of the dispersive algorithm 

For practical applications, it is always necessary to  

expect results at multiple frequencies. The formulation 

of the dispersive algorithm [9] is more complicated  

than that of the nondispersive algorithm. However, the 

dispersive algorithm can provide solutions at multiple 

frequencies using a single simulation, whereas the 

nondispersive algorithm can also provide solutions at 

multiple frequencies but using multiple simulations. To 

show the efficiency of the proposed dispersive algorithm, 

the computation time of both algorithms is recorded for 

results at six frequencies and are shown in Fig. 8. As 

shown, when the number of frequencies of interest is 

increased the dispersive algorithm is more efficient than 

the nondispersive algorithm while producing exactly the 

same results. The effect of distance between the human 

head and the antenna on the SAR and the temperature 

rise is also investigated. The maximum 1 gram SAR and 

temperature rise at 900 MHz and 1.5 GHz are given in 

Table 3 when the distance between the human head and 

the antenna is changed.  

 

Table 3: Distance effect on SAR and temperature rise 

Distance 
Max. Temp. Rise [oC] Max. SAR1g [Watt/kg] 

900 MHz 1.5 GHz 900 MHz 1.5 GHz 

28 mm 0.239 0.120 1.364 0.851 

36 mm 0.174 0.080 0.965 0.568 

44 mm 0.129 0.058 0.698 0.407 

 

 
 

Fig. 8. Comparison of the computation time performed 

by both algorithms vs. number of frequency. 

 

IV. CONCLUSION 
An efficient algorithm is developed for the 

computation of the temperature rise and SAR distributions 

in a head model due to the radiation from a nearby 

antenna operating at 900 MHz and 1.5 GHz. The maximum 

temperature rise is 0.281 oC at 900 MHz and 0.149 oC at 

1.5 GHz with antenna output powers of 0.6 W at 900 MHz 

and 0.27 W at 1.5 GHz, respectively. The key contribution 

here is the computation of the temperature rise and SAR 

distributions at multiple frequencies in a single FDTD 

simulation. Remarkable saving in computation time is 

achieved when the analysis is performed at more than 

one frequency.  
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Abstract ─ The interaction between human head and 

GSM antenna evaluations are usually conducted in free-

space situations but wireless communication devices  

are frequently used in enclosed environments, such as 

vehicle, that consist of metallic boundaries. In such fully 

enclosed or semi-enclosed spaces, human exposure in 

terms of SAR is closely related to the EM field, which is 

multiplied, reflected and scattered by the metallic walls 

of the enclosure. This could lead to complicated resonance 

effects and affections in the antenna performances. This 

possible argument of an EM field inside an enclosure has 

raised serious concerns among the general public. This 

paper will therefore focus on the impact of dipole 

antenna modeling the handsets on the SAR distribution 

inside a cavity modeling the vehicle. Theoretical 

formulation and simulations are used to study this 

phenomenon but there is a lot of limitations. Despite, 

modulation using numerical method are used. A MoM-

GEC modeling approach is applied to study the behavior 

of a dipole antenna resonating at 1.8 GHz. First of all, we 

are interested in studying the convergence of the input 

impedance. The current and the electric field distribution 

are simulated. The specific absorption rate (SAR) is 

examined for several different tissues. 

 

Index Terms ─ Cavity, dipole antenna, human head, 

MOM-GEC, SAR. 
 

I. INTRODUCTION 
With the recent explosive increase of the use of 

mobile communication handsets, there has been a 

growing concern about possible hazard to a human body, 

especially head part. The influence of these devices on 

the environment and in particular their interaction with 

biological tissue must be investigated. Whether or not 

the presence of the human head affects the antenna 

performances in a partially closed environment which 

could be, the interior of a car, a condition of exposure 

that is largely diffused nowadays. Certainly, the presence 

of the handset user’s influence on the antenna parameters 

(gain, radiation pattern and input impedance) is an issue 

which deserves a detailed investigation. Furthermore, 

growing concerns over the health effects of tissue 

exposed to electromagnetic energy motivates an effort to 

understand the power absorption distribution in the 

tissue when a GSM antenna is used inside a car.   

These constraints must be modeled very precisely. 

Current efforts using numerical methods are aimed  

to define human head models, phone models, and 

environment that allow the comparison between 

numerical and experimental procedures [1], [2] involve 

practical details like rotating the head model to maintain 

the cell phone model oriented along the computation 

axis, to be able to obtain meaningful results.  

However, actual exposure in real life is not always 

produced in a free-space like in our case.  

Partially closed environments, like vehicle, are 

especially rough scenarios for many reasons, the structure 

is large compared to the wavelength, the metallic 

structures produce large reflections and the near field 

effects must be considered. This case of exposition could 

be characterized by measurements, but the procedure  

can be very complex. Numerical computation methods 

constitute an attractive alternative way for those 

scenarios. Popular numerical techniques currently used 

for electromagnetic interaction computations are the 

finite difference time domain (FDTD) method [3-5], the 

method of moment (MoM) [6] and the finite element 

method (FEM).  

The most popular technique is the FDTD method 

because of its computational flexibility in modeling 

complex antenna geometries and the nearby biological 

tissues. However, it requires significant computer sources 

for thin layer and at high frequencies. Using the MoM 

method only the structure in question, not free space  

as is the case for FDTD is discretized, and boundary 

conditions do not have to be set. However, method of 

moments (MoM) cannot be used alone to calculate fields 

and currents inside lossy dielectrics such as people or 

phantoms, due to the memory requirements scale in 

proportion to the size of the problem in question and the 

required frequency.  

These limitations can be offset by parallelization 

and by hybridization techniques. Approaches in which 
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MoM method is hybridized with other methods such  

as finite difference time domain (FDTD) [6-8] or finite 

elements method (FEM) [9-10] are attractive for 

dosimetry problems such as exposure from base station 

antennae since the need to discretize the free space 

region between antenna and the exposed dielectric body 

is avoided.  

Actually, few studies to evaluate the effects on SAR 

arising from reflecting walls located near to a head 

model have been made [11]. The influence of the 

metallic structures of a car body frame on the SAR 

produced by a cell phone when a complete human body 

model is placed at different locations inside the vehicle 

was analyzed in [12].  

In [13], the scenarios of passengers using different 

wireless communication devices inside a vehicle was 

studied. Also, the effects of the devices with different 

operational frequencies 900 MHz/1.8 GHz/2.4 GHz, and 

different seating locations on the SARs were investigated. 

All those studies are based on a simulation using FDTD 

method. 

This paper tries to investigate the EM interaction of 

a handset antenna and user’s head inside a car using the 

MoM-GEC method. This can be achieved by evaluating 

the handset antenna performance affection and the amount 

of the SAR induced in the user’s head. The methods and 

results we present in this paper are the first step in such 

a process and provide some insight into the expected 

changes on power deposition for a particular environment 

that will help in directing subsequent approximation 

steps. 
 

II. DESIGN MODELS 
A simple metal frame was used to simulate the 

vehicle. A block model for the head were used. The 

generic phone was used in a vertical position and placed 

in close vicinity to head (d=1 cm). In our study the user 

head is reperesnted as a heterogenous and lossy dielectric 

with rectangular side walls aligned with the cavity walls, 

this choice of geometry is mainly for sake of simplicity 

in data management. We trait a case of a head model 

consisting of four layers modeling, whose macroscopic 

electrical properties are described in Table 1. 

 

Table 1: Dielectric properties of the head tissue used in 

our study for f=1.8 GHz 

 
Permittivity 

r  

Conductivity 

 (S/m) 

Mass Density 

 (Kg/m3) 

Thickness 

 (mm) 

Skin 41.36 1.21 1010 2.5 

Fat 5.35 0.078 920 5 

Skull 16.4 0.45 1810 5 

Brain 43.22 1.29 1040 80.5 

 

III. NUMERICAL MODULING 
To model the interaction phenomena, there is a  

set of methods that solves a number of problems. The 

integral ones are the most suitable to achieve an 

electromagnetic study of microwave structures. 

The integral method used in our study is the method 

of moment (MOM) combined to the equivalent circuit 

method (GEC) [14-15]. The concept of generalized 

equivalent circuit is based on the representation of 

integral equations by an equivalent circuit in order to 

alleviate the resolution of Maxwell’s equations, which 

presents a true electric image of the studied structures for 

describing the discontinuity and its environment [16-19]. 

In Fig. 1 we represented the advantage of our 

method which consists of modelling all the problem 

(structure) using the same formulation which is detailed 

in Section 5. 

 

 
 

Fig. 1. Advantage of the MoM-GEC method. 

 

IV. PROBLEM FORMULARTION 
In this section, we are going to present our 

formulation to modulate our structure Fig. 2. 

Considering the circuit example shown in Fig. 3. We 

can determine the current density lying in the metal part 

including the source domain and its associated field to 

verify the boundary conditions. Next, the integral equation 

is solved by applying the MOM method using Galerkin 

procedure. 

The cavity used is a waveguide section closed by 

electrical walls (Fig. 2). 

 

 
 

Fig. 2. Dipole antenna in presence of multilayered model 

inside a cavity. 
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Fig. 3. Representation of dipole antenna in presence of 

dielectric model with finite thickness using an equivalent 

circuit. 
 

A particular choice of the trial functions which 

describe the unknowen current density is defined on the 

metallic part of the dipole antenna: 

 . (1) 

Let  be the local modal basis 

corresponding the waveguide with electric walls [10]: 

 . (2) 

Two sources, a virtual and a real one being involved 

in the formulation process. We trait the case where the 

virtual source is of current type and the real one is of 

electric field type.  

The real source  represents the excitation 

term associated to feeding element. The function  acts 

as the shape function, which ensures reliable expression 

for the voltage and current case of rectangular source 

. 

 is the virtual source defined on the metallic 

domain of the discontinuity surface and it is the problem 

unknown. 

It is expressed as a series of known test functions  

weighted by unknown coefficients : 

 . (3) 

Then the equivalent circuit of the studied structure 

is completed by addition the terminating operator. The 

admittance operator cav
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We modulate the human head as a dielectric 

multilayered model. Every layer will be considered us a 

transmission line section with  is the propagation 

constant for the  transmission line section,  the 

length of each section.    

The admittance operator for the reduced admittance 

raŶ  of the inhomogeneous line sections representing the 

head model is defined by: 
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In the dielectric domain, the generalized Ohm and 

Kirchhoff lows applied to the GEC depicted Fig. 3 lead 

to the equations system: 

 . (9) 

The current J is expressed in modal basis functions

 weighted by unknown coefficients 

: 

 . (10) 

Therefore, the application of the Galerkin’s method 

and Kirchhoff’s theorem leads to obtain the simplified 

matrix representation as follows:  

 . (11) 

Thus, from equation (11), we obtain the equation 

system: 

 . (12) 

A formal relation between sources (real and virtual) 

and their dual is then deduced: 
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. 

 (14) 

The resolution of the equation system (14) leads to 

calculate the structure input admittance:  

 . (15) 
 

V. NUMERICAL RESULTS 
The electromagnetic interaction was presented by 

two mutual effects, one is the induced specific absorption 

rate level inside the head tissues and the second on the 

handset performance. 

In this section, we present a quantitative discussion 

about obtained numerical results, while the convergence 

study is firstly achieved. Figure 4 presents the input 

impedance variation as a function of the mode number 

for different used basis function number. In the next, we 

use a test functions number 10eN  and 200200 bN  

mode number to ensure the convergence. 

Figure 5 illustrates the electric field and current 

density evaluated by the MOM-GEC at f=1.8 GHz. It 

shows that the boundary conditions are verified.  
 

 
 

Fig. 4. Variation of the input impedance as a function of 

the guide modes number for different test functions 

number at f=1.8 GHz. 
 

 
 (a) 

 
 (b) 

 

Fig. 5. (a) 2D representation of the diffracted electric 

field, and (b) 2D representation of the current density 

(A.m-1). 

 

A. Modification of the antenna performance 

The S parameters has been calculated after 

convergence from the simulations. The return loss (S11) 

of the antenna due to a single dipole antenna operated at 

GSM1, 8 GHz and in presence of the head model are 

presented in Fig. 6. It was found that the antenna is 

operating within this semi-enclosed environment with 

the multilayered head model loadings, the return loss of 

the antenna is affected, and there is a little shift in the 

resonant frequency and the shape of the curve in red is 

also affected by the presence of head model. 

 

 
 

Fig. 6. Current distribution for a dipole antenna in the 

presence of a layered model inside an infinite waveguide 

and cavity. 

 

Also, to explain the perturbation of the antenna 

performance in presence of the head, Fig. 7 shows the 

current density for a dipole antenna in the presence of a 

layered model inside a cavity. For a comparison purpose, 

the response of a single antenna is presented. We conclude 

that the level of the density of current increased inside a 

cavity. 
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Fig. 7. Current distribution for a dipole antenna in the 

presence of a layered model. 

 

B. SAR distribution inside several tissues 

Inside a cavity (modelling a car), where multipath 

propagation, reflections and scattering must be accounted 

for, the SAR distribution undergoes large changes. 

However, the value of SAR is quite high compared to 

those in international limiting human exposure [20]. 

There is a large difference found between free-space and 

being inside a vehicle.   

The SAR value decreases by penetrating into layers. 

The maximum SAR value is generated at the skin layer. 

Figure 8 represents the variation in model with four 

layers. The presence of the "fat" layer reduces the SAR 

value which increases again in layers of "skull" and 

"brain", this is due to the low conductivity of the tissue  

( mSFat /45,0 ). We can also say that "fat" layer acts 

as a barrier against penetration of waves. 

 

 
 

Fig. 8. Specific absorption rate SAR variation inside a 

four-layered model. 

 

The validation of the SAR calculation was 

performed by comparison with Simulation using the 

Ansoft HFSS simulator. Because we are most interested 

in assessing changes in the SAR distribution rather than 

in obtaining a figure comparable with the standards.  

 

  
   (a)   (b) 

  
   (c)   (d) 
 

Fig. 9. Specific absorption rate SAR distribution in a 

four-layered model: (a) skin, (b) fat, (c) skull, and (d) 

brain inside a car. 
 

The skin (the peripheral layer which is very thin) has 

a relatively high dielectric permittivity and concentrates 

the absorbed power (SAR) at the surface of the head. 

This peripheral layer presents screening effect for the 

electric component of the incident field. Fat and skull 

with its lower permittivity act like a barrier for the power 

penetration.  

However, SAR distribution is highly focused in  

the area proximal to the antenna, and decreases rapidly 

inside the body, as the penetration depth and SAR 

distribution shown in Fig. 9 for a four-layered head 

model inside a cavity. 

 

Table 2: SAR value inside a cavity (four layered head 

model) 

 SAR (W/Kg) 

ANSI limit 1,6 

Free space 2 

Cavity (MOM-GEC) 5.2 

Cavity (HFSS) 6.57 

 

As shown in Table 2, exposition inside a partially 

closed environment will certainly increase the induced 

SAR in head model. The numerical computations showed 

a 54% increase of the SAR induced in the tissues while  
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exposed to a dipole antenna inside a cavity, as compared 

with the obtained in free space. In other words, the 

exposition inside a car is more hazardous than in free 

space and the SAR induced in the tissues may cross the 

ANSI standard limit.  

Most of the coupling is in the near field and the most 

relevant parameters are the distance from the dipole to 

the head. Table 3 shows that the SAR level decreases 

with increasing distance from the excitation source. The 

SAR level is more intense when in an electrical 

environment. 
 

Table 3: SAR value for different distance inside a cavity 

Distance (cm) SAR (W/Kg) 

0,5 8,89 

1 5.2 

2 3,64 

3 1.2 
 

VI. CONCLUSION 
The introduction of a realistic partially closed 

environment would have produced a set of results 

difficult to interpret. We have taken some decisions 

about models, complexity results presented, etc. that 

certainly have some impact on the interpretation of the 

results. 

Instead, for the sake of simplicity we have used a 

dipole antenna some differences in SAR disposition  

will arise from that fact. More research and a better 

understanding of the behavior of actual phones is needed 

to address this point.  

Our results are of comparative nature and are 

valuable as indicators of the changes expected between 

the free space widely studied situation and other more 

realistic exposure conditions, but cannot be directly used 

for compliance assessment.  

The results obtained can also be used to gain 

knowledge about the influence of user head over the 

specific absorption rate distribution inside a car, which 

is of great interest on other research areas, such as 

electromagnetic compatibility, since the use of 

electromagnetic sources inside a vehicle is an interesting 

situation. 

We show the feasibility of investigating and 

obtaining results for the specific absorption rate (SAR) 

within a complex and large structure (compared to the 

wavelength) such as a user car. A formulation with the 

combination between MoM method and GEC method is 

developed and results compared with those obtained in 

other works and simulations.  

The proposed method can be efficiently used for 

investigating the effect of the variation of distance on the 

power absorption by the head as well as the antenna 

performance. The penetration depth and the specific 

absorption rate are also computed. 
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Abstract ─ In this paper, two, four, eight and sixteen-

element Rectangular Dielectric Resonator Antenna 

(RDRA) linear arrays fed by microstrip line have been 

designed and simulated. The DRA is excited by a vertical 

strip placed on the middle of the DRA wide side wall 

through a coaxial probe attached to the microstrip line on 

the other side of the substrate. The ground plane is sitting 

directly underneath the RDRA while the microstrip line 

feeder is at the opposite side of the substrate to avoid the 

unwanted radiation from the feeder. The simulated and 

measured 10 dB return loss bandwidth of the antenna 

arrays are 67.8%, 75%, 73.5%, and 76% for the two, 

four, eight and sixteen-element arrays respectively. The 

simulated gain of the single element antenna is about  

6 dBi, while it reaches to about 17 dBi for the 16-element 

array. 

 

Index Terms ─ Avoidance of spurious radiation dielectric 

resonator antennas, linear array, low cross polarization 

level, low side lobe level. 
 

I. INTRODUCTION 
Dielectric resonator antenna (DRA) is fabricated 

from a high-relative permittivity (from about 6 to 100) 

low loss dielectric material [1]. The dielectric resonator 

antennas DRAs have several advantages which make 

them a good choice for the new wireless communication 

systems, especially if small size antenna is required. 

There are some features of the DRA that give it an 

advantage compared to the microstrip antennas such  

as wider impedance bandwidth, high gain, avoidance  

of surface waves and high radiation efficiency [2]. In  

new wireless communication systems the high gain and 

wide bandwidth are essential demands. Sometimes, it  

is difficult to obtain the desired gain value for certain 

application when single element is used. Arrays with 

different number of elements could be used to achieve 

the wanted radiation parameter for the new communication 

systems. The most common type of arrays is the linear 

array. The linear array is set with different number of 

elements with fixed spacing between them. The elements 

are positioned in a straight line along one of the axes  

[3]. It has several properties that make it a good choice 

for many applications, such as, narrow main beam. The 

main beam becomes narrower as the number of elements 

in the array increases [4]. Recently, many researches 

focused on the design of DRA arrays. This is because 

they could offer high gain value which is hard to achieve 

when using other types of antennas. In [5], a dual segment 

two-element cylindrical DRA array was designed. This 

array covered a frequency band of (3.85-6.2) GHz and 

the gain varied between (4-6) dBi. In [6], two-element 

RDRA linear array was designed. The proposed array 

covered the frequency band from (3.15-3.83) GHz, with 

gain value of 6.4 dBi. In [7], a linear array of RDRA with 

dielectric image guide (DIG) feeder was designed. By 

adding a narrow metal strip around the DRA, the cross 

polarization level decreased by 20 dB. In [8], a back 

reflector was used with a linear array with (DIG) feeder; 

a reflecting PEC was inserted above the (DIG) to decrease 

the back lobe radiation. Four-element RDRA with high 

relative permittivity of (𝜖𝑟=35.9) was designed in [9]. 

The RDRA has dimensions of (18×18×8.9) mm. The 

elements were fed by aperture of window shape, the 

designed array covered frequency band from (1.5-3.2) 

GHz, the gain reached to 14 dBi. However, the distance 

between the adjacent elements was (66.6) mm. In [10], a 

linear DRA polarized array fed by radial line waveguide 

was designed. This array had 180 elements with 223 mm 

diameter. The gain reached 26.7 dBi. In [11], a series 

DRA array was designed. The array was fed by substrate 

integrated waveguide (SIW). The 4×1 array achieved 

11.7 dBi gain, with 4.7% impedance bandwidth. In [12], 

eight-element RDRA series fed array reached more than 

14 dBi gain value. A slot windows and reflector were 

used to improve the performance for this array. In this 
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paper up to sixteen elements RDRA linear arrays will  

be designed, simulated and measured. A microstrip line 

feeder with multi-section will be used to feed the 

RDRA’s and to enhance the bandwidth [13]. The feeder 

will be at the bottom side of the substrate while the 

ground plane is at the top side of the substrate. A coaxial 

probe is attached between the microstrip line and a center 

strip mounted on the side of the DRA. By using this 

feeding method the spurious radiation from the feeder 

will be isolated. 
 

II. SINGLE ELEMENT RDRA 
Several methods for the mathematical calculation of 

the resonant frequency of the RDRA have been reported. 

These methods include the dielectric waveguide model 

(DWM) [14] and applying the perturbation theory to the 

(DWM) to determine the accurate resonant frequency of 

the RDRA [15]. However, the focus in this paper will be 

on the design of the arrays with wide band by simulation 

and measurement. Figure 1 presents the single element 

RDRA geometry. The RDRA material is Rogers RO 3010 

with relative permittivity of (𝜖𝑟=10.2) and dielectric loss 

tangent of (tanδ=0.0035). The dimensions of the RDRA 

are (a×b×d) which corresponds to (15.7×14.3×11) mm, 

respectively. The substrate is Rogers RO 4350 with 

relative permittivity of (𝜖𝑟=3.66) and dielectric loss 

tangent of (tanδ=0.004), the dimensions of the substrate 

are (50×40×1.524) mm. The materials of the RDRA and 

substrate for the single RDRA element will be used in all 

designs in this paper. 
 

  
(a) (b) 

  
 (c) (d) 

 

Fig. 1. Geometry of the single RDRA: (a) 3D view, (b) 

fabrication, (c) side view, and (d) top view. 
 

In the single element RDRA design the ground 

plane is at the top side of the substrate. The microstrip 

line feeder is at the bottom side of the substrate as shown 

in Fig. 1. By sitting the RDRA directly on the ground 

plane the spurious radiation from the feeder will be 

isolated and the cross polarization level will be reduced 

[16-18]. A probe is attached to microstrip line and pass 

through a circular aperture that is created in the ground 

plane with 2.05 mm radius. The probe then is attached to 

a rectangular strip mounted on the DRA side surface with 

(W×L) dimensions. The dimensions of single element 

RDRA are mentioned in Table 1. 

 

Table 1: Dimensions of the single RDRA in (mm)  

Parameter Value Parameter Value 

L 7.76 W 2 

L1 3.72 W1 3.36 

L2 21.27 W2 3.84 

 

 
 

Fig. 2. The reflection coefficient for the single RDRA. 

 

 
 

Fig. 3. The peak gain for the single RDRA. 

 

The simulation results of both software, HFSS [19] 

and CST MWS [20], are in good agreement. The HFSS 

works based on the finite element method (FEM) while 

the CST uses the finite integration technique (FIT) which 

is relevant to finite domain time difference (FDTD) [21]. 

The -10 dB reflection coefficient for the single RDRA is 

achieved in a frequency band of 4.3-7.4 GHz (53%), as 

shown in Fig. 2. The simulated peak realized gain for the 
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single RDRA is between (5-6.5) dBi, as shown in Fig. 3. 

The difference between the measured and the simulated 

results is due to the fabrication tolerances, gluing in the 

RDRA’s since we used four layers of substrate materials 

to fabricate each RDRA, surface roughness of the ground 

plane and the effect of the connector. However, the results 

still close to each other. 

 

III. MUTUAL COUPLING 
Mutual coupling is described as the amount of 

energy that absorbed by the neighbor element. It is an 

important parameter when array design is considered. 

The higher mutual coupling level will decrease the gain 

of the array and decrease the radiation efficiency for the 

main beam [22]. The distance between center to center 

of two elements should be theoretically between λ/2 and 

λ. The chosen distance will be within the theoretical 

range. However, the exact value for the distance which 

is 23.8 mm is chosen based on a parametric study to 

reach the best matching and radiation pattern for the 

designs. This distance represent 0.76 λ at f=5 GHz. In 

Fig. 4, two elements RDRA are placed beside each other 

to determine the mutual coupling between them.  

 

 
 

Fig. 4. Geometry of two single RDRA. 

 

The parameter |𝑆21|, which represents the mutual 

coupling between the two RDRA is plotted in Fig. 5, 

which indicates that the mutual coupling is less than  

-13 dB in the operating band which considered low value 

for the mutual coupling.  

 

 
 

Fig. 5. The simulated mutual coupling. 

 

IV. TWO-ELEMENT RDRA 
Two-element RDRA linear array is designed and 

simulated. Figure 6 shows the geometry of the two-

element linear array. Same feeding method and materials 

for the single RDRA is used here. The feeder is at the 

bottom side of the substrate. The dimensions of the  

two-element linear array are shown in Fig. 6 (b) and 

mentioned in Table 2. The same RDRA dimensions and 

slot aperture radius in the single element will be used 

here. The rectangular strip dimensions are adjusted to 

(3×7.5) mm. These dimensions will be used in all arrays 

in this paper. 

 

 
(a) 

 
(b) 

 

Fig. 6. (a) Geometry of two-element RDRA linear array, 

and (b) two-element DRA feeder. 

 

Table 2: Dimensions of the two-element RDRA linear 

array in (mm) 

Parameter Value  Parameter Value  

L1 15 W1 3.2 

L2 8 W2 1.2 

L3 7.7 W3 1.4 

 

Figure 7 shows the simulated reflection coefficient 

for the two-element RDRA linear array. The -10 dB 

reflection coefficient is achieved in the frequency range 

3.9-7.9 GHz (67.8%). The simulated peak realized gain 

for the two-element RDRA linear array varying between 

(6.5-10) dBi, as shown in Fig. 8. The gain increases at 

the end of the band, which is expected since the distance 

between the elements exceeds λ. 
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Fig. 7. The simulated reflection coefficient for the two-

element linear array. 

 

 
 

Fig. 8. The simulated peak gain for the two-element 

linear array. 

 

V. FOUR-ELEMENT RDRA 
The Geometry for the four-element RDRA linear 

array is shown in Fig. 9. The dimensions are mentioned 

in Table 3. It could be seen that the array substrate has 

dimensions of (70×100) mm only, which is considered 

small array size for this number of elements. The 

dimensions which were mentioned in the two-element 

array are used here. So, it will not be repeated. Also, 

same direction for the feeder as in Fig. 6 (a) will be used 

here. 

The simulated reflection coefficient for the four-

element RDRA linear array is shown in Fig. 10. The 

operating frequency is from 3.57-7.85 GHz (75%). The 

simulated peak gain has a stable value between (8-10) dBi 

within the operating band and reaches 12 dBi at f=7.7 GHz 

as shown in Fig. 11. A good agreement between both 

software is achieved in the simulated results. 

 

Table 3: Dimensions of the four-element RDRA linear 

array in (mm) 

Parameter Value  Parameter Value  

L4 14 W1 3.2 

L5 46.4 W4 1 

L6 4.5 W5 1.2 
 

 
 

Fig. 9. Geometry of four-element RDRA linear array. 
 

 
 

Fig. 10. The simulated reflection coefficient for the four-

element linear array. 
 

 
 

Fig. 11. The simulated peak gain for the four-element 

linear array. 

 

VI. EIGHT-ELEMENT RDRA 
The eight-element linear array is designed, simulated 

and fabricated, as shown in Fig. 12. In Fig. 12 (a) the 

fabricated array from the top view is presented. As 

mentioned in the previous arrays, the DRAs are sitting 

directly on the ground plane. The feeder is at the back 

side as shown in Fig. 12 (b). The dimensions for this 

array are plotted in Fig. 12 (c) and mentioned at Table 4 

in (mm). 
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 (a) 

 
 (b) 

 
 (c) 

 

Fig. 12. Eight-element array: (a) fabricated 3D view, (b) 

fabricated bottom view, and (c) feeder dimensions. 
 

Table 4: Dimensions of the eight-element RDRA linear 

array in (mm) 

Parameter Value  Parameter Value  

L7 14.5 W6 0.8 

L8 93.95 W7 1.25 

L9 7.2 ---- ---- 
 

The measured and simulated reflection coefficients 

for the eight-element RDRA linear array are plotted in 

Fig. 13. A good agreement between HFSS, CST MWS 

and the measured results could be noticed in this figure. 

The -10 dB reflection coefficient is achieved in the 

frequency range (3.7-8) GHz, which is equivalent to 

73.5% impedance bandwidth for the simulated results 

while the measured result shows a little difference 

compared to the simulated results only at the beginning 

of the band. However, the results still close to each other.  

Figure 14 shows the measured and simulated peak 

realized gain. The gain has stable value which is above 

12 dBi through most of the band according to both HFSS 

and CST MWS, while it reaches 14 dBi at the end of the 

band. A good agreement is noticed between simulated and 

measured gain values for this array, except at the end of 

the band where the difference between the simulated and 

measured results is noticed, which is due to the previously 

mentioned reasons in Section II in the fabrication process 

of the RDRA. 

 
 

Fig. 13. The reflection coefficient for the eight-element 

linear array. 
 

 
 

Fig. 14. The peak gain for the eight-element linear array. 
 

Simulated and measured radiation patterns 

  

(a)  f=4 GHz (b)  f=5 GHz 

  

(c)  f=6 GHz (d)  f=7 GHz 

 
 

Fig. 15. The normalized radiation patterns of the eight-

element linear array at different frequencies. 
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The measured and simulated radiation patterns are 

plotted in Fig. 15. The co-polarized E-Plane and H-Plane 

are plotted. The radiation patterns show a 10-dB front to 

back ratio through the band. The side lobe level (SLL) is 

around (-15) dB in the band. The simulated and measured 

cross polarization level was found less than -10 dB within 

the band. The simulated results for the radiation pattern 

will be presented using one software only which is HFSS, 

since both software give the same results and this would 

be easier to read. 
 

VII. SIXTEEN-ELEMENT RDRA 
Finally, sixteen-element RDRA linear array is 

simulated. The substrate size for this design is (390×110) 

mm, as shown in Fig. 16. The dimensions are mentioned 

in Table 5. 
 

 
 

Fig. 16. Geometry of the sixteen-element linear array. 
 

Table 5: Dimensions of the sixteen-element RDRA linear 

array in (mm) 

Parameter Value Parameter Value 

L10 12.9 W8 0.62 

L11 189.3 W9 1 

L12 6.4 ----- ----- 
 

The operating frequency range is from (3.57-7.95) 

GHz, as shown in Fig. 17, which is about 76% impedance 

bandwidth. The simulated peak realized gain for the 

sixteen-element linar array is stable between 14-17 dBi 

as shown in Fig. 18. It could be seen that the theoretical 

3 dBi gain increment when doubling the elements number 

in the linear arrays didn't achieved, since the presences of 

the losses in the substrate, feeder and the RDRA itself [23]. 
 

 
 

Fig. 17. The simulated reflection coefficient for the 

sixteen-element linear array. 

 
 

Fig. 18. The simulated peak gain for the sixteen-element 

linear array. 
 

Simulated radiation patterns 

  

(a)  f=4 GHz (b)  f=5 GHz 

  

(c)  f=6 GHz (d)  f=7 GHz 

 
 

Fig. 19. The simulated normalized radiation patterns of 

the sixteen-element linear array at different frequencies. 
 

The simulated radiation patterns for the sixteen-

element RDRA linear array are plotted in Fig. 19. The 

co-polarized E-plane and H-plane are plotted using both 

HFSS and CST MWS. It could be seen that both software 

give almost the same results. The radiation patterns show 

a 10-dB front to back ratio through most of the band. The 

side lobe level (SLL) is between (-12 to -15) dB in the 

band. It could be seen from the radiation patterns that the 

beam width decreased as the frequency increased within 

the band at both the eight-element and sixteen-element 

array which is due to distance increase in wavelength 

[24]. The HPBW is varied between 10° at f=4 GHz while 
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reached 6° at f=7 GHz. The simulated cross polarization 

level was found less than -10 dB within the band 

according to both softwares. Table 6 shows the summery 

for the RDRA linear array designs for different elements 

number in this paper. 
 

Table 6: Summary for the RDRA linear arrays 

No. of 

Elements 

Frequency 

Range (GHz) 

BW 

% 

Gain 

(dBi) 

Antenna Size 

(mm) 

1 4.3-7.4 53 5-6.5 40×50 

2 3.9-7.9 67.8 8-10 60×60 

4 3.57-7.85 75 10-12 70×100 

8 3.7-8 73.5 12-14 90×200 

16 3.57-7.95 76 14-17 110×390 

 

Table 7 shows the HPBW value for both eight-

element and sixteen-element RDRA linear array at 

different frequencies, while Table 8 shows some recent 

papers results obtained for the dielectric resonator antenna 
linear array with different element numbers. 

 

Table 7: HPBW (E-plane) for the RDRA linear arrays 

No. of 

Elements 

f=4 

GHz 

f=5 

GHz 

f=6 

GHz 

f=7 

GHz 

2 68.9° 64.6° 46.8° 46.3° 

4 42.2° 31.2° 24.2° 23.8° 

8 18.8° 15.6° 12.7° 11.9° 

16 9.7° 8° 6.5° 6° 

 

Table 8: Recent papers results for linear array 

No. of 

Elements 

Ref 

# 

Frequency  

Range (GHz) 

Gain 

(dBi) 

Antenna Size 

(mm) 

2 5 3.85-6.2 4-6 74 × 52.7 

4 9 1.5-3.2 10-12 

66.6 mm 

(between 

elements) 

8 12 6.57-9.08 15.7 250 × 41.4 

15 7 8-12.5 10-12 

23.5 mm 

(between 

elements) 

 

VIII. CONCLUSIONS 
Rectangular dielectric resonator antenna (RDRA) 

linear arrays were designed, simulated and fabricated in 

this paper. The arrays with different element numbers, 

from two up to sixteen-element, were introduced. In order 

to isolate the spurious radiation from the feeder, the 

ground plane was placed on the top side of the substrate 

and directly underneath the RDRAs. Multi section feeder 

was used to enhance the bandwidth which was varies 

from 67% to 76%. A peak gain between 8 to 17 dBi were 

achieved for the different number of elements. Also, low 

side lobe level (SLL) were obtained in these designs, 

which was between (-10 to -18) dB for most of the arrays. 

Narrower beamwidth was obtained with 6° HPBW for 

the sixteen-element linear array. Good agreement between 

HFSS and CST MWS simulated results and the measured 

results. The overall size for all designs is relatively small 

compare to other designs with the same element number. 
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Abstract ─ This article expounds a multi-band compact 

shaped antenna, which is based on CPW ground plane. 

FR-4 with a thickness of 1.6 mm is used as a substrate 

for the proposed antenna. The proposed antenna is 

capable of operating at 1.56 GHz for (Global Positioning 

System), 2.45 GHz (Wireless Local Area Network) and 

4.49 GHz (Aeronautical Mobile Telemetry (AMT) fixed 

services). The efficiency at 1.56, 2.45, and 4.49 GHz is 

79.7, 76.9 and 76.7%, respectively. The VSWR of the 

presented antenna is less than 1.5 at all the desired 

resonance modes, which confirms its good impedance 

matching. The performance of the proposed antenna is 

evaluated in terms of VSWR, return loss, radiation 

pattern and efficiency. CST®MWS® software is used for 

simulations. In order to validate the simulation results, a 

prototype of the designed antenna is fabricated and a 

good agreement is found between the simulated and 

measured results. 

 

Index Terms ─ AMT Fixed Services, GPS, multiband 

antenna, Wi-Fi. 
 

I. INTRODUCTION 
With the rapid development of communication 

technology, researchers have paid huge attention towards 

multiband antennas. Portable devices demand multi-

band antennas for their operation at different standards, 

like Wi-Fi, WiMAX, GSM, GPS [1] and many more. 

Due to the restriction of size selection, ease of fabrication 

and provision of connection to feed network, multi-band 

antennas offer edge over single band antennas. Multiband 

functionality can be achieved by introducing slots or cuts 

of different sizes in conventional microstrip antennas. 

Currently, some approaches for the design of multiband 

antennas, like the integration of a metamaterial inspired 

split ring resonator [2], and insertion of slots [3] within 

the radiating elements have been proposed. Defective 

ground planes [4] are also proposed to get multiple 

frequency bands. Similarly, different shapes of radiating 

elements [5-6] have been used to modify the microstrip 

antennas for achieving multi resonances. Despite all the 

latest advancements in microstrip antenna, they inherently 

exhibit narrow bandwidth. Monopole antenna is another 

attractive option for researcher due to their light weight, 

outstanding efficiencies, wide bandwidth, simple geometry 

and ease of fabrication. These antennas can be integrated 

with various portable devices for the efficient transmission 

and reception of data [7]. In order to incorporate these 

requirements, various types of multiband antennas have 

been designed recently [8]-[10]. 

In [11], a dual-band B-shaped antenna is (operating 

on 2.45 and 5.8 GHz) is proposed; however, it exhibits 

perturbed radiation patterns, E-shaped dual band antenna 

for WLAN application is designed in [12], but its 

efficiency is low (59%). Similarly, an H-shaped antenna 

for GPS and Wi-Fi applications is proposed in [13], but 

the antenna is bulky and its efficiency at the desired bands 

is 49-78%. Moreover, four sub-patches were employed 

to accomplish multi-band functionality in [14], but it 

increases the overall size (50×50 mm2) of the proposed 

antenna which ultimately limits its integration with 

future wireless communication systems. In this context 

antenna structure needs careful optimization. Although, 

up to four operating bands were achieved in [15],  

this antenna is suitable for limited applications, due to 

complexity in shape. A monopole tri-band antenna is 

expounded in [16]. It is small in size, having three stage 

microstrip feed line possess distorted radiation pattern 
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and negative gain at 2 GHz band. In [17] triple-band 

microstrip antenna having complex geometry is presented 

for WLAN/WiMAX applications. 

Similarly, CPW fed antennas are good candidates 

for achieving multi resonances. These antennas can be 

preferred due to the fact that they offer less coupling and 

easier integration with microwave circuits. A tri-band 

CPW (Coplanar waveguide) fed antenna is designed in 

[18]. The proposed antenna shows good performance, 

but it is difficult to fabricate due to its complex geometry. 

A CPW fed antenna having dimensions of 180x80 mm2 

is presented in [19]. 

This paper presents an efficient and compact 

multiband CPW fed antenna. The suggested antenna 

offers potential to replace multiple single band antennas 

in various applications. The proposed antenna is capable 

of operating at GPS (1.567 GHz), WLAN (2.45 GHz) and 

AMT Fixed services (4.49 GHz) with efficiency greater 

than 76%. The extended L-Shaped antenna is designed 

to operate on two lower frequency bands; moreover, this 

antenna is extended to acquire the higher resonance 

mode.  

This paper is arranged as follows. Section II covers 

design methodology and underlying theory. Results are 

discussed in Section III. Section IV comprises the 

conclusion of this work. 

 

II. ANTENNA GEOMETRY AND THEORY 

This section depicts the basic geometry and 

theoretical aspect/detail of the proposed antenna. For 

multiple resonances two antenna designs are investigated, 

Extended L-shaped Ant-1 and Extended L-shaped with  

a crescent, that is Ant-2. CPW-fed technique is used for 

incorporating different radiation features; the antennas 

have non-complex structure of the single metallic layer 

and are easy to integrate with other systems [6]. 

 

A. Antenna Geometry 

The geometry of proposed antennas, Ant-1 and Ant-2 

is shown in Figs. 1 (a) and (b) respectively. The proposed 

antennas are implemented on Flame Retardant 4 (FR-4) 

with thickness of 1.6 mm, relative permittivity 4.3 and loss 

tangent of 0.025, while copper having a thickness of 0.035 

mm is used as a radiating element. Ant-1 is responsible for 

antenna’s operation on two lower frequencies (1.565 GHz 

and 2.415 GHz), while the crescent shape takes care of 

antenna’s working on higher frequency (i.e., 4.5 GHz). 

For excitation of antenna, a 50Ω transmission line with  

a width of 2.3 mm is used. Table 1 elaborates physical 

characteristics of the antenna. 

 

B. Theory 

According to transmission line theory model [20] 

the effective resonance length can be computed using the 

following mathematical equations. 

The resonance length L and guided wavelength are  

related as follows: 

 L1.565 = λ1.565/4, (1) 

 L2.41 = λ2.41/4, (2) 

 L4.5 = λ4.5/4. (3) 

Where the guided wavelength can be calculated as: 

 λ fr =   
𝑐

𝑓𝑟√𝜀𝑒
. (4) 

c in the above equation refers to speed of light, fr is 

resonance frequency and 𝜀e is effective permittivity: 

 𝜀e =
𝜀𝑟+1

2
 + 

𝜀𝑟−1

2
 (1+12h/w)-1/2, (5) 

h, w and 𝜀r are the thickness of substrate, width of the 

radiating elements and relative permittivity respectively 

in equation (5). 

The proposed antenna is optimized for best radiation 

efficiency 𝜂rad. Radiation efficiency can be defined as the 

ratio of radiated power (Prad) of the antenna to its input 

power (Pin): 

 𝜂rad =   
𝑃𝑟𝑎𝑑

𝑃𝑖𝑛
. (6) 

The higher efficiency can be achieved by feeding 

the antenna properly, which results in minimum return 

loss (Γ). Factor Γ is the ratio of reflected electric field to 

the incident electric fields. Mathematically, 

 [Γ] =  
𝑍𝑎𝑛𝑡−𝑍𝑐

𝑍𝑎𝑛𝑡+𝑍𝑐
, (7) 

where Zant is driving point impedance of antennas and  

Zc is the characteristic impedance of the antenna. The 

proposed design has a characteristic impedance of nearly 

50 Ω at all three resonances/resonating frequencies. For 

small return loss (Γ), the Voltage Standing Wave Ratio 

(VSWR) approaches unity. 

The directivity and gain are related by efficiency. 

The gain is expressed in decibel (dB) and is given below: 

 G (dB) =10×log (𝜂rad.D). (8) 

The equations presented above are applicable for the 

rectangular microstrip patch antenna; however, dimensions 

of proposed antenna are optimized after carrying out 

various simulations.  
 

 
 (a) (b) 
 

Fig. 1. Geometry of the proposed antennas. (a) Ant-1 and 

(b) Ant-2. 
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Table 1: Dimension of Extended L-Shaped antenna 

Parameter Size (mm) Parameter Size (mm) 

Ls 40 L5 16 

Ws 38 L6 5.8 

Lg 18 L7 15 

Wg 13.85 W1 1.3 

R 7.49 W2 1.8 

G 0.15 W3 1.3 

L1 9 W4 2.1 

L2 18 W5 3 

L3 8.5 Lt 20 

L4 3.6 Wt 2.3 
 

III. RESULTS 
To analyze the performance of the proposed 

antennas, CST® Micro Wave Studio environment is 

used. Both antennas are then fabricated and measured as 

shown in Fig. 2. Both computed and simulated results 

show close resemblance in terms of return loss and 

radiation pattern. Fabrication errors attribute to the minor 

discrepancy emerged in frequency shifts. 
 

 
  (a)  (b) 
 

Fig. 2. Fabricated design: (a) Ant-1 and (b) Ant-2. 
 

A. Reflection coefficient 

The proposed antenna is capable to work on 1.567 

GHz (GPS), 2.41 GHz (WLAN) and 4.49 GHz (AMT 

fixed service). Figure 3 shows the reflection coefficient 

of Ant-1 and Ant-2. Both antennas are then fabricated and 

measured. The results reveal that close agreements between 

measured and simulated results has been achieved. 
 

B. Voltage standing wave ratio (VSWR) 

The simulated voltage standing wave ratio for the 

proposed designs is presented in Fig. 4. The VSWR of 

the Ant-1 is 1.06 and 1.5 at 1.56 GHz and 2.41 GHz 

respectively; while for Ant-2, VSWR is 1.24 at 4.5 GHz. 

This shows that designs are perfectly matched at desired 

frequencies. 
 

C. Radiation patterns 

The gain pattern and radiation pattern of the proposed 

antennas is presented in this section. Figure 5 illustrates 

the gain patterns. The far-field 3D patterns are presented 

in Fig. 6. The gain of the proposed antennas is 1.03, 1.33 

and 1.84 dB at 1.565, 2.415 and 4.49 GHz, respectively. 

It is noticed that the designed antennas radiate omni-

directional in H-plane for two lower frequency bands, 

while distinct behavior is observed for higher frequency. 

E-plane polar plots are depicted in figure of 8 having  

a null at θ = 900 for 1.56 and 2.45 GHz as shown in  

the figure below. For 4.49 GHz, the position of nulls is 

shifted to θ = 700 for E-plane pattern and is nearly 

omnidirectional except in null position. Both measured 

and simulated results are in good agreement. 
 

 
   (a) 

 
   (b) 
 

Fig. 3. S parameter: (a) Ant-1 and (b) Ant-2. 
 

 
 

Fig. 4. Voltage Standing Wave Ratio. 
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 (a) 

 
 (b) 

 
 (c) 
 

Fig. 5. Simulated and measured gain patterns: (a) 1.567 

GHz, (b) 2.415 GHz, and (c) 4.5 GHz. 
 

 
  (a)  (b) 

 
 (c) 
 

Fig. 6. 3D Radiation patterns: (a) 1.565 GHz, (b) 2.415 

GHz, and (c) 4.49 GHz. 

D. Surface current 

Figure 7 depicts the simulated surface current 

distribution at different resonance frequencies. Figure 7 

(a) suggests that the current distribution is maximum 

along the feedline and upper half part of the radiator 

which generates the lower frequency band (1.5 GHz). 

Figure 7 (b) shows the strong current intensity in the 

radiator as well as along the feed line which resonates  

at 2.45 GHz band. In part (c) maximum current density 

is observed in crescent shape and in the feedline. In this 

case, current follows the smaller path; hence, antenna 

resonates at large frequency of 4.49 GHz. 
 
 
 

 
  (a) (b) 

 
   (c) 
 

Fig. 7. Surface current distribution: (a) 1.56 GHz, (b) 

2.41 GHz, and (c) 4.49 GHz. 
 

Table 2: Comparison table 

Characteristic [12] [8] [9] [10] [6] [7] 
This 

Work 

Area (mm2) 1200 5625 3905 8496 3600 4500 1520 

Height (mm) 0.4 4.8 1.6 1.6 0.4 1 1.6 

Substrate FR-4 FR-4 FR-4 FR-4 FR-4 FR-4 FR-4 

No of 

resonance 
2 2 3 2 3 3 3 

Bandwidth 

(MHz) 

130, 

355 
---- 

100, 

110, 

300 

120, 

750 

22, 

300, 

9600 

84, 

200’ 

100 

109, 

86, 

284 

Efficiency 

(%) 

57, 

58 

85, 

77 

 

 

 

 

---- 

56, 

70, 

52 

97, 

95, 

95 

78, 

77, 

77 

 

The proposed design is compared with some work 

published recently. Comparison in terms of various 

parameters is presented in Table 2. In [12] miniaturize 
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design is presented, but only two resonances with 

minimum efficiency (even less than <58% are achieved). 

While [6], [9], and [10] are successful in attaining 

high bandwidth, but at the cost of size and number of 

resonances. Tri-band antennas proposed in [6], [7], & [9] 

cannot be easily integrated with most of the applications 

due to their bulky size. Moreover, [6] present-tri-band 

antenna with high bandwidth but low efficiency. It can 

be concluded that the proposed design is miniaturized 

and show better performance in terms of bandwidth, 

efficiency and radiation patterns. Table 3, summarizes 

overall performance of the proposed antenna at three 

different frequencies. 

Table 3: Summarized results 

Parameters Frequency 1 Frequency 2 Frequency 3 

Frequency 

(GHz) 
1.565 2.415 4.49 

Return 

loss (dB) 
-29.76 -13.95 -19.375 

Directivity 

(dB) 
2.02 2.46 2.99 

Gain (dBi) 1.03 1.33 1.84 

Bandwidth 

(MHz) 
109.5 86.8 283.9 

Efficiency 

(%) 
79.7 76.9 76.7 

VSWR 1.067 1.501 1.24 

IV. CONCLUSION
In this paper, coplanar waveguide (CPW) multiband 

antennas are designed and analyzed. The proposed 

antennas operate at three different frequencies, i.e., GPS 

(1.565 GHz), WLAN (2.45 GHz) and AMT fixed services 

(4.49 GHz). Radiating element consists of two parts, an 

extended L-shaped, while the other is an extended L-

shaped with a crescent. Extended L-Shaped design is 

responsible for operation at two lower frequencies (1.565 

GHz and 2.415 GHz), while the Ant-2 is responsible for 

the higher frequency (4.5 GHz). The proposed antennas 

are compact, lightweight and efficient (<76%) and can 

be used for different wireless applications. Prototype of 

the proposed designs is fabricated and measured. Both 

computed and simulated results are compared in term of 

return loss and gain pattern. The measured results show 

good agreement. 
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Abstract ─In this paper, a compact (40×50×0.8mm3) 

Vivaldi antenna with trapezoidal corrugation and a 

triangular director element is proposed for high gain 

performance. The exponential slot with diamond slot 

stub is designed to broaden the bandwidth. The measured 

bandwidth is 11.3 GHz from 2.9 to 14.2 GHz under the 

condition of Voltage Standing Wave Ratio (VSWR) 

less than 2. The simulated gain is 5.5-9 dBi at the full 

bandwidth. The measured gain is 5-7.6 dBi from 3 to 

5.8 GHz. In addition, the measured group delay of the 

proposed antenna is around 2±0.8 ns. The simulated and 

measured results agree well. 

Index Terms ─ Diamond cavity, dielectric loaded, gain 

enhancement, Vivaldi antenna. 

I. INTRODUCTION 
Since the Federal Communications Commission 

(FCC) declaration of the frequency band 3.1 to 10.6 GHz 

for commercial communication applications in 2002, 

inexpensive realization of ultra-wideband (UWB) systems 

have become one of the key topics in the industry 

worldwide [1]. Vivaldi antenna has been designed and 

researched due to its natural wide impedance bandwidth, 

low cross polarization and end-fire radiation characteristic 

[2-4]. However, Vivaldi antenna is facing many challenges 

including miniaturization, good radiation performance, 

high gain and stable group delay through the entire band. 

Facing the above challenges, there have been quite 

a few reported methods. In [5], two pairs of eye-shaped 

slots at outer edges is used to concentrate the current 

along the inner edges to improve the performance. In [6, 

7], dielectric is loaded to enhance the gain and improve 

the radiation performance. In [8], the artificial material 

with lower effective refractive index acts as a regular 

lens in beam focusing. In [9], six periodic metallic strips 

in middle of tapered slot are added to improve gain. In 

[10], resistive loading Vivaldi antenna is designed to 

enhance bandwidth by the high chip resistor and short 

pin. In [11], a hybrid loaded with patches, resistors and 

the split-ring resonator (SRR) structure is used to extend 

the low-end bandwidth limitation. The resistor loaded 

method can effectively broaden the bandwidth but 

reduce the gain.  

In this paper, a compact and high gain Vivaldi 

antenna is proposed for UWB application. The four 

kinds of Vivaldi antennas are designed and compared in 

this paper. Antenna B is obtained by loading trapezoidal 

corrugation at outer edges of original antenna (antenna 

A). Antenna C is achieved by extending the substrate 

of antenna B and adding a triangular metallic element 

as director to enhance the gain. Finally, antenna D is 

proposed by designing a diamond slot stub instead of 

circular one to broaden the impedance matching at 

low-end frequency band. The measured bandwidth of 

proposed antenna is 2.9 GHz to 14.5 GHz under the 

condition S11 < -10 dB. The simulated gain of antenna D 

has been increased by 2-4 dB over full UWB compared 

with original antenna. 

II. DIELECTRIC LOADED ANTENNA

DESIGN AND SIMULATION 

A. Dielectric loaded Vivaldi antenna 

The configurations of three types of Vivaldi antennas are 

shown in Figs. 1 (a)-(d). The original antenna (antenna A) 

consists of exponential slot, microstrip feeding line, and 

the microstrip line to slotline transition, as shown 

in Figs. 1 (a)-(b). In Fig. 1 (c), symmetrical trapezoid-

shaped slots are etched on the outer edges, which formed 

antenna B to concentrate the current along inner edge. In 

Fig. 1 (d), the dielectric substrate is extended 10 mm and 

the triangular metallic element is added in the middle of 

radiating slot as a director to enhance the gain in antenna 

C. 
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Fig. 1. Geometry of the Vivaldi antenna: (a) bottom view 

of antenna A, (b) top view of antenna A, (c) tottom view 

of antenna B, and (d) bottom view of antenna C. 
 

 
 (a)  (b) 
 

Fig. 2. Simulated surface current distribution at 3.5 GHz 

of (a) antenna A and (b) proposed antenna.  
 

 
 (a)  (b) 
 

Fig. 3. Simulated surface current distribution at 10 GHz 

of (a) antenna A and (b) antenna C.  

The performance of the designed antenna is simulated 

using the simulation tool HFSS v16. In order to further 

understand the operating characteristic of the antenna C 

at the low frequencies, surface current distribution of 

both the original (antenna A) and antenna C at 3.5 GHz 

and 10 GHz are given in Figs. 2-3, respectively. We can 

see that the surface current concentrated along the inner 

edges of exponential slots and the trapezoid-shaped 

slots. However, for the antenna A, the current is mostly 

distributed around the exponential slots. This phenomenon 

indicates that lower frequency resonance is formed 

because of the trap ezoid-shaped slots. In Fig. 3 (b), the 

surface current distribution is stronger at the triangular 

metallic element, which acts as director at high-end 

frequency to improve the gain. 
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Fig. 4. The simulated performance of three Vivaldi 

antennas: (a) simulation of peak realized gain versus 

frequency, and (b) simulation of S11 versus frequency. 
 

Figure 4 (a) illustrates the S11 variation of the antenna 

A, antenna B, and antenna C. As shown in the figure, the 

lower end S11 < -10 dB limitation of antenna A is 3.5 

GHz, while the antenna B is to 2.9 GHz. It means that 

the antenna B is able to miniaturize the size of Vivaldi 
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antenna by lower frequency. In Fig. 4 (b), then we can 

see that the simulated gain of antenna C has been 

enhanced by 1-3 dB compared with antenna B and has 

been enhanced by 2-4 dB compared with antenna A. That 

caused by extending the substrate which acts as a regular 

lens in beam focusing. The triangular metallic element is 

effectively concentrated the currents to improve gain at 

high-end frequency. But extending the dimension of the 

substrate deteriorates the bandwidth at low-end frequency 

band. Compared to antenna B, the low-end frequency 

band of antenna C is shifted from 2.9 to 3.1 GHz. 
 

B. Dielectric loaded Vivaldi antenna with the diamond 

cavity 

The gradient slot line can achieve a wide impedance 

bandwidth characteristics. So the microstrip line to 

slotline transition is the main limit of impedance 

bandwidth in Vivaldi antenna. Aiming for broaden the 

impedance matching bandwidth at low-end frequency, 

the diamond slot stub is designed to replace circular  

one in transition structure, as shown in Fig. 5 (the blue 

dashed rectangle). And its equivalent circuit of microstrip 

line to slotline transition is shown in Fig. 4. In Fig. 6 (a), 

Zom and Zos are the characteristic impedance of microstrip 

line and slotline, respectively. Coc represents the equivalent 

capacitor of the microstrip open end and Los represents 

inductance of the slot line short end. θm and θs are the 

electrical length of extension of the opened microstrip 

and shorted slotline at central frequency, respectively. 

The open-circuit microstrip stub and the short-circuit 

slotline are represented as:  

 1/ tan

tan /

in os om m
m m om

om m oc

jw C jZ
X jX Z

Z wC





 
 


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 tan

tan

in os os s
s s os

os os s

jL jZ
X jX Z

Z L


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
 


. (2) 

When 3.8 9.8,r   
00.006 / 0.06,d    and 

00.0015 / 0.075,ll    the characteristic impedance of 

the slotline is [12]: 
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(3) 

ll and λ0 is the width of the slot, substrate height and free 

space wavelength.  

The simplified equivalent transmission line model 

of transition structure is shown in Fig. 6 (b), where, 

 2 2 2 2( )os s os sR n Z X Z X  , (4) 

 2 2 2 2( )os s os sX n Z X Z X  . (5) 

Γ of the antenna can be expressed as: 

 ( )

( )

om m

om m

R Z j X X

R Z j X X

  
 

  
. (6) 

In Equation (6), the value of Xm and Xs affects the 

antenna bandwidth, and Xm is close to zero. If we 

increase the value of Xs, both the value of X and Γ will 

be reduced. The antenna bandwidth will be improved. 

From Fig. 7 we can see that Xs of diamond slot stub is 

larger than the circular one. In this paper the circular slot 

stub is replaced by diamond slot stub to enhance the low-

end frequency bandwidth. The final optimized dimensions 

of the proposed antenna are given in Table 1. 
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Fig. 5. Bottom view of the proposed antenna. 
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Fig. 6. Equivalent circuit of the microstrip line to slotline 

transition: (a) equivalent circuit, and (b) simply circuit. 
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Fig. 7. Simulated Im (Xs) of the diamond and circular slot 

stub. 
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Table 1: The optimal dimensions of the proposed antenna 

(Unit: mm) 

Parameters Value Parameters Value 

b  d 50 

W0  W1 1 

W2  W3 0.4 

rr  ll 3 

Lq  L0 5.6 

L1  L2 4 

L3  L4 12.6 

g1  g2 0.8 

g3  g4 1 

U_tri  V_tri 10 

θ    

 

III. RESULTS AND DISCUSSIONS 
The proposed coplanar fed broadband antenna  

has been prototyped for the verification and measured  

using Keysight PNA-X network analyzer. The fabricated 

prototype of the proposed antenna is shown in Fig. 8. The 

simulated reflection coefficients for the antenna C and 

the proposed antenna are compared in Fig. 9. It can be 

seen that the simulated impedance bandwidth of proposed 

antenna and antenna C are 11.6 GHz (2.9-14.5 GHz) and 

11.4 GHz (3.1-14.5 GHz), respectively. The measured 

impedance bandwidth is 11.4 GHz (2.8-14.2 GHz). The 

simulated and measured results agree well. From Fig. 10, 

it can be seen that the simulated gain of proposed antenna 

stably varies from 5.5 to 8.9 dBi, which has been increased 

by 2-4 dB compared with original (antenna A). Due to 

the test frequency limitation of the anechoic chamber, 

the gain is measured only in 3-5.8 GHz. It is observed 

that the measured gain is 5-7.6 dBi and the simulation 

and measurement results agree well. 

The group delay is measured by using two proposed 

antennas placed in end-to-end orientation in far field at a 

distance of 40 cm, as shown in Fig. 11. It is observed that 

the group delay of the proposed antenna is about 2±0.8 ns 

in the operating UWB frequency band, as shown in Fig. 

12. The simulation and measurement results agree well. 

The proposed antenna have good end-fire radiation at  

3 GHz and 5 GHz. 
 

 
 

Fig. 8. Photographs of the fabricated proposed antenna. 

 
 

Fig. 9. S11 results of proposed antenna and antenna C. 
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Fig. 10. The simulation and measurement of the radiation 

pattern: (a) 3 GHz and (b) 5 GHz. 

 

From Table 2, it’s demonstrated that the proposed 

antenna provides compact size and good radiation 

performance. 
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Fig. 11. The group delay measured environment.  
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Fig. 12. Measured and simulated results of peak realized 

gain and group delay for proposed antenna. 

 

Table 2: Performance comparison of the proposed antenna 

with references 

Reference 
Dimensions 

(mm³) 

Bandwidth 

(GHz) 

Gain 

(dBi) 

[5] 36×36×0.8 3-12.5 4-8 

[6] 42×77×1 6-19 7.2-12 

[7] 40×90×0.508 3.4-40 6-14 

[8] 62×70×0.5 1-20 0.9-7.8 

[9] 40×82×1 0.58-6.72 - 

This 

work 

Antenna A 40×40×0.8 3.5-14.2 1-5.2 

Antenna B 40×40×0.8 2.9-14.5 5-5.5 

Antenna C 40×40×0.8 3.1-14.2 5.5-9 

Proposed 

antenna 
40×50×0.8 2.8-14.2 5.5-9 

 

VI. CONCLUSION 
A compact UWB antenna is proposed by loading 

dielectric and triangular metallic element, etching 

trapezoidal corrugations to enhance the gain. The low-

end frequency band is improved by replacing circular 

slot stub with diamond one. The proposed antenna yields 

an impedance bandwidth of 11.4 GHz (2.8-14.2 GHz) 

under the condition of S11 less than -10 dB. The simulated 

peak gain varies from 5.5 to 9 dBi from 3-10.6 GHz.  

The measured peak gain varies from 5 to 7.6 dBi from  

3-5.8 GHz. The measured group delay of the proposed 

antenna is around 2±0.8 ns. Both the simulated and 

measured results agree well. The proposed antenna has 

good potential for UWB communication applications. 
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Abstract ─ This paper presents continuously switchable 

behavior between narrowband (5.5 GHz WLAN), 

wideband (3-11 GHz UWB), and band-notched UWB 

using a miniaturized novel resonator. Three essential 

responses can be achieved from the same resonator 

by adequately utilizing the two capacitors. The first 

essential narrowband behavior is obtained from the 

resonator at 0.1pF is WLAN (5.5 GHz) operating 

frequency band. The second wideband behavior is 

achieved from the resonator to work between 3-11 GHz 

UWB frequency band. This behavior is achieved by 

changing the value of capacitors from 0.1 pF to 0.8pF. 

Finally, band-notched UWB response has been achieved 

by adjusting the position of capacitors, and this band-

notch behavior can also be tuned continuously between 

WLAN and WiMAX frequency band. The antenna 

designed for these objectives have a compact size of 

24×30.5 mm2 including the particular ground plane. The 

clean and consistent radiation pattern of the antenna is 

observed because of the placement of the resonators in 

the partial ground plane. The antenna is also fabricated, 

and its response to three behaviors is measured for 

validation. 

Index Terms ─ Band-notched UWB behavior, 

continuously switchable behavior, narrow-band behavior, 

tunable band-notched response, wide-band behavior. 

I. INTRODUCTION 
The wireless communication systems are highly 

developed in recent years, and the spectrum congestion 

has been highly increased. Narrow-band to wide-band 

switchable antennas is one of the best solutions to utilize 

the spectrum properly. These antennas will properly 

sense the environment in the particular state and will 

occupy the existing frequency band instantaneously 

using the dynamic spectrum allocations. Secondly, the 

antennas and filters should be integrated so that it can 

reduce the overall size of the transceiver and improve 

the capability of antennas as an antenna filter. In this 

context, a new concept termed as filtering antenna that 

can realize the filtering functionality and radiation 

characteristics simultaneously is presented in past years 

[1-2]. This technique avoids the designing of bandpass 

filter and antenna separately, and thus a more compact 

structure can be developed which in turn profoundly 

improves the performance of RF front-end. By combining 

the benefits of above two techniques, (switchable antennas 

and filtering antennas), a narrowband-to-wideband 

continuously switchable filtering antenna could be 

developed.  

In last decades, many research papers have been 

published on reconfigurable antennas and narrowband 

reconfigurable antennas [3-6]. A frequency tunable 

antenna has been proposed in [7]. The tunability in 

narrow frequency band has been achieved by utilizing 

a reconfigurable filter, while PIN diode is used to 

switch the behavior of antenna between wideband and 

narrowband. A switchable bowtie dipole antenna between 

narrowband and wideband response is realized in [8], by 

controlling the PIN diodes states. Similarly, in [9-11] 

different MEMS switches, varactor diodes, and PIN 

diodes have been implemented to achieve the switching 

functionality between the narrowband and wideband 

behavior.  

Another critical and critical concern of wireless 

communication appliances is the miniaturization and 

integration methods that can reduce the overall size of 
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the transceiver. In this regard, several techniques of the 

filters and antennas integration have been proposed in 

the literature [12-13]. A novel antenna is achieved in [14] 

with filtering behavior and dual-band response while in 

[15] a reconfigurable slot has been used to place filtering 

behavior in the antenna.  

Based on the research work discussed above, 

switchable behavior between narrowband and wideband 

is achieved with straightforward structure and novel 

resonator. This manuscript is novel in the following 

aspects. 

(1) For wireless communication devices such as 

smartphones and handset mobile internet devices to 

access the wireless spectrum of UWB and WLAN, a 

continuously switchable antenna is developed as it can 

instantaneously occupy the available range. 

(2) The UWB response is also made band-notched 

in the WLAN frequency band due to unavoidable 

electromagnetic interferences.  

(3) The band-notched response is also made 

continuously switchable and can be shifted to WiMAX 

frequency band depending on the desired application. 

(4) Three different behaviors are achieved from the 

same resonator based on capacitors placement. 

(5) The designed filtering antenna is not only valid 

to the narrow and wideband operation but can also 

accomplish miniaturization in RF front-end. 

In this paper, we have presented a continuously 

switchable behavior between narrowband (5.5 GHz 

WLAN), wideband (3-11 GHz UWB), and band-notched 

UWB using a miniaturized novel resonator. Three 

essential behaviors are achieved from a single antenna 

by adequately utilizing the two capacitors. The first 

important behavior is achieved from the antenna at 0.1pF 

is WLAN (5.5 GHz) operating frequency band. The 

second behavior is developed by changing the value of 

both capacitors to 0.8pF to operate at wideband (UWB). 

Finally, band-notched UWB response is achieved by 

further adjusting the capacitor value, and this band-notch 

is also made continuously tunable between WLAN and 

WiMAX frequency band. The antenna has a compact 

size, and its dimensions are 24×30.5 mm2. The clean 

and consistent radiation pattern of the antenna is also 

observed because of the placement of the resonators in 

the partial ground plane. The antenna is also fabricated, 

and its three behaviors response is measured.  

The arrangement of the paper is carried out in the 

following manner. Section II contains discussion on 

simulation and measurement of three essential behaviors 

that have been achieved from the designed antenna. 

Section III dealt with the analysis of the resonator 

implemented and showed how these three behaviors 

could be achieved from a single resonator. Section IV 

deals with measurement discrepancies which are followed 

by conclusion in Section V. 

II. DISCUSSION ON SIMULATION AND

MEASUREMENTS FOR ACHIEVING 

THREE IMPORTANT BEHAVIORS FROM 

RESONATOR 

A. Narrowband behavior antenna 

The configuration and geometry of the narrowband 

antenna are shown in Fig. 1. This antenna is fabricated 

on Rogers RO4003 substrate with a thickness of 1.5 mm 

and the relative dielectric constant of εr=3.38 which 

has a dimension of 24×30.5 mm2 (i.e., Wsub×Lsub). The 

parameters of the proposed antenna are mentioned in 

Table 1. Two symmetrical capacitors are placed at the 

junction of the feedline and proposed resonators to 

control the response of the antenna. At 0.1pF the antenna 

is the good narrowband radiator and operate at 5.5 GHz 

WLAN frequency band. 

The behavior of the antenna has been studied and 

simulated in Ansoft HFSS while it has been validated in 

CST Microwave studio suite. When the value of both 

capacitors are 0.1pF, then the resonator is coupled to the 

feedline and generates a narrowband behavior as shown 

in Fig. 3. The antenna is also fabricated as shown in 

Fig. 2 and its response at 0.1pF is correlated with the 

simulated one in Fig. 3. 

Table 1: Dimensions (in millimeters) of the proposed 

antenna 

Parameters Lsub Wsub L1 L2 L3 L4 

Value (mm) 30.5 24 13 5 1.7 1.2 

Parameters L5 W1 W2 W3 W4 W5 

Value (mm) 0.96 22 10.6 5 2.3 0.2 

Parameters G1 G2 G3 T H R 

Value (mm) 0.2 0.25 0.2 0.017 1.5 11 

Fig. 1. Geometrical parameters of the narrowband-to-

wideband antenna. 
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Fig. 2. Fabricated picture of the narrowband antenna. 

Fig. 3. Simulated and measured narrowband behavior of 

the antenna. 

Fig. 4. Simulated and measured the wideband behavior of 

the antenna. 

B. Wideband behavior antenna 

The antenna response has been switched to 

wideband by changing the value of both capacitors. At 

0.8pF the antenna is a good UWB radiator and operate 

within 3-11 GHz. The antenna at 0.8pF is also simulated 

and measured, and the response has been shown in 

Fig. 4. Also, the measurement results in comparison to 

numerical simulation results are shown in Fig. 5 for 0.1 

PF and 0.8 PF. When the value of both capacitors are 

0.8pF, then all the electromagnetic energy is transformed 

to the patch radiator, and it acts as a wideband UWB 

antenna. This behavior can be more clearly studied in 

Fig. 6 where the parametric analysis has been performed, 

and it is shown that by increasing the capacitor value, the 

response has been shifting from narrowband-to-wideband. 

The measured switching behavior is also more clearly 

elaborated in Fig. 6. In this way, we can switch the 

antenna behavior between narrowband-to-wideband 

behaviors with straightforward structure and analysis. 

Fig. 5. The transformation from narrowband-to-wideband 

behavior. 

Fig. 6. Parametric analysis between narrowband and 

wideband behavior by varying capacitor. 

C. Continuously tunable band-notched behavior 

antenna 

By shifting both capacitors from the resonator-feed 

line junction to resonator internally, there is no more 

narrowband behavior as all electromagnetic energy will 

be radiated from the patch. Both capacitors have been 

shifted to the resonator internally as shown in Fig. 7. 

Now this resonator will act as a filter resonator and can 

be controlled by using the value of both capacitors. The 

overall response of the antenna will be wideband having 

continuously switchable notched band between WLAN 
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and WiMAX which causes unavoidable interference 

within UWB frequency band. In this way, we have 

achieved three important behaviors from the single 

resonator, which make it advantageous over other 

reported resonators and antennas.  

It can be seen from Fig. 8 that WLAN band-notched 

UWB antenna response is achieved at 0.1pF while 

WiMAX band-notched UWB antenna is developed 

utilizing 0.6pF capacitor. In this way, the response can 

be made continuously switchable between the two 

interfering bands depending upon the application. It is 

due to the reason that the effective resonator length 

corresponds to the fundamental resonance frequency 

of 5.3 GHz. This resonance frequency can be further 

changed by varying the capacitors. 

Fig. 7. Changing the position of capacitors for achieving 

continuously switchable band-notched UWB behavior. 

The measurement of the band-notched UWB antenna 

developed are also carried out at 0.1pF and 0.5pF, and it 

is seen that the notch band is switching continuously. 

Figure 9 shows that there is band notch at 5.1 GHz due 

to the resonance of the resonator. This notched band has 

been made switchable, and at 0.5pF it is shifted towards 

3.5 GHz WiMAX frequency band. The comparison 

between simulated and measured response at 0.5pf is 

shown in Fig. 10. The discrepancy between the simulated 

and measured responses is because of nonperfect cutting 

of the substrate edges while soldering the SMA connector. 

The normalized radiation pattern of wide-band 

UWB antenna at 0.8pf is also shown in Fig. 11. Because 

of placing resonators at the ground plane, consistent 

radiation patterns are obtained for the antenna. The 

antenna worked in UWB mode and the radiation pattern 

display dipole type radiation. The primary purpose the 

radiation pattern is to demonstrate that the antenna 

radiates over the full frequency bandwidth. The peak 

antenna gain (dB) in CST and HFSS for the wide-band 

antenna has been shown in Fig. 12. The gain is very 

stable in the overall frequency band of 3-11 GHz. 
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Fig. 8. Switching of notched-band between WLAN and 

WiMAX frequency band by changing capacitors value. 

Fig. 9. Simulation and measurement of switchable band-

notched UWB antenna at 0.1pF. 

Fig. 10. Simulation and measurement of switchable 

band-notched UWB antenna at 0.8pF. 
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Fig. 11. Radiation patterns of switchable wide-band UWB 

antenna at 0.8pF: (a) 3.4 GHz, (b) 4.8 GHz, (c) 5.9 GHz, 

(d) 8.2 GHz. Red lines (E-plane) and blue lines (H-plane). 
 

 
 

Fig. 12. Peak antenna gain for the wideband antenna in 

dB having capacitor value = 0.8pF. 
 

III. DISCUSSION AND ANALYSIS ON 

SQUARE SEMI COMPLEMENTARY SPLIT 

RING RESONATOR (S-SCSRR) 
The proposed miniaturized resonator is shown in 

Fig. 13 while its dimensions are listed in Table 1. The 

analysis of the resonator and its corresponding start and 

stop frequencies are calculated which validates our 

experimental results. It is proved that the homogeneous 

media with effective permeability (µeff) and effective 

permittivity (ɛeff) can replace the effective medium 

theory of inhomogeneous left-handed media. In such 

case, it should be noted that the wavelength is large 

enough in comparison with the basic scattering element 

dimensions. In such scenario, properties of non-

homogeneous media become equivalent to that of 

homogeneous media. Thus, the condition developed that 

the average cell size must be less than a quarter 

wavelength, l = λg/4, and this condition guarantees that 

the wave will propagate inside a metamaterial media and 

the unit cell will act as a lumped portion of a circuit. 

The µeff and ɛeff can be calculated from the following 

equations [16-19]: 

 12  Kk . (1) 

Where, the sign of   is determined from the condition 

of |G| ≤ 1: 
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Where, 
TLZ  and 

TL

aZ  are the characteristics impedance. 

The former one is in the case of reference transmission 

line while the later one is the transmission line having 

air-filled and n represents the effective refractive index. 

An S-SCSRR can engrave as a square ring in the 

ground plane. It is noteworthy that the proposed S-CSRR 

is not the dual of conventional SRR, which can be 

analyzed using babinet principle. Also, the effective 

length of the LRs is designed at λg/4 at the center 

frequency of the selected band that is 5.5 GHz in our 

analysis. These LRs dramatically reduces the size of  

the resonator as it is inserted in the main transmission 

line and thus we call it miniaturized S-SCSRR. At our 

desired frequency these lines couple magnetically to the 

S-SCSRR and thus create resonance. This resonance is 

advantageously used as narrow-passband in narrowband 

antenna while narrow-stopband in band-notched UWB 

antenna. The overall length of the S-SCSRR is almost 

λg/2 while the turn ratio (coupling coefficient can be 

calculated as 
os

cpw

Z

Z
n

)(
 , where Zos is the slot line 

characteristics impedance, and Z(cpw) is the CPW line 

characteristics impedance. The reflection (S11) and 

transmission coefficient (S21) in the analysis is determined 

by investigating the resonator as two port matched filter 

[20]. It is noteworthy that when capacitors are 0.1pF to 

work as an open circuit, then there is a strong coupling 

between two slots, which generates a narrowband 

response in the center frequency of 5.52 GHz calculated 

from Equation (7). When the capacitors values are 

increased to 0.7pF or 0.8pF, then the resonance frequency 

is dependent on the coupling between CPW and resonator. 

The start, center, and stop frequencies are calculated in 

this case using Equations (6-8), having values of 3.12 GHz, 

5.52 GHz, and 9.23 GHz, respectively. 
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Fig. 13. Structure of the proposed novel miniaturized 

resonator. 
 

The start, stop, and center frequencies of the 

resonator can be calculated using the following 

equations developed from the analysis. It is calculated 

from the analysis that the center frequency of the 

resonator lies at 5.5 GHz and so the resonator is 

responsible in case of narrowband behavior as well as 

band-notching behavior in the last scenario. In this way, 

the center frequency is utilized to develop narrow-band 

behavior as well as band-notched wide-band behavior: 
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IV. MEASUREMENT DISCREPANCIES 
The measurement discrepancies have been analyzed, 

and it is found that it is because of non-perfect cutting of 

the substrate edges while soldering the SMA connector. 

Due to non-perfect cutting, there arises a gap between 

SMA and ground plane that has been highlighted in  

Fig. 14. This measurement discrepancy can be depicted 

from Fig. 9 and Fig. 10 where the measurement has been 

performed for achieving band-notched wideband behavior. 
 

 
 

Fig. 14. Non-perfect cutting of substrate edges while 

soldering connector. 

V. CONCLUSION 
This paper presented continuously switchable 

behavior between narrowband (5.5 GHz WLAN), 

wideband (3-11 GHz UWB), and band-notched UWB 

using a miniaturized novel resonator. Three essential 

behaviors are achieved from the same resonator by 

adequately adjusting two capacitors. The first significant 

behavior produced by the antenna at 0.1pF is WLAN  

(5.5 GHz) operating frequency band. The second behavior 

from the antenna to work between 3-11 GHz UWB 

frequency band is achieved by changing the value of 

both capacitors to 0.8pF. Finally, band-notched UWB 

response is achieved by adjusting the position of the 

capacitor, and this band-notch behavior can also be tuned 

continuously between WLAN and WiMAX frequency 

band. The antenna is designed and fabricated for these 

behaviors and measured. Consistent radiation pattern 

and approximately flat antenna gain are observed because 

of the placement of the resonators in the partial ground 

plane. The antenna is also fabricated, and three different 

behaviors are measured using the proposed antenna for 

validation. 
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Abstract─ In this paper, in order to implement the see 

through the wall and ground penetrating radars using 

vector network analyzer at the first step we present  

a modified UWB Tapered Slot Antenna (TSA) and 

Wilkinson power combiner. In the following the main 

purpose of this paper is employing a new technique 

using modified UWB antennas and power combiner to 

improve the reflected signal of localizing underground 

metal for 1D visualization of material penetrating  

radar results. In the last section two scenarios of GPR 

profiles with a single receiver antenna and dual receiver 

antennas over ground surface with buried metal target 

are presented to validate the accuracy of the proposed 

approach. This signal collecting technique collect more 

energy form reflected signals in contrast with conventional 

MPR. Hence, stronger reflection is available to achieve 

higher chance for target localization. 

 

Index Terms ─ Material Penetrating Radar (MPR),  

See through the Wall, Tapered Slot Antenna (TSA), 

Wilkinson Power Combiner. 

 

I. INTRODUCTION 
Material penetrating radar (MPR) is a nondestructive 

testing (NDT) technique which uses electromagnetic 

waves to investigate the composition of non-conducting 

materials either when searching for buried objects or 

when measuring their internal structure. Information that 

can be obtained from GPR includes the depth, orientation, 

size and shape of buried objects, and the density and 

water content of soils [1]. The GPR performance is 

associated with the electrical and magnetic properties of 

local soil and buried targets. The choice of the central 

frequency and the bandwidth of the GPR are the key 

factors in the GPR system design. Although the higher 

frequencies are needed for better resolution and detailed 

echo to determine small size objects, the lower 

frequencies are preferred to detect something buried too 

deep because of the dramatically increased attenuation 

of the soil with increasing frequency. Thus, the pulsed 

GPR is used in order to benefit from both low and high 

frequencies [2-3]. The pulsed GPR systems acquire 

pulse response in time domain directly. It is the simplest 

and understandable method that allows getting unique 

operation flexibility of the GPR system. Tapered slot 

antennas/arrays are good candidate for UWB radar 

system because of their wideband performance and 

directional radiation characteristic. But the phase center 

variation with frequency may bring few mm errors in 

target localization [4-5]. 

In this paper, we explore the advantages of 

generating a novel collecting reflected signal technique, 

similar to the ordinary receiver but instead of single 

receiver antenna, two modified antennas will be 

employed. The advantage conferred by “dual-antenna 

GPR” is that more energy is available at reflected signal 

than with conventional GPR, subsequently a relatively 

higher resolution in identifying the reflected signal  

is achieved. Measured results using vector network 

analyzer are presented to validate the effectiveness of 

the proposed method for precisely calculating the time-

dependent location of underground targets.  
 

II. MODIFIED UWB TAPERED SLOT 

ANTENNA AND WILKINSON POWER 

COMBINER DESIGN 
One of key issues in ultra-wideband (UWB) 

imaging systems is the design of a compact antenna 

while providing wideband radiation characteristics over 

the whole operating band. It is a well-known fact that 

printed TSA antennas present really appealing physical 

features, such as simple structure, small size and high 

gain [6]. The configuration of the two-element TSA 

array is depicted in Fig. 1. A Rogers RT5880 substrate 

was used, with a relative permittivity of 2.2 and a 

thickness of 31 mils [7]. The proposed structure is 

designed based on the antenna presented in Ref. [8]. In 

this type of antennas, phase center location is shifted by 

changing frequency. Therefore, one of the advantageous 

of our proposed structure is solving this phase center 
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shifting problem in based on using exponential tapered 

curve instead of elliptical curve [9]. In addition, the 

proposed antenna has 16% size reduction in comparison 

of the antenna in reference [8]. 
 

 
 

Fig. 1. Photograph the realized tapered slot antenna: (a) 

top view and (b) bottom view. 
 

 
 

Fig. 2. Measured and simulated return loss results for 

the proposed antenna.  
 

Figure 2 shows the measured and simulated  

return loss characteristics of the proposed antenna.  

The fabricated antenna has the frequency band of 1.57 

to over 7.0.4 GHz. As shown in Fig. 2, there exists a 

discrepancy between measured data and the simulated 

results. This discrepancy is mostly due to a number of 

parameters such as the fabricated antenna dimensions 

as well as the thickness and dielectric constant of the 

substrate on which the antenna is fabricated, the wide 

range of simulation frequencies. Figure 3 shows return 

loss measurement setup for the Wilkinson power 

combiner. Two 50Ω terminations at output ports; input 

port connected to an Agilent network analyzer. Also, 

measured return and insertion losses for the proposed 

power combiner are shown if Fig. 4. 
 

 
 

Fig. 3. Return loss measurement setup for the Wilkinson 

power combiner. 

 
 

Fig. 4. Measured return and insertion losses for the 

proposed power combiner. 

 

III. THEATRICAL BACKGROUND OF 

MATERIAL PENETRATING RADAR 
The MPR schematic for the proposed wooden  

wall surface with metal plate target is shown in Fig. 5. 

Typically, for ideal impulse excitation we can calculate 

exactly the amount of reflected energy at an interface as 

follow: 
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where Γ is the reflection coefficient and εr(i) and εr(i+1) 

are the dielectric constants. Similarly, for ideal impulse 

excitation signal we can calculate precisely the thickness 

of a layer as follow: 
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where di is the thickness of layer i, ti the total travel 

time through that layer, C is the speed of light and εr,i 

the dielectric constant of the medium.  

In the ground penetrating radar’s scenario, the 

penetration depth of GPR waves (in a low-loss medium) 

can be approximated as:

  
rf

c
m


 2525  . (3) 

The vertical resolution (in a low-loss medium) is around 

0.01δ [3]. 

For ideal impulse as excitation signal we can 

calculate exactly locations of discontinuities as follows: 

but in practice one can see that the waveform is distorted 

after the reflection and propagation. Because GPR 

receives signals already reflected from some distance, 

the time needed for passing the way back to the object 

and forth is longer than in a case when the antenna is 

situated slightly above the examined object. Because of 

this the cross-section of a pipe will be presented in the 

reading as a hyperbole [9]. 

The first step in design material penetrating radar is 

selecting the operation frequency. High frequency leads 

to high azimuth resolution, while relatively low frequency 
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allows penetrating through walls. 2-6 GHz is regarded 

as the optimal frequency band for seeing through high-

loss materials, such as brick-wall and concrete wall. 
 

 
 

Fig. 5. The MPR schematic for the proposed wooden 

wall surface with metal plate target. 
 

IV. EXPERIMENTAL RESULTS AND 

DISCUSSIONS 

A. See through the wall radar prototype  

Experiments have been carried out to measure the 

radar prototype using vector network analyzer as a 

frequency modulated continues wave transceiver. The 

first experiment was performed by using a metal plate 

target, as the floor plan of the experimental setup 

presented in Fig. 6. The VNA was placed in the Antenna 

Laboratory as shown in Fig. 6 (b), with the transmitting 

and receiving TSA facing the same direction. The spacing 

between the transmitting antenna and the receiving 

antenna is 10 cm. The metal plate’s size is 10 8 cm2 

and it is put at 25 cm standoff distance to wooden wall. 

The wooden wall is put at 15 cm standoff distance to 

the radar system to acquire the radar response. 
 

 
 (a) 

 
 (b) 
 

Fig. 6. Experimental setup of the down range resolution 

measurement using dihedral as radar object: (a) antennas, 

wooden wall and metal target, and (b) VNA using as a 

FMCW transceiver. 

Most of the UWB imaging algorithms reported in 

literature have used the time-domain signals [4]. This 

approach requires transforming of the earlier acquired 

frequency-domain reflection coefficient data. Therefore, 

a short and efficient CAD procedure for the design  

is performed. This is done using an inverse Fourier 

transform (IFT) from the impulse response. The CAD 

procedure has mainly two steps. The first step is a 

frequency to time domain transformation. The inverse 

discreet Fourier transform program is used for matching 

between time steps and frequency steps [10]. The second 

step is to implement a sampling Hamming window  

so as to get a smooth time response. Using the [S] 

parameters of the environment and by getting from 

Agilent Vector Network Analyzer (VNA), the design of 

the material transceiver is performed using our full-

scale computer simulation program. 
 

 
 (a) 

 
 (b) 

 

Fig. 7. Measured reflected signal from see through the 

wall experimental setup: (a) detection of the wooden 

wall and the metal target separately, and (b) detection 

metal target behind the wooden wall. 
 

Figure 7 shows measured reflected signal from see 

through the wall experimental setup. The measured 

results in Fig. 7 (a) predict the outline of the wooden 

block target, as well as its location. In order to illustrate 

the proposed method performance Fig. 7 (b) describes 

the reflected voltages of wooden wall, metal targets 

using the proposed experiments setup and makes a 
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comparison among them. Figure 7 (b) introduces the 

recovered signal of the metal plate when it was placed 

at a distance of 75 cm in the back of the wooden  

wall. The acquired radar signal indicates a down  

range resolution of approximately 2 cm, validating the 

theoretical analysis result. It is worth mentioning that 

the recovered signal also predicts the locations of  

the wooden wall, in addition to the metal target. The 

experiment is performed in a low-contrast condition to 

emulate the true situation that most of the metal plates.  
 

B. Ordinary ground penetrating radar 

The schematic and realized configurations of the 

UWB ground penetrating radar, which is investigated 

here, is illustrated in Fig. 8. In the GPR radar 

experimental setup, we have collected the signals at two 

scenarios: the first from background only using single-

receiver antenna, and the second using with dual-

receivers’ antenna. The ordinary GPR test field with 

metal plate located underground is shown in Fig. 8. 

Figure 9 present the scan A which represents the passing 

over a zone in which measured GPR was buried in 

vertically position. Figure 9 shows the original signal, 

before using the dual-receiver antennas technique. It 

can be observed that in the case of real measurements, 

the reflected signal is very noisy, containing, in addition, 

clutters. The stronger lines are from the strong direct 

wave form soil surface and background reflection. As 

shown in Fig. 9, in the ordinary GPR case the metal 

object isn’t clearly distinguished. 
 

 
 (a) 

 
 (b) 
 

Fig. 8. Experimental setup of the ground penetrating 

radar with single receiver antenna: (a) schematic and 

(b) realized. 

 
 

Fig. 9. Measured reflected signal from ordinary GPR 

setup in the first scenario. 

 

C. Modified GPR configuration 

To improve the resolution of the GPR results and 

extract the target reflection, the received signals are 

collected using the proposed reflected signal collecting 

method using dual-receiver antennas as shown in Fig. 

10. By subtracting the two signals with and without the 

target, the newly acquired signals are used in the signal 

recovery process to remove the clutters. In order to 

show the effects of on this new method improvement, 

Figure 11 shows the measured reflection waveform 

with different scenarios. In other hand after an initial 

guess of the target location, it is found out from Fig. 11 

that the desired signal is totally immersed in the noise 

signals due to the low-contrast problem. 
 

 
 (a) 

 
 (b) 

 

Fig. 10. Experimental setup of the ground penetrating 

radar with dual receiver antennas: (a) schematic and (b) 

realized. 
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As shown in Fig. 11, measured results of the 

proposed method are compared by free space reflection, 

ones with only soil without target and the ordinary 

GPR. It is clearly shown to that GPR results with this 

proposed collecting reflected signal have very good 

localization resolution and the peak amount errors at  

the center of target locations from ideal GPR results  

are small in this case in our measurement [11]-[12]. It  

is apparent from this figure, that the energy in the 

modified GPR reflection exceeds the energy in the 

ordinary GPR reflection. Therefore, the modified GPR 

results follow the target more closely than does the 

ordinary GPR results. Also several small scatters were 

founded. According to the resolution, the depth resolution 

in the vertical plane and the distance resolution between 

two objects can be considered. The depth resolution of 

the ten of centimeters is obtained. The reason of higher 

depth resolution is that the lower frequency range is 

used. 

 

 
 

Fig. 11. Measured signal returns after using the proposed 

reflected signal collecting method. 

 

V. CONCLUSION 
This paper has presented UWB microwave imaging 

system to detect and locate small targets in a see through 

the wall and ground penetrating radar setups using the 

frequency-domain data acquired by a VNA and TSA. 

Additionally, a novel approach for high resolution GPR 

system using a modified receiver antenna configuration 

to improve the reflected signal of localizing underground 

metal target is presented. The validity of the presented 

system and its target detection algorithm has been 

verified via experiments in examples. Results obtained 

by our GPR system prove that our system has a good 

ability to finding buried targets. The proposed modified 

GPR is very practical as it is based on more realistic 

reflected signals from various angles rather than 

assuming single reflected signal. The measurements 

show that the developed UWB-GPR system has a good 

ability in detecting buried metal object, even small 

targets of several centimeters. 
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Abstract ─ Indoor wireless devices operating in 2.4 GHz 

and 5.8 GHz ISM bands have a wide range of usage area. 

However, mutual interference in neighboring networks 

degrades the system performance. It can also cause 

significant problems in secure personal communications 

on such wireless networks. Covering building walls with 

a band stop frequency selective surface (FSS) can be  

an efficient solution for such problems. Many available  

FSS structures are designed to have a single stop band. 

They are also subject to narrow incidence angle range 

and sensitive to the polarization of the wave. On the 

other hand, in some studies, FSSs with double stop band 

are designed such that the second stop band is to be the 

harmonic frequency of the first band. In this study, a  

dual layer frequency selective surface element geometry 

is introduced. This geometry is capable of at least 20 dB 

attenuation of incoming signals within the incident angle 

range from 0 to 60 degrees and for all polarizations. 

Another important contribution is that a periodic cell  

size of approximately one-tenth of the wavelength 

corresponding to 2.4 GHz is obtained. Besides, a new 

design methodology that enables almost independent 

optimization of each layer at its resonance frequency  

is also introduced. 

 

Index Terms ─ Frequency selective surface, FSS, indoor 

propagation, interference, periodic structures, wireless 

communication, Wireless Local Area Network (WLAN). 
 

I. INTRODUCTION 
The utilization of wireless networks within 

buildings in ISM (The industrial, Scientific and Medical) 

frequency bands has been grown rapidly in recent years. 

But, the resulting mutual interferences among the 

adjacent networks degrades the system performances. 

Another important problem is the security risks of 

personal communication on such wireless networks. 

Some advanced signal processing methods, specific 

antenna designs and encryption techniques have been 

recommended to solve these problems in [1, 2]. An 

efficient solution for interference and security risks 

encountered within the wireless networks is to affix a 

frequency selective surface (FSS) onto subsisting 

prevalent construction materials considering the filtering 

properties of FSSs at desired resonance frequencies  

[3, 4, 5, 6, 7, 8]. 

Periodic conducting structures, known as frequency 

selective surfaces, have filter characteristics depending 

upon their geometries when interacting with 

electromagnetic waves [9]. They have been utilized in 

many applications and systems such as antennas, 

radomes, wireless local area networks (WLAN) [9]. 

The isolation capabilities of band stop FSSs have 

been investigated by different researchers for WLAN 

security and interference mitigation in indoor 

environments [4, 5, 6, 7]. According to the given results, 

FSSs are capable of providing minimum 10 dB isolation 

between two adjacent rooms in ISM bands [6]. These 

researches also showed that wireless signals in an indoor 

environment have a wide range of incidence angles. 

Although 2.45 GHz and 5.8 GHz ISM bands have been 

investigated individually for FSS designs, there is a gap 

in the literature for double band design, which stops both 

ISM bands within a single FSS structure [10].  

In this study, 20 dB attenuation on the transmission 

(S21) parameter is desired for ISM bands of interest while 

providing maximum transmission in other frequency 

bands for a wide range of oblique incidence angles and 

for all polarizations. To this end, two different convoluted 

FSS geometries are designed in a dual layer structure. 

Such a structure can attain frequency stability for oblique 

incidence angles and shifts grating lobes to higher 

frequencies. Multiple layer FSS structures are also 

considered to achieve maximum attenuation levels for all 

ISM frequency bands. However, mutual effect between 

each layer is an important problem for the optimization 

process of multi-layer structures. Inspection of the 

transmission curves clearly shows that cascaded periodic 

structures (double layer), compared to a single layer 

structure, have almost same frequency characteristic 

with an observing shift at the resonance frequency  

[9]. Therefore, identical geometries on each layer is 

considered to optimize each layer independently. 

Equivalent circuit (EC) model is applied to  
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understand the influence of geometrical parameters  

of the FSS geometries on their frequency responses.  

EC model and a finite element method solver for 

electromagnetic structures (Ansoft HFSS v.15 software) 

are performed together to analyze and optimize the 

proposed FSS structure rapidly. HFSS simulates a unit 

cell in an infinite periodic structure by using periodic 

boundaries with Floquet ports. When a Floquet port is 

defined, a set of modes known as Floquet modes represent 

the fields on the port boundary. The Floquet modes  

are plane waves with propagation direction set by the 

frequency, phasing and geometry of the periodic structure. 

The periodic cell size of 0.1λ2.4GHz is achieved by 

meandering the conducting geometries of FSS. Besides 

having 90% of miniaturizing, proposed FSS element 

geometry has frequency stability at all polarizations with 

a minimum 20 dB of attenuation for incident angles varies 

from 00 to 600. 

The paper is organized as follows: Section II explains 

FSS theory and FSS analysis methods. Multilayer FSS 

design process, simulation and measurement results are 

presented in Section III, and the results are discussed in 

Section IV. 
 

II. FSS THEORY 
Frequency selective surfaces are periodic structures 

that filter certain frequency bands depending on their 

geometries during interaction with electromagnetic 

waves. Numerical methods are mostly employed to 

analyze the frequency characteristics of FSS geometries 

[11, 12]. Despite their accuracy in analysis, these 

techniques do not provide information into the physics 

behind the structures. On the contrary, EC models are 

helpful for determining the effect of the geometrical 

parameters on the frequency characteristics of the FSSs 

[13]. FSS geometry can be represented in the EC model 

by a single series LC circuit shunted to a transmission 

line of free space characteristic impedance (Zo), which is 

seen in Fig. 1. The width of the gap (s) and the gap (g) 

between periodic element geometries primarily determine 

the equivalent capacitance (𝐶
𝑠

𝑔
 ). The length (d) and 

the width (w) of the current path primarily determine  

the equivalent inductance (𝐿
𝑑

𝑤
) of periodic element 

geometries. 
 

 
 

Fig. 1.  FSS and its equivalent circuit. 

Equivalent impedance (Z) and the resonance 

frequency (f0) of such an FSS structure are derived from 

the EC model described here and can be expressed as in 

Eq. (1). It can be concluded that the impedance of FSS 

has one zero at a certain frequency and therefore, the 

wave is unable to transmit through the surface at that 

frequency: 

 𝑍 = 𝑗𝑤𝐿 +
1

𝑗𝑤𝐶
= 𝑗 (𝑤𝐿 −

1

𝑤𝐶
) , 𝑓0 =

1

2𝜋√𝐿𝐶
. (1) 

From the expressions in Eq.1 and EC model in  

Fig. 1, it is obvious that the relationship between the 

geometrical parameters and the frequency characteristic 

of the FSS can be determined by using the EC model. 

Therefore, EC models and numerical analysis techniques 

can also be performed together to achieve the desired 

frequency characteristics rapidly [14]. It is important that 

the periodic cell size should be smaller enough than the 

resonance wavelength to reduce the sensitivity of the 

first resonant frequency to the angle of incident wave [9]. 

Obtaining smaller cell sizes is generally achieved by 

increasing the effective electrical length of the metallic 

patch [15]. This method is done either by using lumped 

elements in every cell of the FSS or meandering the 

excited metal patch. Using lumped elements in every FSS 

cell is an effective way to reduce unit cell sizes. However, 

their costs are high and their electrical properties depend 

on temperature, moisture etc. Therefore, meandering of 

the conducting paths of FSS geometries is considered to 

reduce unit cell size in this study as in [16]. 

Several methods are defined in the literature in order 

to achieve multiple stop band FSS behavior [17]. Hybrid 

geometries are used in one unit cell to achieve multiple 

stop band behavior [9]. In this method, the distance 

between the same resonant parts of the two adjacent unit 

cells cannot be shortened sufficiently in order to have a 

good frequency stability. As another method, multi-layer 

FSS structures are used to achieve multiple stop bands. 

In this study, two different convoluted FSS geometries 

are used in a dual layer structure to achieve frequency 

stability for oblique incidence angles. However, an 

important problem in the optimization process is the 

undesirable consequences of the mutual effect between 

each layer. Fortunately, using similar unit cell geometries 

in each layer enables us to optimize each layer 

independently and consequently, this approach is proposed 

in this paper to overcome such mutual effect problems. 

 

III. DESIGN & MEASUREMENT 
A band stop FSS design with a good attenuation 

performance in both 2.45 GHz and 5.8 GHz ISM bands 

for oblique incidence angles ranging from 0 to 60 degrees 

is aimed in this study. In order to achieve maximum 

attenuation and stable frequency characteristics, a novel 

dual layer convoluted FSS structure is considered. An 

EC model of a general dual layer FSS structure having 

different periodic element geometries on each layer is 
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shown in Fig. 2. Each layer of the structure acts as a 

reflector for the desired WLAN frequency bands and can 

be modeled by a serial LC circuit. The coupling effect 

between two layers of the FSS is represented by a mutual 

inductance. Similar to the basic structure described in 

Section 2, the capacitance and inductance values of the 

equivalent LC circuits of the dual layer structure can be 

determined by using the periodic element geometries of 

each layer for the desired resonance frequencies. 

 

 
 

Fig. 2.  EC model of a dual layer FSS structure. 

 

Equivalent impedance of the dual layer FSS can be 

derived from the circuit model given in Fig. 2 as: 

𝑍 =
(1 − 𝑤2𝐿1

′ 𝐶1)(1 − 𝑤2𝐿2
′ 𝐶2)

jw(𝐶1 + 𝐶2 − 𝑤2𝐶1𝐶2(𝐿1
′ + 𝐿2

′ ))
   

𝐿1
′ = 𝐿1 − 𝑀,  𝐿2

′ = 𝐿2 + 𝑀. 

(2) 

It is obvious that FSS behaves as a metal wall when 

the impedance Z approaches to zero and as a result, the 

resonance frequencies of the FSS are derived as: 

𝑓2.45𝐺𝐻𝑧 =
1

2𝜋√ 𝐿1
′ 𝐶1

 , 𝑓5.8𝐺𝐻𝑧 =
1

2𝜋√ 𝐿2
′ 𝐶2

 . (3) 

As mentioned in Section 2, the desired frequency 

response can be obtained by changing the element 

dimensions of the periodic structure considering the 

relationships between the equivalent capacitance and 

inductance values and element geometry. It is well known 

that frequency characteristic of a single layer FSS is the 

same with a multilayer FSS structure having the same 

FSS geometries on each layer [10]. Therefore, using 

identical geometries on each layer allows us to reduce 

the mutual effect between the layers and thus to optimize 

each layer individually. 

In the first design stage, “Square Loop” element 

(Fig. 3 (a)) geometry, which is suitable for meandering, 

is selected. The optimization process starts with the initial 

selection of the FSS geometry’s dimensions in accordance 

with the desired resonance frequency. However, since 

the additive higher frequency stop band (5.8 GHz) mostly 

pushes the first stop band to lower frequencies [9], this 

geometry is convoluted and optimized to achieve a stop 

band with a slightly higher frequency than the lowest 

(first) ISM band (2.4 GHz). The analysis for the observed 

frequency shifts in the frequency response obtained from 

HFSS simulations is done. Then, these analysis results 

are used to predict new dimensions of the FSS elements 

according to relationships given in Section 2: (𝐶
𝑠

𝑔
, 𝐿

𝑑

𝑤
). 

Subsequently, these new dimensions are optimized by 

using parametric analysis feature of HFSS software. 

Thus, the optimization process is shortened by utilizing 

EC model.  

EC model is only valid for the fundamental Floquet 

modes. In this work, only fundamental modes propagate 

in the intended frequency band due to having miniaturized 

structure. However, HFSS simulations are executed for 

10 Floquet modes, due to the proposed work is double-

layered. 

Dimensions and the layout of the proposed FSS 

geometry are depicted in Fig. 3 (b). At the end of the 

optimization process, the following dimensions are 

obtained: h=1.6 mm (thickness of the FR4 substrate), 

g=1.06674 mm (gap between the periodic elements), 

w1=0.5288, p=13.5474, b1=1.3221, b2=1.3221, e=0.6346, 

a1=1.5865, a2=1.6923 and a3=1.6923. 

 

  
(a) (b) 

 

Fig. 3.  FSS geometries: (a) “Square Loop” and (b) 

“Convoluted Square Loop”. 

 

Figure 4 shows the obtained results at incidence 

angle of 450 for both TE and TM polarizations, 

respectively. According to the obtained results, minimum 

20 dB attenuation is achieved at 2.4 GHz ISM band for 

oblique incidence angles from normal to 600 for all 

polarizations. 

 

 
 
Fig. 4.  S21 frequency curves for “Convoluted Square 

Loop” geometry, TE and TM polarization (θ=450). 

 

In the second stage of the double layer FSS design, 

in order to observe the coupling effect between the 

layers, “Convoluted Square Loop” periodic element 
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geometry (Fig. 5) is used on each layer of the FSS with 

the same parameter values. 

 

 
 
Fig. 5.  Double layer periodic element structure. 

 

Simulations are performed by HFSS software. Same 

frequency behavior (Fig. 6) is obtained with a shift in the 

resonance frequency as expected [8]. A slight increase 

over the bandwidth is also observed for the dual layer 

FSS. 

 

 
 
Fig. 6.  S21 frequency curves for dual layer “Convoluted 

Square” geometry for TE and TM polarization (θ=450). 

 

According to EC model, the resonance frequency  

of the FSS is inversely proportional to the equivalent 

inductance values (𝐿
𝑑

𝑤
) which are mainly determined 

by the length and the width of the current path of the  

FSS. In order to obtain the second resonance frequency 

at 5.8 GHz, effective electrical length of the conducting 

patch is shortened on the top layer as shown in Fig. 7 

with different design phases.  

 

   
(a) Phase 1 (b) Phase 2 (c) Phase 3 

 
Fig. 7.  Design phases of the FSS geometry on the top layer. 

 

Obtained results show that the use of identical 

geometries on each layer enables us to optimize the 

resonance frequencies independently (Fig. 8). It is 

observed that any change of the effective current  

path length on the top layer has a minor effect on  

the resonance frequency of the bottom layer (2.45 GHz). 

On the other hand, effective electrical length of the 

conducting patch on the top layer affects the second 

resonance frequency (5.8 GHz) directly. 
 

 
 

Fig. 8.  S21 frequency curves for TE polarization for 

θ=450 (Phase 1, Phase 2, Phase 3). 
 

As a result, “Phase 3” FSS geometry is selected as 

the final geometry of the top layer in the last design 

stage. In order to shift the second resonance frequency to 

5.8 GHz and to narrow its bandwidth, top layer geometry 

is slightly scaled up. The dimensions and the layout  

of the final FSS structure are depicted in Fig. 9. The 

thickness (h) of the FR4 substrate (relative dielectric 

permittivity 4.54, loss tangent 0.027) is 1.6 mm, the gaps 

between the periodic elements are 0.36 mm (g1), 0.48 

(g2) for the top and bottom layers, respectively. The 

other parameter values (in mm) are w1=0.52, w2=0.56, 

p=13.54, b1=1.32, b2=1.32, b3=1.55, e1=0.63, e2=0.67, 

a1=1.58, a2=1.69, a3=1.69, a4=2.23, a5=1.67 and a6=1.78. 

According to the obtained simulation results (Figs.  

10-11), at least 20 dB attenuation is achieved at oblique 

incidence angles from normal to 600 for all polarizations. 

A periodic cell size (p=13.54 mm) which is less than 

one-tenth of the first resonance wavelength is obtained 

in the design which leads frequency stability within a 

wide range of incidence angles. 
 

  
(a) Bottom layer (b) Top layer 

 

Fig. 9.  “Updated Phase 3” dual layer FSS geometry. 
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Fig. 10.  S21 frequency curves for “Updated Phase 3” 

dual layer FSS geometry for TE polarization (θ=00, 

θ=300, θ=450, θ=600). 

 

 
 
Fig. 11.  S21 frequency curves for “Updated Phase 3” 

dual layer geometry for TM polarization (θ=00, θ=300, 

θ=450, θ=600). 

 
As shown in Figs. 12 and 13, the measured results 

of the manufactured prototype satisfy at least 20 dB 

attenuation for the desired frequency bands and there is 

a good agreement between measurement and simulation 

results. 

 

 
 
Fig. 12.  Measured S21 frequency curves for TE 

polarization (θ=00, θ=450, θ=600). 

 

 
 

Fig. 13.  Measured S21 frequency curves for TM 

polarization (θ=00, θ=450, θ=600). 

 

IV. CONCLUSION 
A new dual layer band stop FSS structure is 

designed for mitigating both interference and WLAN 

security risks within the buildings in the unlicensed  

2.4 GHz and 5.4 GHz ISM bands. The new element 

geometry is capable of achieving a stable frequency 

response for a wide range of oblique incidence angles. 

This is due to a periodic cell size, which is almost  

one-tenth of the corresponding wavelength of 2.4 GHz 

obtained in the proposed design. Achieved attenuation 

levels are around 20 dB for TE and TM polarizations  

at all incidence angles. Besides, the use of identical 

geometries on each layer enables the structure to be 

optimized at 2.4 GHz and 5.8 GHz resonance frequencies 

independently due to reduced mutual inductance between 

the layers. The obtained thickness of the structure is only 

1.6 mm, which also gives the possibility of using this 

design as a structural surface material for blocking the 

ISM signals. 
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Abstract ─ In this article, two efficient approaches for 

the correction of known positioning errors of the 

measurement probe in a plane-polar near to far-field 

(NTFF) transformation, requiring a minimum number  

of NF data in the case of quasi-planar antennas, are 

presented and experimentally assessed. Such a NTFF 

transformation benefits from a non-redundant sampling 

representation of the voltage detected by the probe got 

by modeling an antenna with a quasi-planar geometry 

through a double bowl, a surface consisting of two 

circular bowls with the same aperture radius, but with 

lateral bends which may differ to better fit the antenna 

shape. The uniform samples, i.e., those at the points  

set by the representation, are accurately retrieved from 

the collected not regularly distributed ones either by 

applying a singular value decomposition based approach 

or an iterative scheme. Then, the input NF data necessary 

for the classical plane-rectangular NTFF transformation 

are evaluated from the so retrieved non-redundant uniform 

samples through a 2-D optimal sampling interpolation 

formula. 

 

Index Terms ─ Antenna measurements, non-redundant 

representations of electromagnetic fields, plane-polar near 

to far-field transformation, positioning errors correction. 
 

I. INTRODUCTION 
The near to far-field (NTFF) transformation techniques 

[1-5] are well-assessed and commonly employed tools for 

the precise evaluation of the radiation pattern of antennas 

having large dimensions in terms of wavelengths from  

NF measurements made in an anechoic chamber, which 

suitably reproduces the free-space propagation conditions 

by suppressing almost completely the reflections from  

its walls. Among these transformations, the traditional 

plane-rectangular one [6, 7] is especially suitable when 

dealing with high gain antennas which radiate pencil beam 

patterns. For these antennas, an even more convenient 

transformation is the one using the plane-polar scan  

[8-14], which offers the following advantages compared  

to the plane-rectangular one: i) a simpler mechanical 

realization, since it can be achieved via a linear movement 

of the measuring probe and a rotary motion of the antenna 

under test (AUT); ii) a larger scanning zone for the same 

dimensions of the anechoic chamber; iii) a more precise 

measurement of the radiation patterns of gravitationally 

sensitive spaceborne AUTs when the scanning is 

accomplished in a horizontal plane. In order to make  

the number of the required NF data and corresponding 

measurement time remarkably smaller than those in [8- 

10], the non-redundant sampling representations of 

electromagnetic (EM) fields [15] have been suitably 

applied in [11, 12] to the voltage detected by a non-

directive probe, thus developing 2-D optimal sampling 

interpolation (OSI) formulas, which allow one to 

accurately recover the NF data necessary for the 

traditional plane-rectangular NTFF transformation [6,  

7] from a minimum number of plane-polar ones. In 

particular, the AUTs have been considered as contained 

inside a surface formed by two circular bowls having the 

same aperture and possibly different lateral surfaces 

(double bowl) in [11], whereas an oblate ellipsoidal 

surface has been employed to model them in [12]. The 

experimental assessments of the non-redundant plane-

polar NTFF transformations [11] and [12] have been 

then provided in [13] and [14], respectively. 

It must be noticed that, as a consequence of a not 

accurate control of the positioners and/or of their limited 

resolution, it could not be possible to acquire the NF data 

at the points prescribed by the non-redundant sampling 

representation, even if their actual positions can be precisely 

revealed through laser interferometric techniques. Hence, 

the fulfillment of an efficient and robust procedure, that 

enables a possibly precise retrieval of the NF data to be 

employed in the traditional plane-rectangular NTFF 

transformation from the positioning errors affected 

(non-uniform) plane-polar ones, appears of fundamental 

importance. To this purpose, a procedure relying on the 

conjugate gradient iterative technique and adopting the fast 

Fourier transform (FFT) for non-equispaced data [16] has 

been applied for correcting known position errors in the 

traditional NTFF transformations adopting the planar [17] 

and spherical [18] scans. However, this procedure is  

not appropriate for the non-redundant plane-polar NTFF 
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transformations [11, 12], wherein efficient OSI expansions 

are applied to precisely evaluate the NF data necessary 

for the traditional plane-rectangular NTFF transformation 

from the collected non-redundant plane-polar samples. As 

underlined in [19, 20], where a more complete discussion 

on the non-uniform sampling can be found, the formulas 

which allow the direct retrieval of the needed data from the 

non-uniform samples are not stable and easy to use, and 

are valid only for specific samples grids. A convenient 

and feasible policy [19] is to retrieve the regularly 

distributed (uniform) samples from the non-uniform ones 

and then reconstruct the required NF data by using a 

precise and stable OSI formula. To reach this goal, two 

distinct procedures have been proposed. The former adopts 

an iterative technique, converging only if it is possible to 

set up a bijective relation linking every uniform sampling 

point to the nearest non-uniform one, and has been used to 

reconstruct the uniform samples in a plane-rectangular grid 

[19]. The latter utilizes the singular value decomposition 

(SVD) method, does not show the above shortcoming, 

allows one to benefit from the redundancy of the data  

to increase the algorithm robustness as regards errors 

corrupting them, and has been exploited to develop non-

redundant NTFF transformations from positioning errors 

affected samples adopting the plane-polar [21], bi-polar 

[22], and cylindrical [23] scans. In any case, the SVD based 

approach can be gainfully employed if the starting 2-D 

problem of the regularly spaced samples retrieval can be 

subdivided in two independent 1-D problems; if this  

is not the case, the dimensions of the related matrices 

remarkably increase, so that a massive computing effort is 

needed. Both the procedures have been compared through 

simulations and experimentally assessed with reference 

to the cylindrical [24] and spherical [20, 25-27] scans, 

whereas their effectiveness in the plane-polar NTFF 

transformation when using an oblate ellipsoidal AUT 

modeling has been experimentally demonstrated in [28].  

The aim of the article is to suitably extend the 

application of these techniques to the correction of 

known positioning errors in the non-redundant NTFF 

transformation with plane-polar scan [11, 13], which 

adopts a double bowl to shape a quasi-planar antenna 

(Fig. 1), and to experimentally demonstrate their 

effectiveness through a measurement campaign executed 

at the Antenna Characterization Lab of the UNIversity of 

SAlerno (UNISA). 
 

II. NON-REDUNDANT REPRESENTATION 

OF THE PROBE VOLTAGE ON A PLANE 

FROM NON-UNIFORM SAMPLES 

A. Uniform samples representation 

The non-redundant sampling representation of the 

voltage detected by a not directive probe, which scans a 

plane at distance d from the aperture of a quasi-planar AUT 

via a plane-polar NF system, and the corresponding OSI 
expansion are briefly recalled in this subsection for the 

case wherein a double bowl model is adopted [11, 13]. 

The spherical coordinate system (r, , ) is used for 

denoting the observation point, while the plane-polar 

coordinates (, ) are also used to identify a point P on 

the plane (Fig. 1). A double bowl is a surface Σ obtained 

by joining together two circular bowls having the same 

aperture radius a, but possibly not equal bending radii  

h and h' of the upper and lower arcs to allow a better 

fitting of the actual antenna geometry (see Figs. 1 and 2).  

As mentioned in the Introduction, the non-redundant 

sampling representations [15] can be advantageously 

exploited to represent the voltage detected by a not 

directive probe, because its spatial bandwidth practically 

coincides with that of the antenna radiated field [29]. 

According to these representations, an optimal parameter 

 must be adopted for describing any of the curves  

(diameters and rings) representing the plane in a plane-

polar frame, and a suitable phase factor j ( )e    has to be 

singled out from the voltage 
 
V  or 

 
V detected by the 

scanning probe in its two orientations (probe/rotated probe). 

The so introduced “reduced voltage”: 

 j ( )( ) ( ) e ,V V     (1) 
 

is spatially almost bandlimited and not strictly bandlimited, 

so that an error arises when it is approximated by means 

of a bandlimited function. In any case, this bandlimitation 

error can be made reasonably small as the band-width  

is larger than a critical value 
 
W  [15] and effectively 

reduced by considering an increased bandwidth 
  
 'W , 

 
 '  being an enlargement bandwidth factor a bit larger 

than one for AUTs having electrical large sizes [15]. 

 
Fig. 1. Plane-polar scanning for a quasi-planar antenna. 

 

If Γ is a diameter, by choosing 2W  '/  it 

results [11, 13]: 

 
  
   2  R1  R2  s1'  s2'  , (2) 

   1 2 1 2
' ''R R s s        , (3) 

wherein  ' '4 ( 2)a h h      is the length of the 
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intersection curve   C '  between the meridian plane passing 

through the observation point P and the double bowl ,  

 is the wavenumber, 
  
R1,2  are the distances from P to the 

two tangency points 
  
P1, 2  between   C ' and the cone with 

the vertex at P, and 
  
s
1,2'  their curvilinear abscissas (see Fig. 

2). The values of 
  
s
1,2'  and 

  
R1,2  change depending on the 

radial distance 
 
() . It can be easily verified that, when 

ρ < a, the tangency points 
  
P1, 2 are situated on the upper 

bowl, whereas, when ρ > a, 
  
P1  is still on the upper bowl 

and 
  
P2  is located on the lower one. The corresponding 

expressions of 
  
s
1,2'  and 

  
R1,2  can be evaluated in a 

straightforward manner and are explicitly reported in 

[11, 13]. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Relevant to the double bowl modeling. 

 

If Γ is a ring,   results to be constant and the angle  

 can be conveniently used as optimal parameter. The 
corresponding bandwidth 

 
W  is [11, 13]: 

 

 2 2

''
max ( ) max '( ') '

2 2
( ) ( )

zz
W R R z d z

 
       

 

  2 2'( ') ' ,( ) ( )z d z      (4) 

 
where '(z') is the equation of the surface  and   R

, R
 

are the maximum and minimum distances from Γ to the 

circumference of  at z'. The explicit evaluation of such a 

maximum is detailed in [11, 13]. 

At each point P(, ) on the plane, the voltage can be 

efficiently evaluated through the following OSI expansion 

[11, 13]: 
 

     

0

0

j ( )

1

( ), e , , , , , "

n q

n n

n n q

V V A N N        





  

  ,

 

(5) 

 
wherein 

  
n0  n0    Int   , 2q is the number of 

the considered nearest intermediate samples  ,nV   , 

namely, the reduced voltages at the intersections between 

the diameter through P and the sampling rings,  
  

 
 
 

A ,n,, N, N"  N n, DN" n  , (6) 
 

is the OSI interpolation function,  

 
  
n  n  2n (2N"1) ;  

  
N" Int N ' 1 , (7) 

 
  
N' Int 'W 1 ;    N  N" N ' ;  

 
  q . (8) 

 

Int(x) denotes the greatest integer less than or equal to x, 

and  is the oversampling factor needed to control the 
truncation error [15]. In (6), 

  

N , 
TN 2cos2  / 2  cos2  / 2   1 

TN 2 cos2  / 2  1 

, (9) 

and 

 

 
 

DN"  
sin (2N"1) / 2 
(2N"1) sin( / 2)

, (10) 

are the Tschebyscheff and Dirichlet sampling functions 

[15], 
  
TN ()

 
being the Tschebyscheff polynomial of degree 

N.  
The intermediate samples can be determined by 

interpolating the samples on the rings through the OSI 

formula [11, 13]: 

     
0

0

,,

1

", , , , , ,

m p

m n n nnn n m n

m m p

V V A M M      



  

  ,

 

(11) 

wherein 
  
m0  m0    Int /n , 2p is the number of 

the considered nearest samples on the ring specified by 

 
n , and  

  
m,nmn 2m/(2Mn"1); 

  
Mn" Int Mn' 1 , (12) 

 
  
Mn'  Int *W (n)  1;  

  
Mn  Mn"Mn' , (13) 

 
  
* 1('1) sin(n) 

2/3
;  

 
n  pn . (14) 

 
The 2-D OSI expansion, which allows the accurate 

reconstruction of 
 
V  and 

 
V  at any point in the 

measurement circle, is easily attained by properly 

matching the 1-D expansions (5) and (11). It can be 

exploited to reconstruct in a fast and accurate way these 

voltages at the points necessary for the plane-rectangular 

NTFF transformation [6, 7]. However, the probe corrected 

formulas in [7] (whose expressions in the here used 

reference system are shown in [13, 30]) are valid only 

when the probe keeps its orientation with respect to the 

AUT and this requires its co-rotation with it. In order to 

avoid this co-rotation, a probe with a far field having a 
first-order -dependence must be utilized. In this case, 

the voltages 
 
VV  and 

 
VH  (acquired with co-rotation by 

the probe and rotated probe) are related to 
 
V  and 

 
V  by:  

   
VV V cos V sin ;   

  
VH V sin Vcos , (15) 

thus enabling a “software co-rotation”. To this end, an 

open-ended rectangular waveguide can be conveniently 

used as scanning probe. In fact, the far field radiated in 

the forward hemisphere by it, when excited by a 
 
TE10  

mode, has in a practically good approximation a first-

order azimuthal dependence [31]. 
 

B. Uniform samples recovery 

In this subsection, two effective techniques for 
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correcting NF data affected by known positioning  

errors in the described non-redundant plane-polar NTFF 

transformation are presented by pointing out their 

benefits and shortcomings. 

The former technique relies on the SVD method. In 

such a case, it is supposed that, save for the sample at 

 
  0 , all the other are not regularly spaced on rings  

not uniformly distributed on the scanning plane. This 

hypothesis is indeed realistic if the plane-polar NF data are 

collected by performing the scan along the rings as needed 

to benefit from the reduction of the number of NF data 

on the most inner rings, obtainable when exploiting the 

previous non-redundant sampling representation. In this 

case, the problem of the uniform samples retrieval can be 

subdivided in two independent 1-D problems. 

The uniform 
  
2Mk

" 1 samples on a non-uniform ring 
at 

  
 (

k
) are recovered as follows. By considering a set  

of 
  
Jk  2Mk

" 1  non-uniform sampling points 
  
(k ,j) 

on this ring and expressing the corresponding reduced 
voltages ( , )jkV    in terms of the unknown ones at the 
uniform sampling points 

  
(k,m,k), the linear system: 

  
C X  B ,

 

(16) 

is attained, wherein  B  is the known non-uniform 

samples vector, X is that of the unknown uniform ones 

,( , ),m kkV    and 
 
C  is a 

  
Jk  (2Mk

" 1)  sized matrix. 

The element of the matrix 
 
C  are: 

   
cjm  A j,m,k,k , Mk, Mk

"  ,

 

(17) 

wherein 
  
m,k  mk  2m(2Mk

"1) and 
 
k  pk. 

It is worthy to observe that, for a given row j, the elements 

 
cjm  are zero when the index m is outside the range 

  
[m0(j )  p1, m0(j )  p] . The SVD is then applied to 

get the best least square approximated solution of (16). 

After such a step, the intermediate samples ( , )kV    in 

correspondence of the intersections between the non-

uniform rings and the diameter passing through P are 

recovered via the OSI expansion (11), wherein the samples 

,( , )m kkV    take the place of the  ,,n m nV    ones. Since 

these intermediate samples are not regularly distributed, 

the voltage at P can be reconstructed by first recovering 

the regularly distributed intermediate samples  ,nV    

again by applying the SVD method and subsequently 

interpolating them through the OSI expansion (5). 

It must be stressed that either the distances from each 

non-uniform ring to the corresponding uniform one and the 

ones between the non-uniform sampling points and the 

associated uniform ones on the non-uniform rings have 

been supposed less than one half of the related uniform 

spacing for avoiding a severe ill-conditioning of the 

correlated linear system. In addition, in order to minimize 

the computational effort, an equal number 

 
N  of uniform 

samples, coincident with that corresponding to the outer 

uniform ring, has been reconstructed on each non-uniform  

ring. In this way, the samples are aligned along the 

diameters and, therefore, the number of systems to be 

solved is minimum. 

At last, 
 
V  and 

 
V  at the points necessary for the 

traditional plane-rectangular NTFF transformation [6, 7] 

are efficiently reconstructed via the OSI expansions (5) and 

(11), this latter appropriately adapted to account for the 

redundancy in.  

The latter technique adopts an iterative scheme, 

converging only if it is possible to set up a bijective relation 

linking each uniform sampling point to the nearest non-

uniform one. In this case, the number Q of the non-uniform 

samples must be the same as that of the uniform ones. 

Moreover, it is now supposed that, except the sample at 

 
  0, all the other are not regularly spaced on the 

scanning plane, do no longer lie on rings, but must satisfy 

the above bijective correspondence. By applying the OSI 

expansions (5) and (11), it is possible to express the 

reduced voltages at each non-uniform sampling point 

  
(k,j, k)  in terms of those unknown at the nearest uniform 
sampling points 

  
(n,m, n) , thus getting the linear system: 

    

 
0

0

,

1

( , )  , , , , "

n q

j k kk n

n n q

V A N N    



  

 
 

 

    
0

0

, ,,

1

, , , , , "

m p

n m n m nj n n nk

m m p

V A M M   



  

 , (18) 

which can be again recast in the matrix form (16), 

wherein 
 
C  is now a 

 
QQ  sized matrix. Such a linear 

system could be solved via the SVD method, but a huge 

computational effort would be required. On the contrary, 

it can be efficiently solved by applying an iterative 

algorithm, which is derived as described in the following. 

In the first step, the matrix 
 
C  is subdivided in its diagonal 

part 
 
C D  and non-diagonal part  , subsequently, both the 

sides of the relation 
 
C X  B  are multiplied by 

  
CD

1
, and, 

finally, its terms are rearranged thus obtaining the iterative 

scheme: 

   
X

( )
 CD

1
B CD

1
 X

(1)
 X

(0)
 CD

1
 X

(1)
,

 

(19) 

with 
  X

( )  being the uniform samples vector obtained at 

the   th  iteration. 

To guarantee the convergence of such an iterative 

scheme, it is necessary but not sufficient, as stressed in 

[19], that the amplitude of every element belonging to the 
main diagonal of the matrix 

 
C  be different from zero and 

larger than the amplitudes of the other elements which lie 

on the same column or row. It can be easily verified that 

the assumed hypothesis of bijective relation between each 

uniform sampling point and the “nearest” non-uniform 

one ensures the fulfillment of these conditions. By putting 

relation (19) in explicit form, it results: 
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 ( )
,,n m nV    

 

 

   


1

A n,n,, N, N" A m, n,m,n ,n, Mn, Mn
" 


 

 

  

0

0

0

0

,

1 1

( ) ( )

( , )  , , , , "

s q i p

n m n n s

s s q i i p
s n mi

V A N N    

 

     

  

   
 

   1( )
, , ,", , , , ( , )m sn i s s s s i sA M M V      , (20) 

where 

  

s0 
n if n  n

n1 if n  n






;

     

i0
m if m, n m,s

m1 if m, n  m,s






.

 

(21)  

 

III. EXPERIMENTAL ASSESSMENT 
Some results of laboratory tests performed in the 

anechoic chamber of the UNISA Antenna Characterization 

Lab are shown in this section to give the experimental 

assessment of the two described techniques for 

compensating the probe positioning errors. The chamber 

is 
 
8m5m4m

 
sized and is provided with a plane-polar 

NF scanning system, besides the cylindrical and spherical 

ones. The pyramidal absorbers, covering the chamber 

walls, assure a reflection level lesser than – 40 dB. A 

vector network analyzer is utilized to accomplish the 

measurements of the amplitude and phase of the voltage 

detected by the adopted probe, an open-ended WR-90 

rectangular waveguide. The plane-polar scan is attained 

by attaching the probe to a linear vertical positioner and 

putting the AUT on a rotating table, whose rotary axis is 

normal to the linear positioner. A further rotating table has 

been recently integrated in the NF scanning system. It has 

been placed between the linear positioner and the probe 

and allows to perform a plane-polar scan, wherein the 

probe axes keep their orientation with respect to AUT 

ones (hardware co-rotation), as well as to measure the NF 

data which would be collected by a plane-rectangular NF 

facility. The considered AUT is a dual pyramidal horn 

antenna with vertical polarization, positioned on the plane 

z = 0 of the adopted reference system (Fig. 1) and working 
at 10 GHz. The horns aperture has sizes 

 
8.9cm 6.8cm

and the distance between the apertures centers is 26.5 cm. 

This AUT has been modeled by a double bowl with 

a = 18.0 cm and h = h' = 3.0 cm. The non-uniform, as well 

as the uniform, NF plane-polar samples considered in the 

shown results have been acquired on a circle having radius 

110 cm on a plane at distance d = 16.5 cm from the AUT. 

In Figs. 3 and 4, the E- and H-planes FF patterns 
reconstructed from the non-redundant plane-polar NF 

samples acquired with the hardware co-rotation are 

compared with those got from the plane-rectangular  

NF data directly measured, at the sample spacing of 

0.45, on the 140cm140cm inscribed square. As can 

be seen, a very good agreement is found in both the 

planes. The corresponding recoveries, obtained from the 

non-redundant plane-polar NF samples acquired when 

using the software co-rotation, are shown in Figs. 5 and 6. 

In such a case, especially in the H-plane, a less accurate 

reconstruction results. This is due to the fact that the far 

field radiated by an open-ended rectangular waveguide 

excited by a 
 
TE10  

mode has only approximately a first-

order azimuthal dependence [31]. 

Let us now turn to the case of irregularly spaced 

samples. The first set of figures (Figs. 7 - 11) refers to the 

case of not uniformly distributed sampling points which 

lie on rings. The NF data have been acquired in such a 

way that the distances from every non-uniform ring to 

the corresponding uniform one, and those between the 

non-uniform sampling points and the related uniform  

ones on the rings are random variables with uniform 

distributions in 
 
(/2, /2) and 

  
(k /2, k /2) , 

respectively. 

 

 

Fig. 3. E-plane pattern. ––––– reconstructed from plane-

rectangular NF data.      reconstructed from the non-

redundant plane-polar NF samples with hardware co-

rotation. 

 

 

Fig. 4. H-plane pattern. ––––– reconstructed from plane-

rectangular NF data.      reconstructed from the non- 

redundant plane-polar NF samples with hardware co-

rotation. 
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Fig. 5. E-plane pattern. ––––– reconstructed from plane- 

rectangular NF data.      reconstructed from the non-

redundant plane-polar NF samples with software co-

rotation. 

 

 

Fig. 6. H-plane pattern. ––––– reconstructed from plane- 

rectangular NF data.      reconstructed from the non-

redundant plane-polar NF samples with software co-

rotation. 
 

The amplitude and phase of 
 
V  on the diameter at 

 = 90°, retrieved via the SVD procedure, are compared 

in Figs. 7 and 8 with the ones directly measured on  

the same line. The comparison between the recovered 

amplitude of 
 
V  on the diameter at  = 0° and that 

directly measured is also reported in Fig. 9. As can be 

clearly observed, notwithstanding the imposed severe 

values of the positioning errors, all recoveries are very 

accurate except for the zones where the voltage level is 

very low. 

To put in evidence only the error related to the 

retrieval of the uniform samples from the acquired non-

uniform ones and not just that imputable to the software 

co-rotation, the overall efficacy of the SVD based 

technique is validated by comparing the FF patterns in the 

principal planes E and H (Figs. 10 and 11) recovered from 

the non-uniform NF data with the ones reconstructed from 

the non-redundant, uniform, plane-polar NF samples 

with software co-rotation (reference). The reconstructed 

FF patterns obtained from the non-uniform plane-polar 
NF data without using the SVD technique are shown  

in the same figures for sake of comparison. These last 

reconstructions appear remarkably worsened with respect 
to the ones obtained when applying the SVD based 

procedure, thus further assessing its effectiveness for 

compensating known position errors. Since the considered 

set of non-uniform samples satisfies also the applicability 
conditions for the iterative procedure, this last has been 

applied too by obtaining quite analogous results, as can 

be seen from Figs. 12 and 13. 

 

 

Fig. 7. 
 
V

 
amplitude on the diameter at  = 90°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the SVD procedure. 
 

 

Fig. 8. 
 
V

 
phase on the diameter at  = 90°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the SVD procedure. 

 

The second set of figures (from Fig. 14 to Fig. 18) 

refers to the case of non-uniform sampling points which do 

not lie on rings and, therefore, the iterative technique has 

been adopted. In this case, the not regularly spaced samples 

have been collected in such a way that the random shifts in 

 and  between the positions of the non-uniform samples 
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and the related uniform ones are uniformly distributed in 

 
(/3,  /3)  and 

  
( n /3, n /3) . Figures 14 and 

15 show the comparison between the amplitudes of 
 
V  and 

 
V  on the diameter at  = 30° recovered from the non-

uniform samples by applying the iterative procedure and the 

directly acquired ones on the line. The reconstruction of the 

phase of the most significant of them is shown in Fig. 16 
for completeness. Also in such a case, the reconstructions 

are very accurate. It should be noticed that the above 
results have been got by using only 10 iterations, since, 
as shown in [25], such a number of iterations guarantees 

that the iterative scheme converges with very low errors. 

At last, the overall efficacy of the iterative technique for 

correcting known probe positioning errors is confirmed 

by the E-plane and H-plane pattern reconstructions 
reported in Figs. 17 and 18. As a matter of fact, the 

reconstructions obtained without using the iterative 

approach, reported in the same figures, appear severely 

compromised. 

 

 

Fig. 9. 
 
V

 
amplitude on the diameter at  = 0°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the SVD procedure. 
 

 

Fig. 10. E-plane pattern. ––––– reference.      

recovered from the non-uniform NF samples via the 

SVD procedure.      recovered without using the 

SVD procedure. 

 

Fig. 11. H-plane pattern. ––––– reference.      

recovered from the non-uniform NF samples via the SVD 

procedure.      recovered without using the SVD 

procedure. 
 

 

Fig. 12. E-plane pattern. ––––– recovered from the non-

uniform NF samples via the SVD procedure.      

recovered from the non-uniform NF samples via the 

iterative procedure. 

 

 

Fig. 13. H-plane pattern. ––––– recovered from the non-

uniform NF samples via the SVD procedure.      

recovered from the non-uniform NF samples via the 

iterative procedure. 
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Fig. 14. 
 
V

 
amplitude on the diameter at  = 30°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the iterative procedure. 
 

 

Fig. 15. 
 
V

 
amplitude on the diameter at  = 30°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the iterative procedure. 
 

 

Fig. 16. 
 
V

 
phase on the diameter at  = 30°. ––––– 

measured.      retrieved from the non-uniform NF 

samples via the iterative procedure. 

 

It is worthy to point out that the number of the collected 

not regularly spaced plane-polar NF samples is 1 476 in 

both the cases and, accordingly, remarkably less than that 

(33 581) required by the plane-polar scanning techniques 

[8, 9] to cover the same measurement area. 

Another set of experimental results, validating the 

effectiveness of the two developed techniques and relevant 

to a different antenna, can be found in [32]. 

 

 

Fig. 17. E-plane pattern. ––––– reference.      

recovered from the non-uniform NF samples via the 

iterative procedure.      recovered without using the 

iterative procedure. 

 

 

Fig. 18. H-plane pattern. ––––– reference.      

recovered from the non-uniform NF samples via the 

iterative procedure.      recovered without using the 

iterative procedure. 

 

IV. CONCLUSION 
In this paper, two effective procedures, which allow 

the correction of known positioning errors in the plane-

polar NTFF transformation based on the double bowl 

AUT model, have been proposed. The very good NF and 

FF reconstructions attained when applying them in 

presence of large and pessimistic positioning errors, as 

compared with the worsened ones obtained when these 

procedures are not employed, validate experimentally their 
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effectiveness. 
 

REFERENCES 
[1] A. D. Yaghjian, “An overview of near-field antenna 

measurements,” IEEE Trans. Antennas Prop., vol. 

AP-34, pp. 30-45, Jan. 1986. 

[2] E. S. Gillespie, Ed., “Special issue on near-field 

canning techniques,” IEEE Trans. Antennas Prop., 

vol. 36, pp. 727-901, June 1988. 

[3] M. H. Francis and R. W. Wittmann, “Near-field scan-

ning measurements: Theory and practice,” in Modern 

Antenna Handbook, C.A. Balanis, Ed., chapter 19, 

John Wiley & Sons, Hoboken, NJ, USA, 2008. 

[4] M. H. Francis, Ed., IEEE Recommended Practice for 

Near-Field Antenna Measurements, IEEE Standard 

1720-2012, 2012. 

[5] C. Gennarelli, A. Capozzoli, L. Foged, J. Fordham, 

and D. J. van Rensburg, Eds., “Recent advances in 

near-field to far-field transformation techniques,” 

Int. Jour. Antennas Prop., vol. 2012, ID 243203, 

2012. 

[6] D. T. Paris, W. M. Leach, Jr., and E. B. Joy, “Basic 

theory of probe-compensated near-field measure-

ments,” IEEE Trans. Antennas Prop., vol. AP-26, 

pp. 373-379, May 1978. 

[7] E. B. Joy, W. M. Leach, Jr., G. P. Rodrigue, and D. 

T. Paris, “Application of probe-compensated near-

field measurements,” IEEE Trans. Antennas Prop., 

vol. AP-26, pp. 379-389, May 1978. 

[8] Y. Rahmat-Samii, V. Galindo Israel, and R. Mittra, “A 

plane-polar approach for far-field construction from 

near-field measurements,” IEEE Trans. Antennas 

Prop., vol. AP-28, pp. 216-230, Mar. 1980. 

[9] M. S. Gatti and Y. Rahmat-Samii, “FFT applications 

to plane-polar near-field antenna measurements,” 

IEEE Trans. Antennas Prop., vol. 36, pp. 781-791, 

June 1988. 

[10] A. D. Yaghjian, “Antenna coupling and near-field 

sampling in plane-polar coordinates,” IEEE Trans. 

Antennas Prop., vol. 40, pp. 304-312, Mar. 1992. 

[11] O. M. Bucci, C. Gennarelli, G. Riccio, and C. 

Savarese, “Near–field – far–field transformation from 

nonredundant plane-polar data: Effective modellings 

of the source,” IEE Proc. Microw., Antennas Prop., 

vol. 145, pp. 33-38, Feb. 1998. 

[12] O. M. Bucci, F. D’Agostino, C. Gennarelli, G. Riccio, 

and C. Savarese, “NF–FF transformation with plane-

polar scanning: Ellipsoidal modelling of the antenna,” 

Automatika, vol. 41, pp. 159-164, 2000. 

[13] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Reconstruction of 

the antenna far-field pattern through a fast plane-

polar scanning,” Appl. Comp. Electromagn. Soc. 

Jour., vol. 31, pp. 1362-1369, Dec. 2016. 

[14] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Far-field pattern recon- 

struction from a nonredundant plane-polar near-field 

sampling arrangement: Experimental testing,” IEEE 

Antennas Wireless Prop. Lett., vol. 15, pp. 1345-

1348, 2016. 

[15] O. M. Bucci, C. Gennarelli, and C. Savarese, “Rep-

resentation of electromagnetic fields over arbitrary 

surfaces by a finite and nonredundant number of 

samples,” IEEE Trans. Antennas Prop., vol. 46, pp. 

351-359, Mar. 1998. 

[16] A. Dutt and V. Rohklin, “Fast Fourier transforms for 

nonequispaced data,” Proc. SIAM Jour. Scie. Comput., 

vol. 14, pp. 1369-1393, Nov. 1993. 

[17] R. C. Wittmann, B. K. Alpert, and M. H. Francis, 

“Near-field antenna measurements using nonideal 

measurement locations,” IEEE Trans. Antennas 

Prop., vol. 46, pp. 716-722, May 1998. 

[18] R. C. Wittmann, B. K. Alpert, and M. H. Francis, 

“Near-field, spherical-scanning antenna measure-

ments with nonideal probe locations,” IEEE Trans. 

Antennas Prop., vol. 52, pp. 2184-2186, Aug. 2004. 

[19] O. M. Bucci, C. Gennarelli, and C. Savarese, “Inter-

polation of electromagnetic radiated fields over a 

plane from nonuniform samples,” IEEE Trans. 

Antennas Prop., vol. 41, pp. 1501-1508, Nov. 1993. 

[20] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Two effective appro-

aches to correct the positioning errors in a spherical 

near-field-far-field transformation,” Electromag-

netics, vol. 36, pp. 78-93, 2016. 

[21] F. Ferrara, C. Gennarelli, G. Riccio, and C. Savarese, 

“Far field reconstruction from nonuniform plane-

polar data: A SVD based approach,” Electromag-

netics, vol. 23, pp. 417-429, 2003. 

[22] F. Ferrara, C. Gennarelli, M. Iacone, G. Riccio, and 

C. Savarese, “NF–FF transformation with bi-polar 

scanning from nonuniformly spaced data,” Appl. 

Comp. Electromagn. Soc. Jour., vol. 20, pp. 35-42, 

Mar. 2005. 

[23] F. Ferrara, C. Gennarelli, G. Riccio, and C. Savarese, 

“NF–FF transformation with cylindrical scanning 

from nonuniformly distributed data,” Microw. 

Optical Technol. Lett., vol. 39, pp. 4-8, Oct. 2003. 

[24] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “On the compensation 

of probe positioning errors when using a nonre-

dundant cylindrical NF–FF transformation,” Prog. 

Electromagn. Res. B, vol. 20, pp. 321-335, 2010. 

[25] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Two techniques for 

compensating the probe positioning errors in the 

spherical NF–FF transformation for elongated 

antennas,” The Open Electr. & Electron. Eng. Jour., 

vol. 5, pp. 29-36, 2011. 

[26] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Probe position errors 

corrected near-field-far-field transformation with 

D’AGOSTINO, FERRARA, GENNARELLI, GUERRIERO, MIGLIOZZI: NEAR TO FAR-FIELD PLANE-POLAR TRANSFORMATION 427



spherical scanning,” Appl. Comp. Electromagn. 

Soc. Jour., vol. 31, pp. 106-117, Feb. 2016. 

[27] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Far-field pattern eval-

uation from data acquired on a spherical surface by 

an inaccurately positioned probe,” IEEE Antennas 

Wireless Prop. Lett., vol. 15, pp. 402-405, 2016. 

[28] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Two efficient proce-

dures to correct the positioning errors in the plane-

polar scanning”, IET Microw., Antennas & Prop., 

vol. 10, no. 13, pp. 1453-1458, 2016. 

[29] O. M. Bucci, G. D’Elia, and M. D. Migliore, 

“Advanced field interpolation from plane-polar 

samples: Experimental verification,” IEEE Trans. 

Antennas Prop., vol. 46, pp. 204-210, Feb. 1998. 

[30] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, S. McBride, and M. Migliozzi, “Fast and 

accurate antenna pattern evaluation from near-field 

data acquired via planar spiral scanning,” IEEE 

Trans. Antennas Prop., vol. 64, Aug. 2016. 

[31] A. D. Yaghjian, “Approximate formulas for the far 

field and gain of open-ended rectangular wave-

guide,” IEEE Trans. Antennas Prop., vol. AP-32, 

pp. 378-384, Apr. 1984. 

[32] F. D’Agostino, F. Ferrara, C. Gennarelli, R. 

Guerriero, and M. Migliozzi, “Far-field reconstruct-

tion from plane-polar near-field data affected by 

probe position errors,” in Proc. of AMTA 2015, Long 

Beach, CA, pp. 308-313, Oct. 2015. 

 

 

 

 

Francesco D’Agostino was born near 

Salerno (Italy) in 1965. He received 

the Laurea degree in Electronic 

Engineering from the University of 

Salerno in 1994, where in 2001 he 

received the Ph.D. degree in Infor-

mation Engineering. From 2002 to 

2005 he was Assistant Professor at 

the Engineering Faculty of the University of Salerno 

where, in October 2005, he was appointed Associate 

Professor of Electromagnetics and joined the Department 

of Industrial Engineering, where he is currently working. 

His research activity includes application of sampling 

techniques to electromagnetics and to innovative NF–FF 

transformations, diffraction problems radar cross section 

evaluations, Electromagnetic Compatibility. In this area, 

D’Agostino has co-authored 4 books and about 220 

scientific papers, published in peer-reviewed international 

journals and conference proceedings. He is a regular 

Reviewer for several journals and conferences and has 

chaired some international events and conferences. 

D’Agostino is a Member of AMTA, EurAAP, and IEEE. 

 

Flaminio Ferrara was born near 

Salerno, Italy, in 1972. He received 

the Laurea degree in Electronic 

Engineering from the University of 

Salerno in 1999. Since the same 

year, he has been with the Research 

Group in Applied Electromagnetics 

at the University of Salerno. He 

received the Ph.D. degree in Information Engineering at 

the same University, where he is presently an Assistant 

Professor of Electromagnetic Fields. His interests include: 

application of sampling techniques to the efficient 

reconstruction of electromagnetic fields and to NF–FF 

transformation techniques; monostatic radar cross section 

evaluations of corner reflectors. Ferrara is co-author of 

about 220 scientific papers, mainly in international 

journals and conference proceedings. He is Reviewer  

for several international journals and Member of the 

Editorial board of the International Journal of Antennas 

and Propagation. He is Member of the IEEE society. 

 

Claudio Gennarelli was born in 

Avellino, Italy, in 1953. He received 

the Laurea degree (summa cum laude) 

in Electronic Engineering from the 

University of Naples, Italy, in 1978. 

From 1978 to 1983, he worked with 

the Research Group in Electromag-

netics at the Electronic Engineering 

Department of the University “Federico II” of Naples.  

In 1983, he became Assistant Professor at the Istituto 

Universitario Navale (IUN), Naples. In 1987, he was 

appointed Associate Professor of Antennas, formerly  

at the Engineering Faculty of Ancona University and 

subsequently at the Engineering Faculty of Salerno 

University. In 1999, he has been appointed Full 

Professor at the same University. The main topics of  

his scientific activity are: reflector antennas analysis, 

antenna measurements, diffraction problems, radar cross 

section evaluations, scattering from surface impedances, 

application of sampling techniques to electromagnetics 

and to NF–FF transformations. Gennarelli is co-author 

of about 400 scientific papers, mainly in international 

journals and conference proceedings. In particular, he  

is co-author of four books on NF–FF transformation 

techniques. He is a Senior Member of the IEEE and 

Member of the Editorial board of the Open Electrical and 

Electronic Engineering Journal and of the International 

Journal of Antennas and Propagation.

 

 

ACES JOURNAL, Vol. 33, No. 4, April 2018428



Rocco Guerriero received the Laurea 

degree in Electronic Engineering 

and the Ph.D. degree in Information 

Engineering from the University of 

Salerno in 2003 and 2007, respect-

ively. Since 2003, he has been with 

the Research Group in Applied 

Electromagnetics of University of 

Salerno, where he is currently an Assistant Professor of 

Electromagnetic Fields. His interests include: application 

of sampling techniques to the efficient reconstruction of 

electromagnetic fields and to near-field-far-field trans-

formation techniques; antenna measurements; inversion 

of ill-posed electromagnetic problems; analysis of micro-

strip reflectarrays; diffraction problems. Guerriero is  

co-author of about 180 scientific papers, mainly in 

international journals and conference proceedings. He is 

Reviewer for several international journals and Member 

of the Editorial board of the International Journal of 

Antennas and Propagation. Since 2015, he is Member 

IEEE.  

 

Massimo Migliozzi received the 

Laurea degree in Electronic Engin-

eering from the University of Salerno, 

in 1999. He received the Ph.D. 

degree in Information Engineering at 

the same University, where at the 

present time he is a Research Fellow 

in Electromagnetic Fields. His scien-

tific interests include: application of sampling techniques 

to the efficient reconstruction of electromagnetic fields 

and to NF–FF transformation techniques; antenna meas-

urements; electromagnetic compatibility; antenna design; 

diffraction problems. Migliozzi is co-author of over 130 

scientific papers, mainly in international journals and 

conference proceedings. He is Reviewer for several 

international journals. 

 

D’AGOSTINO, FERRARA, GENNARELLI, GUERRIERO, MIGLIOZZI: NEAR TO FAR-FIELD PLANE-POLAR TRANSFORMATION 429



High-order Staggered Finite Difference Time Domain Method for Dispersive 

Debye Medium 
 

 

A. Guellab and W. Qun 
 

School of Electronics and Information Engineering 

Harbin Institute of Technology, Harbin, 150001, China 

Ammarguellab400@hit.edu.cn, qwu@hit.edu.cn 

 

 

Abstract ─ In this paper, a high order accuracy Finite 

Difference Time Domain method was proposed for  

the simulation of electromagnetic waves in the Debye 

dispersive medium. The proposed method was based  

on the use of the third order Backward Differentiation 

scheme for the approximation of the time derivatives  

and the use of the fourth order Central Finite Difference 

scheme for the approximation of space derivatives. The 

stability of the present method was analyzed by using  

the Root-Locus method. The accuracy of the proposed 

method was analyzed in the case of free space and the 

dispersive media, in the case of plane wave and the case 

of a Hertzian dipole source. 

The proposed method offered high performance 

regarding the accuracy and the stability in comparison 

with the other methods. 

 

Index Terms ─ Accuracy, backward differentiation, 

central finite difference, Debye model, dispersive media, 

finite difference time domain, stability. 
 

I. INTRODUCTION 
Since the Finite-Difference-Time-Domain (FDTD) 

has been proposed [1], it has been widely used for the 

simulation of the electromagnetic (EM) waves behavior 

within frequency dependent media such as saline water 

[2], human tissues [3-5], and plasma [6,7]. For modeling 

these frequency dependent media, many dispersive 

models have been proposed, such as the multi-pole Debye, 

Lorentz, and Drude model. The use of the conventional 

FDTD for the simulation of these models leads to a lack 

of accuracy and complexity of the stability analysis, 

especially when multiple poles are used. Therefore, the 

development of more accurate and stable FDTD based 

schemes acquire a great interest in the scientific society. 

Many techniques have been proposed for the 

numerical implementation of the dispersive models into 

the FDTD method. Those methods can be grouped into 

three main categories: Z-transformation methods, recursive 

convolution methods, and the Auxiliary Differential 

Equation (ADE) methods. 

The Z-transform (ZT) methods are based on the  

digital filtering theory [8,9]. The transfer function of the 

dielectric permittivity is converted from the frequency 

domain to the Z-domain, then the actual update equations 

in the discrete time domain are obtained. The recursive 

convolution (RC) methods are based on writing the 

dispersion equation as a convolution product in the time 

domain, then using the discrete recursive integrator for 

the actual update equations. Among these methods, we 

find the trapezoidal recursive convolution technique 

(TRC) and the Piecewise linear recursive convolution 

method (PLRC) [10-12]. The ADE methods are based  

on writing the dispersion relations under the form of 

differential equations. Then using the finite difference 

schemes to obtain the actual update equations [13-15].  

Contrary to the RC and ZT methods which are in 

their improved versions limited to the second order of 

precision, the ADE methods offer more flexibility 

regarding the implementation of dispersive media while 

using a higher order of accuracy. 

Therefore, seeking for improvement of the accuracy 

order and the stability condition, many techniques among 

the ADE category have been proposed. The Alternating 

Direction Implicit (ADI) FDTD [16,17] have been 

widely used to guarantee unconditional stability. Also, it 

saves both the memory and time consumption. However, 

this technique suffers from inaccuracies especially for a 

high Courant–Friedrichs–Levy (CFL) number. Another 

method based on the fact that Maxwell’s equations can 

be written under the form of a symplectic integrator has 

been used to improve the accuracy of the FDTD method 

in many researches [18-20]. The symplectic method 

offers high performances in both stability and precision. 

However, it consists of repetitive loops inside one-time 

iteration. this leads to cumbersome the CPU use and then 

slows down the execution. Previously in the literature, 

Fang [21] proposed two high order FDTD methods for 

solving Maxwell’s equations. The staggered FDTD (2,4) 

and FDTD (4,4) (where the first and the second index 

refer to the time and space accuracy order, respectively) 

are more accurate than the previously mentioned 

methods. Then, the FDTD (2,4) has been widely applied 

for frequency dependent media [22]. However, the FDTD 
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(4,4) did not get a significant focus in the simulation of 

the frequency dependent media, regarding its complexity.  

We have proposed a high order FDTD (3,4) for the 

non-dispersive media [23], and in this paper, the method 

has been extended for the simulation of a frequency 

dependent media which consisted of the combination of 

a multi-pole Debye model with a lossy conductive model. 

An analysis of the accuracy and the stability proved that 

the proposed method offered high performance in 

comparison with the previously cited methods. 

 

II. FORMULATIONS  
Consider the time-dependent form of Maxwell’s 

equations for a homogeneous Debye dispersive medium: 

  H
t
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Together with the dispersive permeability 

relationship: 

 ED * , (2) 

where 𝑬⃗⃗  and 𝑯⃗⃗⃗  are the electric and magnetic fields; 𝑫⃗⃗  

and 𝑩⃗⃗  are the electric and the magnetic flux density; 𝜀 

and 𝜇 are the dispersive permittivity and permeability of 

the medium; * denotes the convolution operator.  

The permittivity of a multi-pole Debye model 

combined with a static conductivity factor in the 

frequency domain is expressed as follows: 
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where 𝑗 = √−1; 𝜔 is the angular frequency; 𝜀0 is the free 

space permittivity; 𝜀∞ is the permittivity at the infinite 

frequency; K is the number of Debye poles; ∆𝜀𝑘 and 𝜏𝑘 

are the kth Debye pole’s magnitude and the relaxation 

time, respectively; 𝜎𝑠 is the static conductivity. 

The permittivity relation in Equation (3) can be 

expressed as a system of ADE as follows: 
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where K is the number of the Debye poles; 𝑃𝑘 is the 

polarization density of the kth Debye pole; 𝑃𝑙𝑜𝑠𝑠 is the 

conductive loss term.  

The computational domain is discretized by using 

the Yee’s staggered grid. Δx, Δy, and Δz denote the spatial 

step; Δt is the time increment. For a given function F 

which can be one of the electric or magnetic field’s 

component, the discrete is defined form as follows: 

  tnzkyjxiFF n
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. (5) 

The principle of the proposed method is based on 

applying the fourth order Central Finite Difference 

scheme for the approximation of the space derivatives  

in the curl equations, and the third order Backward 

Differentiation scheme for the approximation of the time 

derivatives, as shown in the following equations: 
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where N and M are the accuracy order in the time and the 

spatial domain, respectively. The coefficients 𝑎𝑞 , 𝑏𝑞, and 

𝑤𝑝 are shown in Table 1 and Table 2. Equation (6.a) is 

used for the approximation of the time derivative of the 

electric and magnetic flux density. Equation (6.b) is used 

to approximate the time derivatives of the polarization 

density 𝑃𝑘  and the conductive lossy term 𝑃𝑙𝑜𝑠𝑠. Equation 

(6.c) is used for the approximation of the spatial 

derivatives 

 

Table 1: Coefficients of the Nth order backward time 

differentiation 

N {a0,a1,…,aN} {b0,b1,…,bN} 

1 {1,-1} {1,-1} 

2 {1,-1,0} {3, -4,1}/2 

3 {23, -21, -3, 1}/24 {11, -18, 9, -2}/6 

4 {22, -17, -9, 5,-1}/24 {25, -48, 36, -16, 3}/12 

 
Table 2: Coefficients of the Mth order central spatial 

differentiation 

M {w1,…,wM/2} 

2 {1} 

4 {27, -1}/24 

 
After applying the backward differentiation in the 

time domain and the central differentiation in the space 

domain to Maxwell’s equation and the dielectric dispersive 

relation Equation (6), we obtain the update equations of 

the high order FDTD scheme which is composed of the 

following steps (we show only the update steps for the 

X-axis components. The same procedure is applied to the 

Y and Z-axis components): 

1. Update of the electric flux density: 

𝐷𝑥𝑖+
1

2
,𝑗,𝑘

𝑛 = −
1

𝑎0
∑ 𝑎𝑞𝐷𝑥𝑖+

1

2
,𝑗,𝑘

𝑛−𝑞𝑁
𝑞=1 +

∆𝑡

𝑎0
[

1

∆𝑦
∑ 𝑤𝑝 (𝐻𝑧

𝑖+
1

2
,𝑗+𝑝−

1

2
,𝑘

𝑛−
1

2 − 𝐻𝑧
𝑖+

1

2
,𝑗−𝑝+

1

2
,𝑘

𝑛−
1

2 )
𝑀/2
𝑝=1 −

1

∆𝑧
∑ 𝑤𝑝 (𝐻𝑦

𝑖+
1

2
,𝑗,𝑘+𝑝−

1

2

𝑛−
1

2 − 𝐻𝑦
𝑖+

1

2
,𝑗,𝑘−𝑝+

1

2

𝑛−
1

2 )
𝑀/2
𝑝=1 ]. (7) 
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2. Update of the electric field: 

𝐸𝒙𝑖+
1

2
,𝑗,𝑘

𝑛 =
1

𝜀0(𝜀∞+∑
∆𝑡∆𝜀𝑘

∆𝑡+𝑏0𝜏𝑘

𝐾
𝑘=1 +

∆𝑡𝜎𝑠
𝑏0𝜀0

)
[𝐷𝑥𝑖+

1

2
,𝑗,𝑘

𝑛 +

∑ 𝜏𝑘 ∑
𝑏𝑞

∆𝑡+𝑏0𝜏𝑘

𝑁
𝑞=1 𝑃𝒌,𝒙𝑖+

1

2
,𝑗,𝑘

𝑛−𝑞𝐾
𝑘=1 +

∑
𝑏𝑞

𝑏0
𝑃𝒔,𝒙𝑖+

1

2
,𝑗,𝑘

𝑛−𝑞𝑁
𝑞=1 ], (8.a) 

𝑃𝑘,𝑥𝑖+
1

2
,𝑗,𝑘

𝑛 = 𝜀0
∆𝑡∆𝜀𝑘

∆𝑡+𝑏0𝜏𝑘
𝐸𝑥𝑖+

1

2
,𝑗,𝑘

𝑛 −

𝜏𝑘 ∑
𝑏𝑞

∆𝑡+𝑏0𝜏𝑘

𝑁
𝑞=1 𝑃𝑘,𝑥𝑖+

1

2
,𝑗,𝑘

𝑛−𝑞
, (8.b) 

𝑃𝑙𝑜𝑠𝑠,𝑥𝑖+
1

2
,𝑗,𝑘

𝑛 =
∆𝑡𝜎𝑠

𝑏0
𝐸𝑥𝑖+

1

2
,𝑗,𝑘

𝑛 −

∑
𝑏𝑞

𝑏0
𝑃𝑙𝑜𝑠𝑠,𝑥𝑖+

1

2
,𝑗,𝑘

𝑛−𝑞𝑁
𝑞=1 . (8.b) 

3. Update of the magnetic field: 

𝐻𝑥
𝑖,𝑗+

1

2
,𝑘+

1

2

𝑛−
1

2 = −
1

𝑎0
∑ 𝑎𝑞𝐻𝑥

𝑖,𝑗+
1

2
,𝑘+

1

2

𝑛−
1

2
−𝑞𝑁

𝑞=1 −

∆𝑡

𝑎0𝜇
[

1

∆𝑦
∑ 𝑤𝑝 (𝐸𝑧

𝑖,𝑗+𝑝,𝑘+
1

2

𝑛−
1

2 − 𝐸𝑧
𝑖,𝑗−𝑝+1,𝑘+

1

2

𝑛−
1

2 )
𝑀/2
𝑝=1 +

1

∆𝑧
∑ 𝑤𝑝 (𝐸𝑦

𝑖,𝑗+
1

2
,𝑘+𝑝

𝑛−
1

2 − 𝐸𝑦
𝑖,𝑗+

1

2
,𝑘−𝑝+1

𝑛−
1

2 )
𝑀/2
𝑝=1 ]. (9) 

 

III. STABILITY ANALYSIS  
As stated, the Lax–Richtmyer theorem, a consistent 

finite difference scheme associated to a well-posed 

system of auxiliary differential equations is convergent 

to the analytical solution if and only if it is stable [24]. 

Therefore, the stability analysis leads also to prove the 

convergence of the studied scheme. 

Regarding the fact that we only deal with linear 

equations, the Z-transformation is applicable for the 

update Equations (7, 8 and 9). Then by assuming a  

plane wave propagating in a homogeneous domain, the 

computed electric field can be presented as follows:  

 𝐸𝑥
𝑛(𝑟 ) = 𝑧𝑛𝐸𝑥

0 𝑒−𝑖𝑘⃗ .𝑟 , (10) 

where 𝑘⃗ = (𝑘𝑥, 𝑘𝑦 , 𝑘𝑧) is the wave vector, 𝑧 is the Z-

transformation variable, and 𝑟 = (𝑥, 𝑦, 𝑧) is a position 

vector.  

By applying the Z-transformation to the update 

Equations (7, 8 and 9), the Z-domain wave equation is 

obtained:  

 [𝛿𝑡
2(𝑧)𝜇𝑟(𝑧)𝜀𝑟(𝑧)𝐼 − 𝑧−1𝑐0

2𝐶̃𝐶̃𝑇]𝐸(𝑧) = 0, (11) 

 𝐶̃ =  [

0 −𝛿𝑧 𝛿𝑦

𝛿𝑧 0 −𝛿𝑥

−𝛿𝑦 𝛿𝑥 0
], (12) 

where 𝑐0 = 1/√𝜇0𝜀0, 𝛿𝑡 =
1

∆𝑡
∑ 𝑎𝑞𝑧

−𝑞𝑁
𝑞=0   is the  

Z-transform of the time backward differentiation,  

𝐶̃ is the discrete form of the matrix curl-operator,  

𝛿𝑥 = 
2𝑗

∆𝑥
∑ 𝑤𝑝𝑠𝑖𝑛((𝑝 − 1/2)𝑘𝑥∆𝑥)

𝑀/2
𝑝=1  is the central 

difference operator for the plane wave, 𝛿𝑦 and 𝛿𝑧 are 

computed similarly to 𝛿𝑥, and 𝜀𝑟(𝑧) is obtained by 

applying the Z-transformation to Equation (8).  

By computing the eigenvalues of Equation (11), it 

can be reduced to a scalar wave equation: 

 𝑧𝛿𝑡
2(𝑧)𝜇𝑟(𝑧)𝜀𝑟(𝑧) + 𝑐0

2(𝛿𝑥
2 + 𝛿𝑦

2 + 𝛿𝑧
2) = 0. (13) 

By consequence, the stability analysis of the 

proposed method is reduced to analyzing the stability of 

the scalar wave Equation (13). 

In the automatic control theory, one of the widely 

used methods for analyzing the stability of discrete 

control systems is the Root-Locus method [25]. The 

Root-Locus method is based first on, writing the studied 

equations under the form of a linear discrete feedback 

system as shown Equation (14). 

 1 + 𝐾
1

𝑧𝛿𝑡
2(𝑧)

1

𝜇𝑟(𝑧)𝜀𝑟(𝑧)
= 0, (14) 

where  

𝐾 = 𝑐0
2 ∑ [

2∆𝑡

∆𝜂
∑ 𝑤𝑝𝑠𝑖𝑛 ((𝑝 − 1/2)𝑘𝜂∆𝜂)   

𝑀/2

𝑝=1

]

2

𝜂=𝑥,𝑦,𝑧

. 

Then, the Root-Locus analysis plots the locations of 

the Equation 14 roots in the complex plane as a function 

of the gain K. The stability condition of a discrete 

feedback system is granted when all the roots are located 

within the unit circle. 

The maximum value of the gain K that maintains the 

stability criteria is evaluated. Then, assuming the worst 

case by letting 𝑠𝑖𝑛 ((𝑝 − 1/2)𝑘𝜂∆𝜂) = 1, to compute the 

CFL condition in the in the case of Δ = Δx = Δy = Δz: 

 𝐶𝐹𝐿 = 𝑐0
Δ𝑡𝑚𝑎𝑥

Δ
. (15) 

The above procedure is applied for studying  

the stability condition for the High-order FDTD 

implementation of a Four-pole Debye model [3], which 

is used for modeling human muscle, fat, and skin tissues. 

The special resolution is selected at 25, 50, 75, or 100 

points per wavelength (PPW) 𝜆𝑚𝑖𝑛 = 0.05𝑚.  

Figure 1 shows the Root-Locus plot for the free 

space with the implementation of different FDTD 

methods. The curves represent the paths traveled by the 

roots of Equation 14. The critical point for which the 

stability limit is attained and the maximal values of the 

gain K are indicated in the figure.   

Figure 2 shows the Root-Locus plot for the muscle 

tissue with the implementation of FDTD methods with a 

fixed resolution at 25 PPW. Figure 3 shows the Root-

Locus plot for the muscle tissue with the implementation 

of the FDTD (3,4) with different resolutions (25, 50, 75, 

and 100 PPW). Then the CFL limit for each case is 

computed from the maximum values of the gain K. Table 

3 resumes a comparison of the CFL condition between 

the different FDTD methods. Table 4 summarizes the 

maximum CFL for each tissue.  

Based on the results in Table 3, in the case of the 

free space, the Root-Locus method fits with the Von-

Neumann [26] stability condition; which is independent 

of the spatial grid resolution. However, in the case of  
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a dispersive media, the stability limit is inversely 

proportional to the grid resolution. Also, we can note that 

for the high grid resolution, the stability condition tends 

to retain that of a non-dispersive case where 𝜀𝑟 = 𝜀∞.  

From Table 4, regardless the type of the material, 

the FDTD with high accuracy order are less stable than 

those with low accuracy order. As a consequence, a 

tradeoff between the stability and the precision is 

recommended.   

In order to validate the Root-Locus analysis results, 

a numerical stability test is carried out. A simple 

electromagnetic scenario is simulated using the FDTD 

(3,4). The computational space is filled with a dispersive 

Debye media (muscles tissue). An infinitesimal Hertzian 

dipole is inserted in the center of the computational 

space. Two current numbers (cΔt/Δx) are used, 0.1% 

below and above the CFL limit, respectively. Where the 

CFL limit of the FDTD (3,4) was found to be 1.2446 for 

a resolution of 25 PPW in Table 3. 
 

 
 

Fig. 1. Root-Locus for FDTD schemes in the free space: 

(a) FDTD (2,2), (b) FDTD (2,4), (c) FDTD (3,4), and (d) 

FDTD (4,4).  

 

 
 
Fig. 2. Root-Locus for FDTD schemes in human muscle 

tissue: (a) FDTD (2,2), (b) FDTD (2,4), (c) FDTD (3,4), 

and (d) FDTD (4,4). 
 

 
 
Fig. 3. Root-Locus for FDTD (3,4) schemes in human 

muscle tissue, for different resolutions: (a) 25 PPW, (b) 

50 PPW, (c) 75 PPW, and (d) 100 PPW. 

 

Table 3: CFL for Human muscle tissue modeled by 4-Pole Debye [3], with different PPW, with fmax = 6 GHz 

Tissue Muscle 
Free Space 

PPW 25 50 75 100 2000 Non-Dispersive 

FDTD(2,2) 3.3019 2.5384 2.0568 1.7565 0.8347 0.7874 0.5715 

FDTD(2,4) 2.6852 2.0643 1.6726 1.4285 0.7094 0.6749 0.4899 

FDTD(3,4) 1.2446 0.8942 0.7762 0.7188 0.5696 0.5621 0.4118 

FDTD(4,4) 0.4849 0.4073 0.3825 0.3712 0.3384 0.3374 0.2474 

 

Table 4: CFL for different human tissues modeled by 4-

Pole Debye [3], with PPW = 25, and fmax = 6 GHz 

Tissue Muscle Fate 
Wet 

Skin 

Dry 

Skin 

FDTD(2,2) 3.3019 0.984 2.9722 2.8199 

FDTD(2,4) 2.6852 0.831 2.4171 2.4171 

FDTD(3,4) 1.2446 0.6328 1.3219 1.4285 

FDTD(4,4) 0.4849 0.3695 0.5359 0.7493 

Figure 4 (a) shows the simulation results of the first 

case after 20000 steps. There is no sign of instability. 

Figure 4 (b) shows the situation results of the second 

case. It is clear that the simulation, in this case, is 

unstable. This confirms the results obtained by the Root-

Locus method. 

As a conclusion of this part, the Root-Locus method 

offers an accurate estimation of the CFL stability condition 
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of the FDTD methods regardless the complexity of the 

implementation medium and the accuracy orders of the 

FDTD method. 

 

 
 

Fig. 4. Stability test in the case of muscle tissue at 25PPW: 

(a) cΔt/Δx = 1.2444, and (b) cΔt/Δx = 1.2458. 

 
IV. NUMERICAL VALIDATION 

In this part, the accuracy of the proposed method is 

compared to the original FDTD, the high order FDTD 

(2,4) [22], and the FDTD (4,4) [21]. The simulation of 

some problems for which the analytical solution is  

well known, to compute the numerical dispersion of 

electromagnetic waves traveling in the free space and the 

Debye dispersive media.  

 

A. Simulation in the free space 

First, we consider the scenario of a plane wave 

traveling in the free space in different directions. The 

numerical dispersion is evaluated as the relative error in 

the phase velocity. The multicycle sine plane wave is 

introduced to the computational space by using the total 

field scattered field (TFSF) technique [27]. The frequency 

of the multicycle sine pulse is a function of the PPW. The 

simulation runs for the necessary time for the multicycle 

sine wave to entirely vanish through the TFSF interface. 

Then, the Fourier transform is applied on the electric 

field to compute the phase velocity. 

Figure 5 shows the phase velocity error as a function 

of the PPW and the propagation angle. The FDTD (4,4) 

[21] has the lowest phase velocity errors, then the 

proposed scheme comes in the second place with about 

2 dB above the FDTD (4,4), but it is largely lower than 

both the FDTD (2,2) and FDTD (2,4).  

Second, we consider the scenario of a Hertzian 

dipole source inserted in the center of the computational 

space which is 200x200x200 cells sized. The space 

increments are Δx = Δy = Δx = 1 mm. The CFL is 0.2. 

Ten cells perfectly matched layers (PML) surrounds the 

computational space to absorb the outgoing waves. The 

Hertzian dipole is fed by a wideband current pulse as 

shows Equation 16. The observation point is located at a 

distance of 20 cells from the Hertzian dipole source: 

 𝑆𝑟𝑐(𝑡) =
1

𝑠2
(𝑡 − 𝑚)𝑒−0.5((𝑡−𝑚)/𝑠)

2

, (16) 

where s = 16Δt; m = 160Δt.    

The obtained results are compared with the fields 

computed using the analytic formula of the Hertzian 

dipole [28]. As shown in Fig. 6, all of the FDTD (2,4), 

FDTD (3,4) and FDTD (4,4) fit with the analytic solution 

rather than the FDTD (2,2). Figure 7 shows the error of 

each method which is expressed by Equation 17. The 

proposed scheme offers almost the same precision as the 

FDTD (4,4) and higher than both the original FDTD 

(2,2) and the FDTD (2,4): 

 𝐸𝑟𝑟(𝑟) = √
∑ |𝐸𝑧(𝑟,𝑡)−𝐸𝐹𝐷𝑇𝐷(𝑟,𝑡)|2𝑡

∑ |𝐸𝑧(𝑟,𝑡)|2𝑡
 , (17) 

where 𝐸𝑧(𝑟, 𝑡) is the analytically computed electric field 

and 𝐸𝐹𝐷𝑇𝐷(𝑟, 𝑡) is the electric field computed by the 

FDTD method. 

 

 
 

Fig. 5. Relative phase velocity errors as function of  

the number of points per wavelength (PPW) and the 

propagation angle Φ. 

 

 
 

Fig. 6. Comparison of the electric field at 20Δx from the 

dipole source in the time domain, as computed by the 

FDTD methods and the theory. 

 

From the above results, in the case of a non-dispersive 

media, the proposed scheme is better than the original 

FDTD and the FDTD (2,4), and it offers almost similar 

performance as the FDTD (4,4) in terms of precision. 

Also if we consider the low stability condition of the 

FDTD (4,4) discussed in Section 3, we can deduce that 

our scheme is more efficient regarding the stability-

precision criterion. 
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Fig. 7. Errors on the computed electric field expressed 

by Equation (16), as a function of the distance from the 

source. 

 

B. Simulation in the Debye media 

To validate the accuracy of the proposed method 

relating to the simulation in the dispersive media, we 

effectuate the following simulations using the Debye 

model.  

The first scenario consists of the simulation of a 

plane wave normally incident on the interface between 

the free space and a homogeneous dispersive media. As 

an example, we take the Four-Pole Debye model of the 

muscles where the parameters are listed in [3]. Figure 8 

shows the FDTD simulation model. The computational 

space is delimited by a perfect electric conductor (PEC) 

from z-direction boundaries, a perfect magnetic conductor 

(PEM) from the y-direction boundaries. At the x-direction 

boundaries, a polarized current source excitation surface 

is placed on one side, and perfectly matched layers (PML) 

boundary is on the other side. Figure 9 demonstrates  

the ability of the proposed method to model the Debye 

dispersive media in comparison with the others methods. 

It shows that at the interval above 20 PPW the reflection 

coefficients computed by FDTD (3,4) and FDTD (4,4) fit 

perfectly with the theoretical one. Figure 10 shows the 

errors in the computed coefficient of reflection effectuated 

by each scheme. The obtained results demonstrate that 

the errors effectuated by the proposed scheme are almost 

equivalent to the high order FDTD (4,4) and largely 

lower than those of the FDTD (2,4) and FDTD (2,2).  

 

 
 

Fig. 8. Numerical FDTD model used to validate the 

FDTD (3,4) for modeling 4-pole Debye media. 

 

 
 

Fig. 9. Magnitude and phase of the reflection coefficient 

of vacuum – human muscle model interface. 

 

 
 

Fig. 10. Errors in the computed reflection coefficient as 

a function of the PPW. 

 

Secondly, we consider a Hertzian dipole source 

inserted in the center of the FDTD computational space 

which is filled with a dispersive media. We refer to the 

Four-Pole Debye model of the human muscles [3]. The 

analytical solution is expressed in the frequency domain 

by including the complex dielectric conductivity and the 

frequency spectrum of the input source signal 𝑆(𝑓) to the 

general solution of the Hertzian dipole [29]. Equation 18 

expresses the electric field in the frequency domain: 

𝐸⃗ (𝑟, 𝑓) = 𝑆(𝑓)𝑙
𝑒−2𝑗𝜋𝑓𝑟√𝜇𝜀0𝜀𝑟

4𝑗𝜋2𝑓𝜀0𝜀𝑟
× (

1

𝑟3 +

2𝑗𝜋𝑓√𝜇𝜀0𝜀𝑟

𝑟2 ) 𝑐𝑜𝑠(𝜃)𝑒𝑟⃗⃗  ⃗ + 𝑆(𝑓)𝑙
𝑒−2𝑗𝜋𝑓𝑟√𝜇𝜀0𝜀𝑟

8𝑗𝜋2𝑓𝜀0𝜀𝑟
×

(
1

𝑟3 +
2𝑗𝜋𝑓√𝜇𝜀0𝜀𝑟

𝑟2 −
4𝜋2𝑓2𝜇𝜀0𝜀𝑟

𝑟
) 𝑠𝑖𝑛(𝜃)𝑒𝜃⃗⃗⃗⃗ , (18) 

where 𝑙 is length of the Hertzian dipole, 𝑟 is the distance 

of the observation point from the source, 𝑒𝑟⃗⃗  ⃗ is the unite 

vector from the source to the observation point and 𝑒𝜃⃗⃗⃗⃗  is 

the unite vector perpendicular to 𝑒𝑟⃗⃗  ⃗. 
The numerical dispersion of the FDTD is evaluated 

as follows: 

 𝐸𝑟𝑟(𝑟) = √
∑ |𝐸𝑧(𝑟,𝑓)−𝐸𝐹𝐷𝑇𝐷(𝑟,𝑓)|2𝑓

∑ |𝐸𝑧(𝑟,𝑓)|2𝑓
 , (19) 
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where 𝐸𝑧(𝑟, 𝑓) is the analytically computed electric field, 

and 𝐸𝐹𝐷𝑇𝐷(𝑟, 𝑓) is the frequency component computed 

by the FDTD method. 

Figure 11 shows the agreement of the proposed 

method with the analytical solution. Also, the others 

methods agree with the analytical solution in varying 

proportion. Figure 12 shows the errors of each method as 

a function of the distance from the source. FDTD (3,4) 

and FDTD (4,4) offer almost the same precision which 

is higher than both the FDTD (2,4) and the original 

FDTD (2,2). 

According to the results of the numerical experiments 

in both the free space and in the Debye dispersive 

medium, the proposed method is more accurate than both 

the FDTD (2,2) and the FDTD (2,4). Moreover, it offers 

almost the same precision as the FDTD (4,4). Hence, 

when considering the low stability provided by FDTD 

(4,4), one can conclude that the proposed method offers 

the best tradeoff between the accuracy and the stability. 

 

 
 

Fig. 11. Comparison of the electric field at 20Δx from 

the dipole source in the frequency domain, as computed 

by the FDTD methods and the theory as a function of the 

PPW. 

 

 
 

Fig. 12. Errors on the electric field expressed by Equation 

(18) as a function of the distance from the source. 

 

V. CONCLUSION 
A high order accuracy FDTD method for the 

simulation of the electromagnetic wave behavior in the 

dispersive media is developed. The proposed method is 

third order accuracy concerning the approximation of  

the time domain derivatives and fourth order accuracy 

concerning the space domain derivatives. The stability of 

the proposed method is analyzed by using the Root-

Locus method, first in the case of the free space, then in 

the case of the Debye dispersive media. The proposed 

method comes in third place after the original FDTD 

method and the FDTD (2,4) which are less accurate. The 

numerical dispersion analysis in both cases, in the free 

space and the Debye dispersive media, revealed that  

the proposed method offered almost the same precision 

as the high order FDTD (4,4). However, this last has a 

deficient stability performance. As a tradeoff between 

the stability and accuracy, the proposed method offers 

the best performances. 
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Abstract ─ Effective formulations of the complex 

frequency-shifted perfectly matched layer (CFS-PML) 

based on the two-dimensional (2-D) TE  body of 

revolution finite-difference time-domain (BOR-FDTD), 

named as the BOR-CFS-PML, are proposed to truncate 

the Drude media. The auxiliary differential equation 

(ADE) method and the trapezoidal recursive convolution 

(TRC) method are applied to the implementation of the 

BOR-CFS-PML. The proposed formulations have good 

performance in attenuating low-frequency evanescent 

waves and reducing late-time reflections. A numerical 

test is provided to validate the effectiveness of the 

proposed algorithm. 

 

Index Terms ─ Auxiliary differential equation (ADE), 

body of revolution (BOR), complex frequency-shifted 

perfectly matched layer (CFS-PML), finite-difference 

time-domain (FDTD), trapezoidal recursive convolution 

(TRC). 

 

I. INTRODUCTION 
The body of revolution finite-difference time-

domain (BOR-FDTD) method [1],[2] plays an important 

role in simulating electromagnetic wave propagation  

in rotationally symmetric geometries. The BOR-FDTD  

has an advantage of simplifying an original three-

dimensional (3-D) problem to a two-dimensional (2-D) 

problem, so that it saves much running time.  

When the open region problems are simulated, an 

effective absorbing boundary condition is necessary. The 

perfectly matched layer (PML) was firstly introduced  

by Berenger in [4]. Next, the stretched coordinate PML 

(SC-PML) with simple implementation in the corners 

and edges of the PML regions was presented in [5]. 

However, the SC-PML had a drawback of the inefficiency 

in attenuating the evanescent waves [6],[7]. To overcome 

the shortcoming of the SC-PML, the complex frequency-

shifted PML (CFS-PML) [8] was proposed to efficiently 

damp the low-frequency evanescent waves and late-time 

reflections [6].  

To analyze the Drude model and other dispersive 

models, the recursive convolution (RC) method [9],[10], 

the piecewise linear RC (PLRC) method [11] and the 

trapezoidal RC (TRC) method [12,13] have been explored 

to realize the frequency-dependent FDTD method. 

Especially, the TRC method has the advantages of high 

accuracy and simplicity.  

In this paper, effective formulations of the CFS-

PML based on the (2-D) TE  BOR-FDTD, named here 

as the BOR-CFS-PML, are proposed. The formulations 

of the BOR-CFS-PML utilize the auxiliary differential 

equation (ADE) method [14] and the TRC method to 

truncate the Drude media. The results of the numerical 

example show that the BOR-CFS-PML has much better 

absorbing performance than the SC-PML based on the 

BOR-FDTD.  
 

II. FORMULATIONS 
In the cylinder coordinate, the complex spatial 

coordinate-stretching variables are defined as: 

 
1

1 ( ') '  
r

r
r

r r S r dr ,  (1) 

 
1

1 ( ') '  
z

z
z

z z S z dz ,  (2) 

where 1r  and 1z  are the interfaces between the FDTD 

and the PML grids along the directions of r and z, 

respectively, and  ( , z)  S r  are the CFS-PML variables 

given by: 

 
0



 






 
 


S

j
,  (3) 

where   and   are positive real and   is real and 

1 . 

In 2-D TE  case, based on the SC-PML formulations 

[5], the frequency-domain modified Maxwell’s equations  
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in the Drude media can be written as: 
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The frequency-domain electric flux density D ( , )r z   

are given by: 

 0 ( )    rD E ,  (7) 

where ( )r   is the complex relative permittivity of the 

Drude model defined as: 

   
2

2
1

p

r
j
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 
 
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,  (8) 

where p  is the Drude pole frequency and   is the 

damping constant.  

By using the partial fraction expansion, 1



S  can be 

expressed as: 
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where  
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0 0
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By submitting (9) into (4)-(6) and using the inverse 

Fourier transformation and the ADE method, ones obtains: 
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where rzF , zrG , zrP , zQ  and rQ  are the auxiliary 

variables expressed as follows: 
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Using the BOR-FDTD scheme and the TRC method 

[12] to discretize (10)-(17), ones obtains: 
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It can be seen that (11) includes a singularity when 

0r  for the 1/ r  term. The proposed update equation to  
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solve the problem [2] is: 
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The corresponding coefficients in (18)-(28) are listed 

as follows: 
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where   ( , )r z   are the space cell size and t  is 

the time step. 

 

III. NUMERICAL RESULTS 
A numerical example is provided to validate  

the effectiveness of the proposed BOR-CFS-PML 

formulations. The model structure of the numerical 

example is presented in Fig. 1. The BOR-CFS-PML with 

10-cell-thick layers is used to truncate the FDTD 

computation domain filled with the Drude media with 

2 28.7p   Grad/s and =20  Grad/s, which occupies 

    cells. The space cell size is 42 10  m    r z  

and the time step is 134.48 10  s.  t  In this simulation, 

the excite source, which is located at (10, 50) as shown 

in Fig. 1, is a modulated Gaussian pulse whose center 

frequency is 35 GHz and maximum interesting frequency 

is 70 GHz. In the PML domain, 


  and 


  are scaled using 

an m-order polynomial scaling and   is a constant. To 

obtain the low reflection, the BOR-CFS-PML parameters 

,max 10,  0.6,  ,max , ( 1) (150 ),ratio m      

, 1.4,ratio   2m   are selected empirically. The 

simulation is operated for 2240 ps. 
 

 
 

Fig. 1. The model structure of the numerical example. 

 

The relative reflection error of the BOR-CFS-PML 

in the time-domain is shown in Fig. 2. The relative 

reflection error is calculated at an observation point 

located at (59, 11) as: 

 
dB 10

( ) ( )
( ) 20log

max( ( ))

R T

R

H t H t
R t

H t

 




 , (29) 

where ( )

TH t  represents the value calculated in the test 

domain, ( )

RH t  is the reference solution based on the 

extended 260x480-cell FDTD computational domain 

terminated by additional 128-cell-thick PML layers.  

For comparing, the SC-PML based on the BOR-FDTD, 

named here as the BOR-SC-PML, is also computed  

by using the same PML parameters except 0.   

Compared with the BOR-SC-PML, the BOR-CFS-PML 

has better performance in reducing late-time reflection 

error. Specially, it has about 60 dB improvement near 

1500 pst . 

Figure 3 shows the reflection coefficients in the 

frequency-domain with the BOR-CFS-PML and the 

BOR-SC-PML. The reflection coefficients are calculated 

at the same observation point by using: 

  dB 10

[ ( ) ( )]
20log

[ ( )]

R T

R

F H t H t
R f

F H t

 




 , (30) 

where the operator  *F  is the symbol of the Fourier 

transformation. The maximum reflection coefficient of 

the BOR-CFS-PML is -68 dB in the interesting frequency 

range. Within the low-frequency, the BOR-CFS-PML 

holds significant improvement compared with the BOR-

SC-PML.  
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In conclusion, the BOR-CFS-PML holds the 

remarkable advantages in attenuating low-frequency 

evanescent waves and reducing late-time reflections over 

the BOR-SC-PML. 

 

 
 

Fig. 2. Relative reflection errors versus time of the BOR-

CFS-PML and the BOR-SC-PML for truncating the 

Drude media. (Two curves almost overlap before 237ps). 

 

 
 

Fig. 3. Reflection coefficients versus frequency of the 

BOR-CFS-PML and the BOR-SC-PML for truncating 

the Drude media. (Two curves almost overlap after  

35 GHz). 

 

IV. CONCLUSION 
An effective implementation of the BOR-CFS-

PML, which takes advantage of the ADE method and the 

TRC method to terminate the Drude media, is presented. 

It is confirmed in the numerical example that the proposed 

BOR-CFS-PML is efficient in the absorption of the low-

frequency evanescent waves and the reduction of late-

time reflections. 
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Abstract ─ In this paper, a complex-envelope (CE) 

scheme is introduced into the locally one-dimensional 

finite-difference time-domain (LOD-FDTD) method for 

the band-gap analysis of the plasma photonic crystal 

(PPC). The un-magnetized plasma, characterized by a 

complex frequency-dependent permittivity, is expressed 

by the Drude model and solved with a generalized 

auxiliary differential equation (ADE) technique. The CE 

scheme is also applied to the perfectly matched layer. 

Numerical examples show that the proposed CE-ADE-

LOD-FDTD method provides much more accurate results 

than the traditional ADE-LOD-FDTD with the same 

CFL number. The reflection and transmission coefficients 

of the PPC are calculated and their dependence on the 

relative permittivity of dielectric, the plasma frequency, 

the collision frequency and the plasma layer thickness 

is studied. The results show that the photonic band gaps 

of the PPC could be tuned by adjusting the parameters. 

 

Index Terms ─ Band-gaps, complex envelope (CE), 

locally one-dimensional finite-difference time-domain 

(LOD-FDTD) method, plasma photonic crystal (PPC). 
 

I. INTRODUCTION 
Much attention has been paid to the photonic 

crystal due to its unique characteristics since the 

conception was put forward by Yablonovitch [1] and 

John [2] in the 1980s. The plasma photonic crystal 

(PPC) is an important branch of the photonic crystal. A 

PPC structure is an artificially periodic one composed 

of the alternating thin un-magnetized (or magnetized) 

plasmas and dielectric materials (or vacuum). In recent 

years, scholars have devoted much of the energy to the 

research of PPCs. At the same time, a number of related 

literatures continue to emerge. The natures of the PPC 

include photonic band gap properties of photonic 

localization and optical properties [3], [4]. For the 

analysis of the PPC, the frequency-dependent finite-

difference time-domain (FDTD) method has been widely 

used. Because surface plasmon polaritons (SPPs) are 

highly localized along the plasma-dielectric interface, 

fine spatial grids are required to attain sufficient accuracy. 

Thus, an extremely small time step constrained by the 

Courant-Friedrich-Levy (CFL) stability condition results 

in a long computation time [5]. 

Some unconditionally stable FDTD methods  

have been presented to eliminate the CFL condition  

and to improve the computational efficiency. Several 

unconditionally stable time-marching methods only 

need to deal with the tri-diagonal matrix equation with 

low computational complexity, such as the locally  

one-dimensional (LOD) FDTD method [6], [7], the 

alternating-direction implicit (ADI) FDTD method [8], 

[9] and the split-step (SS) FDTD method [10]-[12]. The 

unconditionally stable Crank-Nicolson (CN) FDTD 

method is another time-marching method, in which the 

full time step size in one marching step is used to solve 

the discretized Maxwell’s equations [13], [14]. Although 

the above time-marching methods are unconditionally 

stable, their time steps are restricted by the dispersion 

errors [15]-[17]. The order-marching weighted Laguerre 

polynomial (WLP) FDTD method, in which the spatial 

and the temporal variables are separated, does not have 

to deal with the time step [18], [19]. Both CN-FDTD 

and WLP-FDTD have to solve a large banded-spare 

matrix equation at the beginning of the calculation. 

In order to reduce the numerical dispersion for 

large time-step sizes in ADI-FDTD, a technique called 

the complex-envelope (CE) has been proposed in [20]. 

It was claimed that CE-ADI-FDTD is more accurate 

than ADI-FDTD with the same time step. By using the 

CE technique, the carrier frequency term is absorbed 

into the Maxwell’s equations as a known quantity. 

Consequently, only the signal envelopes become the 

variants to be sampled and computed. Generally, LOD-

FDTD requires fewer arithmetic operations than ADI-

FDTD [21]. [22] introduced a CE-LOD-FDTD method 

for the analysis of the optical waveguide. The CE-LOD-

FDTD method was also used to analyze ionospheric 

propagation in a simple one-dimensional space without 

absorbing boundary conditions [23]. 

With the auxiliary differential equation (ADE) 

technique [24], [25], the CE-LOD-FDTD method is 

employed for the analysis of PPCs in this work. The 
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dispersion of the plasma expressed by the Drude model, 

is solved with the ADE technique to establish the 

relationship between the electric field intensity and 

conductive electric current in the PPC. Furthermore, the 

CE technique is integrated with the Berenger’s perfectly 

matched layer (PML) to truncate the computational 

domain effectively. With the proposed CE-ADE-LOD-

FDTD method, the reflection and transmission 

coefficients through the PPC are calculated, and their 

dependence on the dielectric permittivity, the plasma 

frequency, the collision frequency and the plasma layer 

thickness is studied. The numerical examples verify 

accuracy and effectiveness of the proposed method. 

 

II. NUMERICAL FORMULATION 

A. CE-ADE-LOD-FDTD method 

The time dependence of e-iωt is assumed. According 

to the Drude model, the relative permittivity (in frequency 

domain) of the un-magnetized plasma is given by: 
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2

p

m 2
1

i
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
, (1) 

where ω is the angular frequency of the impinging 

light, ωp is the plasma frequency, and γ is the collision 

frequency of the plasma.  

For simplicity, a 2-D TM wave including Ex, Ez 

and Hy components is considered. The 2-D Maxwell’s 

equations and auxiliary differential equations in a 

dispersive material can be written as [26]: 
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where ε and ε0 are the electric permittivity of the 

medium and free space, respectively, and μ0 is the 

magnetic permeability. 

The fields can be represented as: 

 
    ciˆ ˆ ˆ, , Re , ,

t
E H J E H J e


 , (3) 

where Re{·} denotes the operation that takes the real 

part of a complex number, ωc is the center carrier 

angular frequency, and Ê, Ĥ and Ĵ represent the 

associated complex-envelope fields and electric current. 

Substituting (3) into (2a)-(2e), we get: 
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With the LOD scheme [6], we obtain the CE-ADE- 

LOD-FDTD formalism. In the first step (n+1/2), we 

have: 
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In the second step (n+1), we have: 
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Since (5b) includes the unknown term 
1/ 2ˆ n

yH 
, taking 

the first step for example, we substitute (5c) into (5b)  

to eliminate 
1/ 2ˆ n

yH 

 
and then get a tri-diagonal matrix 

equation in term of 1/2ˆ n

zE   which can be solved with 

Thomas algorithm. The rest of the equations can be 

calculated in an explicit way. It is clear that the 

equations of the CE-ADE-LOD-FDTD method degrade 

into those of the ADE-LOD-FDTD method for ωc = 0. 

 

B. CE-PML in CE-ADE-LOD-FDTD 

In a Berenger’s PML medium, the magnetic field 

component Ĥy is divided into Ĥyx and Ĥyz. With the 

LOD scheme [6], we obtain the CE-PML difference 

formalism in the first step (n+1/2): 
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The coefficients of (7a)–(7f) are expressed as: 
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where Δt is the time step, Δxi is the discretization step 

along the x-direction, σx and ρx are the conductivity and 

reluctivity, respectively. The equations of the second 

step can be obtained in a similar way. 

 

III. NUMERICAL RESULTS AND 

DISCUSSION 
With the proposed CE-ADE-LOD-FDTD method, 

the reflection and transmission coefficients through the 

PPC are calculated and their dependence on the relative 

permittivity of dielectric medium, the plasma frequency, 

the plasma collision frequency and the plasma layer 

thickness is studied in this section. 
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Fig. 1. Schematic model of a plasma photonic crystal. 

 

A normally incident TM-polarized plane wave 

illuminates a PPC from the left side, as shown in Fig. 1. 

The eight dielectric layers and seven plasma layers  

are set in the PPC model, where a = b = 15 μm. The 

computational region is truncated by the Berenger’s 

PML on the left and right sides. The top and bottom 

boundaries are treated by the perfect electric conductors 

(PECs). 

A Gaussian pulse is used as the source excitation, 

which can be written as: 

 
 

 
2

0

2

t t

F t e 




 , (9) 

where the maximum frequency fmax = 10 THz, τ = 1/(2fmax) 

and t0 = 3τ. The frequency characteristics of the 

transmission are calculated with the discrete Fourier 

transform (DFT) of time-domain responses in the 

observation plane. 

Here, the graded cells are used to attain sufficient 

accuracy. The center carrier angular frequency ωc = 2π 

× 5 × 1012 rad/s, the spatial step along the x-direction is 

1.5 μm, and the minimum and maximum spatial steps 
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along the z-direction are ∆min = 0.05 μm and ∆max = 2 μm, 

respectively. The total cell number in the computational 

domain is 40 × 355. 

 

A. Accuracy verification of CE-ADE-LOD-FDTD 

First, the accuracy and effectiveness of the proposed 

CE-ADE-LOD-FDTD method are verified. We choose 

the plasma frequency ωp = 2π × 2 × 1012 rad/s, the 

plasma collision frequency γ = 40 THz, and the relative 

permittivity of dielectric εr = 4 in the simulation. 
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Fig. 2. Results of transmittance of the PPC from ADE-

FDTD, ADE-LOD-FDTD and CE-ADE-LOD-FDTD. 

 

Table 1: Comparison of the computational efforts for 

the three methods 

Method CFLN 
Marching 

Steps 

CPU Time 

(s) 

Memory 

(Mb) 

FDTD 1 200000 45017 8.99 

ADE-LOD-

FDTD 
100 2000 251 11.35 

CE-ADE-

LOD-FDTD 
100 2000 529 16.06 

 
Figure 2 shows the transmission coefficients 

calculated by ADE-FDTD, ADE-LOD-FDTD [26],  

and the proposed CE-ADE-LOD-FDTD method, where 

∆tFDTD = ∆min/2/c (c is the velocity of light in the vacuum) 

is chosen for the explicit ADE-FDTD according to the 

CFL constraint, ∆tLOD = 100∆tFDTD (CFLN = ∆tLOD 

/∆tFDTD = 100) is chosen for ADE-LOD-FDTD, and 

∆tCE-LOD = 100∆tFDTD (CFLN = 100) is chosen for CE-

ADE-LOD-FDTD. It is clear from Fig. 2 that the results 

from CE-ADE-LOD-FDTD and ADE-FDTD are in 

good agreement. The results from ADE-LOD-FDTD 

are worse than those from the other two methods 

because its dispersion deteriorates with the large time 

step. 

Table 1 shows the comparison of computational 

efforts of the three methods. Because of the storage of 

the sparse matrix, the memory requirement of CE-

ADE-LOD-FDTD is larger than ADE-FDTD. With the 

much larger time step beyond the CFL constraint, the 

CPU time of CE-ADE-LOD-FDTD can be much less 

than that of ADE-FDTD. Although CE-ADE-LOD-

FDTD costs more CPU time than ADE-LOD-FDTD, it 

gets much more accuracy results. All calculations in 

this paper are performed on an AMD Athlon (tm) II X4 

3.00 GHz computer with 6 GB RAM. 

 

B. Effects of the relative permittivity of dielectric 

First, we discuss the effects of the relative 

permittivity of dielectric on the band gap of the PPC. 

We choose the plasma frequency ωp = 2π × 2 × 1012 rad/s 

and the plasma collision frequency γ = 40 THz in the 

simulation. With the proposed CE-ADE-LOD-FDTD 

method, the reflection and transmission coefficients  

for the PPC with different relative permittivities of 

dielectric are depicted in Figs. 3, 4 and 5. Here, we 

choose CFLN = 100 in the CE-ADE-LOD-FDTD method. 
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Fig. 3. Electromagnetic band-gap characteristics with 

the relative dielectric permittivity εr = 2. 
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Fig. 4. Electromagnetic band-gap characteristics with 

the relative dielectric permittivity εr = 4. 
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Fig. 5. Electromagnetic band-gap characteristics with 

the relative dielectric permittivity εr = 6. 
 

It is difficult to form the band gap when the 

relative permittivity of the dielectric medium equals to 

1 because the dielectric constant of the plasma is close 

to 1. That means that the PPC structure tends to a single 

medium when the relative permittivity of the dielectric 

medium is close to that of the background medium. The 

double band gap appears near f = 4.2 THz and 8.4 THz 

when the relative permittivity of the dielectric medium 

equals to 2. With the increase of the relative permittivity 

value of the dielectric medium, the depth and number of 

the band gap increase. Therefore, the band gap can be 

well controlled by changing the relative permittivity 

value of the dielectric medium. 
 

C. Effects of the plasma frequency 

Next, we study the effects of the plasma frequency 

on the band gap of the PPC. Here we choose the 

relative permittivity of the dielectric medium εr = 5, and 

the plasma collision frequency γ = 40 THz in the 

simulation. Figure 6 depicts the transmission coefficients 

for the plasma frequency from ωp = 2π × 2 × 1012 rad/s 

to 2π × 10 × 1012 rad/s. 
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Fig. 6. Transmittance of different plasma frequencies. 

With the increase of the plasma frequency, from Fig. 

6, the periodicity of photonic band gaps gets unobvious, 

but the band gap range is a little extended. The 

transmission coefficient of the PPC will be reduced to 

zero when the plasma frequency increases to a certain 

value. This is mainly because when the frequency of the 

incident electromagnetic wave is close to the maximum 

plasma frequency, the attenuation of the electromagnetic 

wave becomes very large, i.e., the resonance attenuation 

[27]. 

 

D. Effects of the Plasma Collision Frequency 

Then, we discuss the effects of the plasma collision 

frequency on the band gap of the PPC. Here we choose 

the relative permittivity of the dielectric medium εr = 5 

and the plasma frequency ωp = 2π × 2 × 1012 rad/s in the 

simulation. Figure 7 depicts the transmission coefficients 

for the plasma collision frequency from γ = 20 THz to 

80 THz. From Fig. 7, the plasma collision frequency 

has little effect on the periodicity of the band gap. 
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Fig. 7. Transmittance of different plasma collision 

frequencies. 

 

E. Effects of the plasma layer thickness 

Finally, we study the effects of the variation of the 

plasma layer thickness on the band gap of the PPC.  

Here we choose the relative permittivity of the dielectric 

medium εr = 4, the plasma frequency ωp = 2π × 2 × 1012 

rad/s, and the plasma collision frequency γ = 40 THz  

in the simulation. Figure 8 depicts the transmission 

coefficients for the plasma layer thickness from b = 15 

μm to 49 μm. From Fig. 8, with the increase of the 

plasma layer thickness, the periodicity of the band gap 

deteriorates. The absorption performance of the plasma 

enhances with the increase of plasma layer thickness, and 

then the attenuation of the incident wave gets large. The 

periodic band gaps can be generated when the frequency 

of the incident wave is high and the plasma layer 

thickness is small. 
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Fig. 8. Transmittance of different plasma layer 

thicknesses. 

 

IV. CONCLUSION 
In this paper, an effective time-domain method 

with Berenger’s PML has been developed for the 

analysis of the band-gap characteristics in the PPC. 

With the introduction of the CE technique, the ADE-

LOD-FDTD method can provide much more accurate 

results than the traditional ADE-LOD-FDTD in the 

numerical examples. The numerical examples verify 

accuracy and effectiveness of the proposed method, and 

the results show that the photonic band gaps of the PPC 

could be tuned by changing the value of the relative 

permittivity of the dielectric medium, the plasma 

frequency or the plasma layer thickness. 
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Abstract ─ This paper presents a design and 

implementation of a structure which uses Bartlett 

Direction of Arrival (DoA) algorithm and a receiver 

system on Altera Cyclone IV and Cyclone III FPGAs. 

First of all, a software defined radio (SDR) that has 4 

simultaneous inputs, is designed. All data used in this 

study are obtained by using this radio system. Then one 

of the FPGA is configured as antenna simulator and  

the other one is used for implementing Bartlett DoA 

estimation algorithm. Bartlett DoA estimation algorithm 

is developed completely in parallel and compared with  

a previous study which is performed sequentially on  

an FPGA using NIOS processor. The designs are tested 

by using 4-element Uniform Linear Array (ULA) 

antenna. Implemented hardware is compared in terms  

of DoA calculation speed and the sources that occupy  

on the FPGA. Furthermore, the paper has significant 

improvement in calculation duration thereby achieving 

lower response latency compared with previously 

published similar works. 

 

Index Terms ─ Bartlett algorithm, direction of arrival 

estimation, FPGA, parallel computing. 
 

I. INTRODUCTION 
An antenna array is a system consisted of singular 

antenna elements that are designed to behave like a 

single antenna used to receive and/or radiate the 

electromagnetic waves. These antenna arrays are also 

known as smart antennas have the ability to estimate 

Direction of Arrival (DoA) as well as high directivity, 

high gain, formable radiation pattern features. In addition, 

having the features to prevent co-channel fading and to 

create low side lobe level (SLL) abilities, interference is 

reduced by antenna arrays. With the help of these 

features, the use of antenna arrays on systems such as 

surveillance radar, ground penetrating radar, sonar, 

ultrasonic imaging, seismic data processing and medical 

imaging offers significant advantages [1-5]. 

Detection of the direction of an incident signal 

received by an antenna array is called DoA estimation. 

This bases on process actualized with processing the 

relative phase difference between incident signals onto 

antenna elements. DoA estimation is widely used in such 

applications like mobile communication, radar, and sonar 

etc. [6]. There are three principles of DoA estimation 

methods named conventional spectral-based, subspace 

spectral-based, and statistical methods. The most popular 

conventional spectral-based methods are Bartlett, Capon, 

First Order Forward Prediction, Maximum Entropy [7], 

Deterministic and Stochastic Maximum Likelihood (DML, 

SML) [8]. The popular subspace spectral-based methods 

are Multiple Signal Classifying (MUSIC), Min-Norm and 

Weighted Subspace Fitting (WSF). And the statistical 

methods are Estimation of Signal Parameters via 

Rotational Invariance Techniques (ESPRIT), Root-MUSIC 

and Root-WSF [8-11]. These methods have really long 

calculation processes. Since operations are performed 

one after the other in the sequential calculation, the DoA 

estimation calculations like eigenvalue decomposition  

in subspace-based methods and covariance calculation 

operation which is the most common operation in all  

of the methods, cost huge calculation duration [12]. 

Because of having the ability of parallel calculation, an 

FPGA could be employed to solve these DoA Estimation 

problems much faster than a classical microprocessor. 
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Table 1: Comparison of the studies in literature in terms of calculation duration and utilized logic elements 

Ref. Structure / Method 
Number of 

Antenna 

Calculation 

Duration (µs) 

Utilized Logic 

Elements 

[13] 
Sequential / New EVD Structure-based MUSIC 

DoA Estimation 
4 ULA 27.64 14609 

[14] 
Sequential / ROM Based Unitary MUSIC processor 

with spatial smoothing 
4 ULA 30.59 12007 

[14] 
Sequential / ROM Based Unitary MUSIC processor 

without spatial smoothing 
4 ULA 57.11 12995 

[14] 
Sequential / ROM Based Unitary MUSIC processor 

without spatial smoothing 
8 ULA 373.99 29472 

[15] 
Sequential / ARM-Cortex Core microprocessor 

based MUSIC DoA Estimator 
8 ULA 2560 - 

[16] 
Parallel-Sequential / Butterfly FFT Core based on 

DSP48E microprocessor 
8 ULA - 33961 

[17] 
Sequential / A coordinate rotation digital computer 

(CORDIC) based Sum&Delay DoA Estimator 
16 ULA 768 - 

[18] 
Sequential / MicroBlaze soft processor based 

Bartlett DoA Estimator 
8 UCA 684 2349 

[18] Parallel-Sequential / Bartlett DoA Estimator 8 UCA 312.13 165 

[18] Parallel-Sequential / FFT DoA Estimator 8 UCA 104.8 ×103 7434 

 

In literature, due to the aim of the application (like 

improve calculation speed, reduce complexity or optimal 

hardware consumption), the results could be various. 

The most attractive studies about DoA estimation based 

on an FPGA with Uniform Linear Array (ULA) and 

Uniform Circular Array (UCA) are presented in Table 1. 

In this study, working with data taken from the real 

environment is aimed. For this purpose, a data collection 

hardware is designed. The collected dataset is stored on 

a PC. Then with the next hardware implementation, a 

DoA estimation is done by using the dataset which was 

collected from antenna array in a real environment. The 

proposed system is a highly parallel calculating method. 

For each angle, the values in the pseudo spectrum are 

calculated fully parallel but the calculation of whole 

pseudo spectrum needs 181 sequences. 

In the second section, the design of the systems  

is presented. In the third section, the proposed DoA 

estimation method, Bartlett, is introduced. In the fourth 

section, the architecture in the FPGA is presented, in the 

next section, the performance comparison is done. In the 

last section, the conclusions are presented. 
 

II. SYSTEM DESIGN 
Usage of the FPGAs in a system does not guarantee 

that this system is going to be faster. The most important 

point of an FPGA usage is the ability of parallel 

computing. So, for a significant improvement in process 

duration, it is an obligation to use of parallel calculation 

ability of the FPGAs. Furthermore, to make an existing 

algorithm possible to run parallel, it has to be 

investigated and optimized deeply. 

The established system to estimate DoA calculation 

has two stages. The first stage is for data collecting from 

the real environment. That hardware collects data from  

4 quarter wave antenna and saved into a PC. These 

recordings are done in an open area to avoid reflections. 

In this stage, the FPGA evaluation board is employed as 

4 channel shift register and serial communicator.  

In the second stage, Bartlett DoA estimation is done 

by using the recorded data. In this stage, two FPGA 

evaluation board are used. The first FPGA evaluation 

board is employed to simulate an antenna array output 

by using the data collected in the first stage. The dataset 

comprises the environmental noise, the mutual coupling 

effects of the antennas in the array. So, it is possible to 

examine the DoA estimation algorithms in the laboratory 

environment as if they are done in the real world. The 

setups used in these stages are presented in Fig. 1. 

In the first stage, an RF Front-End and data collector 

structure has been designed. The signals received from  

4 monopole antenna elements are amplified by a 

preamplifier (PA). This amplifier has 4 channels that 

have equal and fixed gain about 10 dB. The amplified 

received signal is applied to a mixer IC. Each channel 

has own mixer ICs, but all of the local oscillator (LO) 

inputs of mixers are fed from same crystal oscillator with 

the same length of a path. The obtained intermediate 

frequency (IF) signal at the output of mixer IC is filtered 

by a crystal resonator filter (CRF). The IF signal with  
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the frequency of 2MHz, has been amplified by IF 

amplificator (IF). ADA daughter board (ADA-GPIO) by 

Altera Company is used as the analog-digital converter. 

The IF signals received from 4 channels are converted 

into 8-bit digital data in 40 MSPS speed using two ADA-

GPIOs. The ADA-GPIOs are connected to Altera DE0 

Board. For the rest of the operations, Altera DE0 Board 

is used.  
 

 
 

Fig. 1. (a) The first stage: Data acquisition setup. (b) The 

second stage: DoA estimation setup. 

 

 
 

Fig. 2. Software defined radio & data collecting. 

 

The measurements are done in an open area to avoid 

reflections. They are performed while two unmodulated 

narrowband transmitters are at different angles and results 

are recorded. The measurement set-up whose flow chart 

is presented in Fig. 1 (a) is shown in Fig. 2. The block 

diagram of data collection hardware whose picture is 

seen in Fig. 2 is presented in Fig. 3. 

 

 
 

Fig. 3. The block diagram of RF Front-End & data 

collecting setup.  

 

After the ADA-GPIOs the IF signal is digitized and 

taken into the FPGA. Each of these digitized samples  

has taken into shift registers from each channel 

simultaneously. Totally 480 samples are transferred to a 

PC via Universal Synchronous/Asynchronous Receiver/ 

Transmitter (USART) when 120 samples are collected 

from all of the inputs. To avoid mistakes, a header consists 

of 5 bytes to the beginning of the stream and a checksum 

byte at the end of the stream is added. So, each transfer 

sequence consists of 486 bytes. The block diagram of  

the shift register used for data collection operations and 

implemented by VHDL codes for FPGA DE0 board is 

presented in Fig. 4.  

When the user asks from the software in the PC to 

take a capture, the software looks for a header, then 

collects 480 bytes of data after the header, and after 

receiving the checksum, compares it with the calculated 

one. If the checksum byte comparison is confirmed the 

collected data is stored on the hard disk with date, time 

and an explanatory text. Else, whole instructions mentioned 

above are repeated.  
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Fig. 4. The block diagram of data collector implemented on the FPGA. 

 

Since there is a filtration operation during the IF 

signal amplification, the IF signal almost consists of  

a single frequency at 2MHz. So, the digital IF signal 

recorded on the hard disk is subject to the mathematical 

models given in Equation (1): 

   0 cos 2 ,
s

n
U n A f

f
 

 
  

 

 (1) 

where A represents signal amplitude, n represents the 

sample index changing between 1 and 120, f0 represents 

the operating frequency (2MHz),  fs represents the sampling 

frequency (40MHz). 

All measurements are done in open area due to  

avoid unwanted reflections. A signal generator connected 

to a monopole antenna is used as the signal source. In 

measurements, two unmodulated signal sources are settled 

up to various angles and 120 samples of 4 IF signals are 

recorded. Totally 480 records are taken for each setup 

and stored on a PC to use in DoA estimation stage. 

In the second stage, the recorded data in the first 

stage is embedded into DE0 board which simulates an 

antenna array or an RF front-end outputs. The data is 

sequentially driven to the outputs through Circular Shift 

Register (CSR). The antenna simulator whose flowchart 

is presented in Fig. 1 (b) is demonstrated as a block 

diagram in Fig. 5. 

DoA estimation is done on DE2-115 development 

and education board of Altera Company. The DoA 

estimation is achieved by using Bartlett algorithm on 

DE2-115 board. Results are transferred to a PC via a 

UART protocol. They are observed and saved by a GUI 

software on a PC. The inner connection between DE0 

and DE2-115 is done by using 40 pin Integrated Drive 

Electronics (IDE) cable. But to avoid interferences into 

the data signals in IDE cable, it is screened with a 

grounded aluminum foil. The measurement set-up is 

presented in Fig. 6. 

 

 
 

Fig. 5. The block diagram of the antenna simulator implemented on the FPGA. 
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Fig. 6. DoA estimation set-up. 
 

III. BARTLETT DoA ESTIMATION 

In the Bartlett spectral estimation method, the power 

maintained from the antenna array is calculated as the 

function of θ, and a spatial spectrum is obtained. Local 

maximums are determined in this spatial spectrum. The 

result is the power coming through PB(θ). This value is 

obtained by Equation (2) [9]: 

   2
,

H

B

S R S
P

N

 
 

  (2) 

where Sθ represents steering vector for θ, N represents 

the number of antenna elements forming ULA antenna 

and R represents covariance matrix of the array. (_)H 

represents Hermitian conjugate of a vector. Sθ and 

Hermitian conjugate of Sθ are given by Equation (3) [9]: 
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In Equation (3) the k represents the wave number 

which is equal to 2π/λ. And the d represents distances 

between antenna elements in the ULA. This value is 

chosen as λ/2. The N parameter which represents the 

number of antenna elements in ULA antenna is 4 in this 

study. 

To make Equation (2) suitable for parallel computing, 

following simplifications are done: 
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(4) 

In Equation (4), it is possible to observe that the 

minimum and maximum value of n-m is 1-N and N-1 

respectively. So if a W vector is defined as in Equation 

(5), the Bartlett DoA estimation formula in Equation (4) 

can be presented as in Equation (6): 
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The new vector Wθ is calculated in this study by the 

Equation (7): 
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(7) 

This process conducted on Bartlett DoA estimation 

algorithm resembles the calculation of the power 

radiated from the antenna array towards each angle 

physically. However, the obtained value from a certain 

direction not only contains the signal sources in the 

direction, but also the signal sources from side lobes 

slightly [19]. 
 

IV. HARDWARE IMPLEMENTATION 
The signals obtained in the physical environment 

have real values. However, DoA estimation algorithms 

need also imaginary parts of the signals as input [20]. 

Since the IF is a narrow band signal, the polar expression 

of IF signal can be expressed as in Equation (8): 
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(8) 
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The collected data is the real part of the value in 

Equation (8). In order to derive imaginary part needed in 

Bartlett algorithm, several methods could be employed. 

For example, the imaginary part is equal to (A2 – R2)1/2 

where A is the envelope of signal and R is the real values. 

But both "envelope determination" and "square root 

operation" cause extra calculation duration.  

In this study, some trigonometric manipulations are 

done to obtain the imaginary part of the signal by using 

just basic four operations. The well-known sum and 

subtraction formulas of cosine presented in Equation (9) 

form the basis of the manipulations: 
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(9) 

Since the fs and f0 are chosen as 40MHz and 2MHz 

respectively, two sequential samples ((n-1)th and nth) can 

be expressed as in Equation (10): 
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(10) 

In order to obtain an expression contains sinus 

function, it is clear that subtraction formulas should be 

used: 
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(11) 

Hence sinus expression can be written as in Equation 

(12) [21]: 
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(12) 

It can be seen that the sample index of the obtained 

imaginary part (sinus expression) is (n-0.5). To make 

real part concurrently with the imaginary part, some 

manipulations need on real part. In order to obtain a 

cosine expression with (n-0.5) sample index, the sum of 

two sequential samples in Equation (10) can be calculated: 
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The cosine expression can be written as in Equation 

(14): 
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(14) 

As a result of manipulations seen above, the real and 

imaginary values can be expressed as in Equation (15) 

[21]: 
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(15) 

First, the U[n] data is taken from ADC into the 

FPGA. Then the real and imaginary parts of this data are 

calculated by the help of the Equation (15). And two shift 

registers are added to record Ur and Ui on each clock 

cycle. The calculation method of imaginary and real parts 

of the data on the FPGA is presented as a block diagram 

in Fig. 7. 
 

 
 

Fig. 7. The extraction of imaginary - real values and shift 

registers on the FPGA. 
 

Next step is the calculation of the covariance matrix. 

The input matrix of covariance calculation consists of 20 

samples obtained from each antenna outputs. Since there 

are 4 sensors in the ULA antenna, the dimension of input 

matrix is 4×20. 

The covariance of Xa and Xb vectors are calculated 

as in Equation (16) [22]: 
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 (16) 

Here, E operator shows the average of the related 

vector. (_)H symbol indicates the Hermitian conjugate  

of the concerned vector. The E operator executes the 

operations in Equation (17): 
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A practical identity about the sum of cosine series is 

presented in Equation (18) [23]: 
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If the transformation in Equation (18) is performed 

in the Equation (17), the Equation (19) is obtained: 
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In order to make the mean value of U presented in 

Equation (19) zero,  0sin / sN f f  has to be equal to zero. 

Therefore 
0 / sN f f  needs to be equal to k  which makes 

sinus zero: 
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(20) 

The sampling frequency is chosen as a multiple of 

the signal frequency. Additionally, the number of samples 

taken into shift registers is chosen as 20 which is a 

multiple of the ratio between the sampling frequency  

and the signal frequency. These predilections make the 

average of the related vector zero as presented in 

Equation (20).  

That circumstance eliminates the average calculations 

in the covariance calculation. So, the Equation (16) could 

be reconstructed as in Equation (21): 

      , .
H

a b a bCov X X E X X  
 

 (21) 

This provides a reduction in the FPGA source 

consumption and calculation duration. As the number of 

sensors in the ULA antenna is 4, the covariance matrix 

has to be 4×4 size as shown in Equation (22): 
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 
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  

. (22) 

The covariance matrix is diagonally symmetric [22]. 

In order to get calculations simple, R[2,1], R[3,1], R[4,1], 

R[3,2], R[4,2] and R[4,3] are not calculated, only the 

conjugant value of related element is assigned. The real 

and imaginary parts of R matrix are calculated as shown 

in Equation (23) [21]: 
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(23) 

where  ,U a n  is nth sample taken from the ath antenna: 
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(24) 

with the covariance matrix R, DoA strength estimation 

for any angle θ is calculated by using Equation (6).  

In order to reduce calculation process, the W vector 

is obtained from a pre-calculated table. Integer is used as 

the class in all process. The whole block diagram of the 

Bartlett DoA system is shown in Fig. 8 [21].  

 

 
 

Fig. 8. Block diagram of the Bartlett DoA algorithm on the FPGA. 

 

The data obtained from this system is kept by a 

sphift register and transferred to a PC via serial port. The 

DoA estimation results are observed by a GUI on a PC. 

Figure 9 shows a screenshot of GUI taken from a PC 

[21]. 

The most important disadvantage of this method is  
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the data transfer process. The process of transferring data 

from the FPGA to a PC is slower compared to the DoA 

estimation calculations. Designing a system that creates 

control outputs according to the DoA results on the same 

device, (means a fully embedded system) would provide 

significant benefits in real-time applications. 

 

 
 

Fig. 9. Screenshot of the GUI shows DoA estimation 

results on pseudo-spectrum. 

 

V. PERFORMANCE COMPARISON 
In this algorithm, DoA estimation is done for 181° 

pseudo-spectrum between -90° and 90°. By means of  

1° increase in each clock pulse, the incoming signal 

existence from the related angle is calculated. Thereby, 

for the DoA estimation of the whole pseudo-spectrum, 

181 clock pulse is needed. Since the working frequency 

is 225MHz, the DoA estimation duration for the whole 

pseudo-spectrum calculations is about 804.44 ns. 

In the study [18], the Bartlett DoA Estimation 

algorithm had done using MicroBlaze soft processor on 

an FPGA as presented in Table 2 Structure No. 1. When 

the scripts in the study [17] are considered, it is seen that 

the DoA estimation of the whole pseudo-spectrum is 

calculated with 118193 clock pulse.  

Besides, the custom VHDL in the study [18] is 

designed in two types, as Parallel-Sequential Bartlett 

DoA Estimator and Parallel-Sequential FFT DoA 

Estimator; presented in Table 2 with Structure No. 2 and 

3 respectively. The DoA estimation durations on FPGA 

are presented as 312.13 µs and 104825 µs respectively. 

Clock cycle, calculation duration, utilized logic elements 

for the study [17] and the proposed method are given in 

Table 2. 
 

VI. CONCLUSION 
This paper presents design and implementation of a 

fast parallel Bartlett DoA estimation hardware on an 

FPGA. Since the signals in the study are collected from 

the real world, the data involves all the effects such as 

noise, reflections, and interferences between antennas. 

Moreover, its comparison with Bartlett DoA estimation 

algorithm, which is created by using MicroBlaze soft 

processor and custom design VHDL codes, was done. 

Table 2: Comparison of the proposed method and the 

study [17] in calculation duration 
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1 

Seq. MicroBlaze  

soft processor  

based Bartlett DoA 

estimator [18] 

118193 684 2349 

2 

Parallel-Seq. 

Bartlett DoA 

estimator [18] 

53929 

(Estimate) 
312.1 165 

3 

Parallel-Seq. 

FFT DoA 

estimator [18] 

18.19×106 

(Estimate) 
104.8×103 7434 

4 

Parallel 

Presented in 

this paper 

181 0.804 8467 

 

Besides the improvements in the FPGA technology, 

the optimization process on the algorithm has an 

important role on the duration reduction of calculation. 

It can be seen that DoA estimation which is performed 

by using parallel calculation, provides a considerable 

increase in calculation speed. This provides a significant 

improvement over the similar studies found in literature. 

By making modifications to covariance matrix calculation 

and steering vector usage, it has become possible to scan 

the whole pseudo-spectrum in just 181 clock pulses. The 

DoA estimation hardware developed in this study is 

presented as Structure 4 in Table 2. By comparing based 

on calculation duration, the Structure 4 produces results 

in 0.034% of calculation duration of Structure 1 (2920 

times faster than Structure 1), 0.49% of calculation 

duration of Structure 2 (205 times faster than Structure 

2) and 0.01% of calculation duration of Structure 3 (9241 

times faster than Structure 3). Although calculation 

durations could give an impression, this information has 

a close relation between working frequency, it has also  

a relation between improvements in the technology. In 

order to obtain more objective results, the clock cycle 

count need to be compared. If a comparison is done 

based on clock counts, it could be seen clearly that 

Structure 4 is 653 times faster than Structure 1. This 

radical decrease in the calculation is occurred because of 

the algorithm optimizations and adaptation of sequential 

algorithm into parallel. In this study, arrangements on 

Bartlett algorithm and imaginary part obtaining method 

is performed. These are the major effects on achieving 

the low latency. The results are promising for future 

works about a standalone fast DoA estimator system on 

an FPGA. 
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