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Abstract

Ray tracing provides a quantitative tool for the
study of HF radio wave propagation in the iono-
sphere, but its use is limited in many applications
by the time required to numerically trace many
separate rays. One approach to overcoming this
problem is the use of ionospheric models that ad-
mit analytic solutions of the ray tracing equations.
Such a model may be based on a vertical plasma
frequency profile consisting of what are known as
quasi-parabolic segments. Analytic tracing is much
faster than numerical tracing (from 5 to 10 times),
but more limited in the range of situations that can
be considered.

The main thrust of the paper is to present and
test a technique, based on the use of an equivalent
operating frequency, that allows the analytic results
to be extended to take approximate account of the
magneto-ionic effects associated with the earth’s
magnetic field. Errors in group path, phase path
and ground range are generally less than 5 km, er-
rors in absorption generally less than 5%.

1. Introduction

1.1 Ray tracing in the ionosphere

Ray tracing provides a quantitative tool for the
study of HF radio wave propagation in the iono-
sphere. The validity of the ray approach rests on the
medium changing slowly on the scale of the wave-
length. Even when this condition is not strictly met,
ray tracing often gives qualitatively correct results.
However, it does need to be born in mind that there
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are occasions when the gradients present are suffi-
cient to invalidate the ray picture. There is not
sufficient space here to discuss the full significance
of the ray construction in terms of quasi-optics and
the progressive wave formalism introduced by Lewis
[1965).

To radio waves, the ionosphere appears as an in-
homogeneous and anisotropic medium, the proper-
ties of which are affected by the earth’s magnetic
field. Interest in the use of general ray tracing for
HF waves in the ionosphere can be followed from the
early work of Booker [1936] and Poeverlein [1948].
The widespread availability of powerful high speed
digital computers has made numerical ray tracing
in the ionosphere a practical proposition. Interest
in ionospheric ray tracing was stimulated by the pa-
pers of Haselgrove [1955] and Haselgrove & Hasel-
grove [1960] who went back to the work of Hamilton
first published in 1837 [Conway and Synge 1931}, as
indeed had Poeverlein [1948].

By far the most widely distributed general ray
tracing program for HF waves in the ionosphere
is that of Jones [1966,1968]. It is still in use in
many places, despite the fact that a number of re-
searchers have continued to develop new ray tracing
programs. The program lacks two important fea-
tures, automatic homing-in and field strength calcu-
lations. An account of recent trends in ionospheric
ray tracing has been given by Bennett et al. [1990].

The main factor limiting the use of ray tracing
in many applications is the time required. It is
frequently necessary to trace many separate rays
and numerical ray tracing is slow. One approach to
overcoming this problem, the one considered in this



paper, is the use of analytic ray tracing. It is much
faster, but it is more restricted in the situations to
which it can be applied.

1.2 Analytic ray tracing

Croft and Hoogasian [1968] showed that exact ray
solutions can be obtained for a spherical ionosphere
using a quasi-parabolic ionospheric model, if the ef-
fect of the earth’s magnetic field is neglected. Later
Hill [1979] modelled a more complicated ionosphere
using several distinct quasi-parabolic and quasi-
linear [Westover 1968] layers. Milsom [1985] fitted
a combination of quasi-linear and quasi-parabolic
layers to the CCIR model. Dyson and Bennett
[1988] and Baker and Lambert [1989] have inde-
pendently demonstrated the advantages of a model
consisting of smoothly joined quasi-parabolic lay-
ers or segments in the study of oblique radio wave
propagation in the ionosphere. Baker and Lambert
[1989] have discussed the use of such a model in
single-station location of distant radio transmitters,
while Dyson and Bennett [1991] have shown how the
model can be generalized by including a tilt.

Chen, et al. [1990] introduced a quasi-parabolic
segment (QPS) model. It makes use of a num-
ber of quasi-parabolic segments (typically from 1
to 15) and a quasi-linear base segment. It can rep-
resent any number of layers and valleys in the iono-
sphere, and describe accurately a wide variety of
ionospheric profiles. Chen, et al. [1990] showed that
the parameters of the model can be determined au-
tomatically by fitting to actual data points. In the
absence of the earth’s magnetic field, this model can
give analytic expressions for ground range, group
path, phase path, loss of signal strength due to ray
spreading, and so on, for oblique radio propaga-
tion. The expressions obtained are free of the spu-
rious singularities that arise with models made up
of segments that are not joined up smoothly [Mil-
som 1985].

There are two main limitations on the usefulness
of the analytic results described. First, only a very
limited class of horizontal gradients can be included.
Second, the effect of the earth’s magnetic field on
the propagation, that is magneto-ionic effects, are
not included. It is the second limitation that is
addressed in this paper.
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It is true that for short paths not lying in the
magnetic meridian, the no-field results can be taken
as representative of the ordinary mode results. Also
by the use of a frequency scaling technique, Chen et
al. [1990] have shown how approximate results can
be obtained also for the path of the extraordinary
mode. This approach is examined more systemati-
cally here, and extended to the case of absorption.

1.8 Approzimate allowance for magneto-ionic ef-
fects

As discussed in the appendix, the method of al-
lowing for the effect on the earth’s magnetic field
on the radio propagation is based on the use of an
equivalent operating frequency. Ideally, this would
be the frequency which leads to the same results in
the absence of the magnetic field as those applying
at the actual frequency when the field is present.
In general, there is no exact equivalent frequency
in this sense. However, it is shown that for a wide
range of conditions approximate equivalent frequen-
cies exist, and the same approximate equivalent fre-
quency applies to such quantities as ground range
and phase path for a given initial elevation angle of
the ray.

In the case of both group path and absorption,
the same approximate equivalent frequency may be
used if an additional correction term is included.
(Phase path, group path and absorption are defined
in the next section.)

1.4 Organization of the remainder of the paper

In Section 2 the equations governing radio ray
tracing in the ionosphere are presented. These
equations are the basis of a numerical ray tracing
program against which the approximate analytic re-
sults are checked. In Section 2.2 it is shown how the
ray equations lead to analytic results for a spheri-
cally symmetric ionosphere in which the radial de-
pendence of electron plasma frequency is governed
by the quasi-parabolic function.

In this paper, for the first time, the analytic re-
sults are extended to include absorption of energy
in the ionosphere due to particle collision. To make
a realistic study of this phenomenon which is most
important during day light hours, it is necessary to
include the D region of the ionosphere. In the D



region, the plasma frequency is an approximately
exponential function of radius. The method of ob-
taining analytic ray tracing results for this region of
the ionosphere is less elegant than that applied to
higher layers and it leads to an approximate dou-
bling of the computer time required.

In Section 3 the ionospheric model used to test
the approximate analytic results is set up. The
same general method can be employed to set up
models applying in particular circumstances.

In Section 4 the analytic results applying to the
ionospheric model are obtained. Finally, in Sec-
tion 5 representative results are presented graphi-.
cally and compared with the results of numerical
ray tracing.

2. Equations of Ionospheric Ray Tracing
2.1 General equations

The Hamiltonian ray equations, written in spher-
ical co-ordinates and using physical components of
the wave propagation vector, can be written in the
form

dr 1 1 6p?
= -3 5) ®
g 1 1 0u?
= /1#'7'(0 297 ) (2)
d¢ _ 1 1 ou?
du ~ pp'rsind (Ve = 2 0V ;) ®)
av, _ 1 0;1 deé d¢
du T op or tVegg tVesinf gy )
ave _ 1.1 ou? dr
du r(2/,tp’ a6 Vod +rvs cosG )
(5)
dV¢ _ 1 1 3#2 . dr
du ~ rsinf (2pp’ 0¢ Ve sm()%
dé
rVy cosea) (6)

where r, 6 and ¢ are the spherical polar coordinates
of a point on the ray path, V;, V4 and V4 are phys-
ical components of a vector of magnitude g in the
wave normal direction, and g and y’ are the phase
and group refractive indices. The independent vari-
able u has been taken as elapsed group path along
the ray.
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These equations are widely known in the iono-
spheric literature as Haselgrove’s equations, follow-
ing the work of Haselgrove [1955). The name group
path, for a distance equivalent to the time of flight
of a pulse, was introduced by Appleton [1928]. It
is commonly denoted P’. The relative slowness, in
the sense introduced by Synge [1954], is not 4’ but
u' cos a, where « is the angle between the ray direc-
tion and (V), the direction of phase propagation.
Corresponding to group path which refers to the
time of pulse propagation, the phase path, denoted
P, represents the time of phase propagation. For
the case of point sources (mostly adequate for the
study of ionospheric radio), P is proportional to the
eikonal function. The phase path is given by

dP  p
T (7

and the absorption by [Bennett and Dyson 197§
dA _ 1w Z (W-p)

2¢(1+9) W

®)

where the normalized electron collision frequency 2
is defined below. A is the absorption in nepers. The
absorption in decibels is 8.686 A.

The refractive index is given as the Appleton-
Lassen formula, [e.g. Budden 1966]

—_— 1 X —
gk [YT’/2(1—X)]i\/[YT‘*/4(1—X)’]ﬂ(“)W
9

where the normalized variables are given by

e!N _f}

X = €omw2_-f_2-

y = ¢Bo_Ju
mw f

v, = B (10)
muw

Yr = e Br
mw

_ v _v/ox
Z = i

Here N is the electron concentration, Bythe earth’s
magnetic field, and v an appropriate average elec-
tron collision frequency. All these variables depend



upon position in the earth’s ionosphere. Further,

By = Bgcos®

Br = Bysin@© (11)

and where © is the angle between the direction of
phase propagation and the direction of the mag-
netic field. The subscripts 7' and L refer to the
transverse and longitudinal components of the im-
posed magnetic field with reference to the direction
of the wave normal.

The positive sign (+) and negative sign () in (9)
make the refractive index two valued. Two modes
exist, known as the ordinary mode and the extraor-
dinary mode.

The 6u?/8V terms in the ray equations arise
from the © dependence of u2. Note that

VE+ VR4V =p2 (12)

In the absence of an imposed magnetic field (Yr =
YL = 0), the refractive index takes a much simpler
form.

The group refractive index is defined by

,_6(‘0#)
F="5

The quantity g occurring in (8) can be written

(13)

g:%Yh (14)
where h depends upon © and upon X and Y only in
the combination Y/(1 — X). Curves of h were given
by Dyson and Bennett [1980], and are shown in Fig-
ure 1. It can be seen that A always lies between —1
and 1. Useful approximations apply in a number
of cases. For example, for the ordinary mode with
X =1, h = 0, while for the extraordinary mode
with X =1-Y,h=-1.

In this paper, the Hamiltonian ray equations are
only used in the case when 8u2/86 and 0u?/d¢ are
zero.

2.2 Analytic results neglecting the earth’s magnetic
field
When Yz =Yr =0,
w=1-Xx (15)

and

pu' =1, (16)

Since p is now isotropic, and the ionosphere is
spherically stratified, we may choose ray propa-
gating in the meridian plane. Hence V; = 0 and
Ou?/86 = 0. Therefore from (5),

dVy dr _
so that rVjp is constant along a ray. Thus
Vo = Ir(—) cos o (18)

where rg is the earth’s radius and Fy the initial ele-
vation angle of the ray. Rather than making use of
(4), from (12) it follows that

Ve = :l:\/;ﬂ - (r—:')2 cos? . (19)
The (+) sign applies on the upward section of the
ray and where reflection occurs, the (—) sign applies
on the downward section of the ray.

From (1),
ar _ +4/p2 - (Q)2 cos? . (20)
du r
Reflection occurs at » = ry, if
p? - (:.—:))2 cos? fo = 0. (21)

The expression for dr/du enables integrals for
various ray quantities to be written in terms of r.
From (20), the group path can be written

ri d
P=2 T L (22)
ro /72p2 — rgcos? G,

The factor 2 arises from the up and down sections
of the ray.
From (7) and (20), the phase path can be written

Tt

ruldr
ro \V/r2p? —r3cos? By

From (2), (18) and (20), the ground range can be
written

P=2 (23)

r1
D=2r§cosﬂ0/ dr

24
ro T\/r2u? — rZ cos? By (24)

where
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Figure 1: (a) The square of the refractive index as given by the Appleton-Lassen formula for the case
Y =1/2. (b) The function h. The matching regions A and B of the diagrams are relevant to the present
study.
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Bo is the initial elevation angle at the sur-
face of the earth,

ro is the earth’s radius,

r; is the radial distance at which the ray
is reflected,

r is the radial distance of the ray at any
point, and

4 is the refractive index.

In the quasi-parabolic function introduced by
Croft and Hoogasian [1968] to represent ionospheric
layers, the plasma frequency fn is given by

ne{

where

FRALF (55m=)2(2)7] ifm <r < Jmp-
otherwise

(25)

fp is the peak value of the plasma fre-
quency,

rp is the radial distance at the base iono-
sphere,

T is the value of r where fy = fp, and
Ym = Tm — T, is the layer semithickness.
The plus (minus) sign in the equation
means that the plasma frequency has a
maximum (minimum) value at r = rp,.

Croft and Hoogasian [1968] employed the (-)
sign. This function has the advantage that it is
very like the parabolic function used in much iono-
spheric modelling, while at the same time causing
the integrals to take a form possessing analytic re-
sults. Complex ionosphere profiles can be built up
using a combination of these functions as discussed
in Section 1.2. These modes also possess analytic
solutions.

3. Ionospheric model
3.1 Model of the plasma frequency

The approximate equations for absorption are of
particular interest, and it is a more stringent test
of these to consider frequencies reflected from the
E layer of the ionosphere which are generally lower
than those reflected from the F layer. Thus the
ionospheric model used in this study includes a sin-
gle quasi-parabolic layer with peak height corre-
sponding to the normal E region. In order to ex-
amine absorption, the D region is represented by an

exponential tail with IRI parameters [Rawer 1981],
and another quasi-parabolic layer is used to join the
D and E regions. To describe the whole ionosphere
smoothly, at the point where this joining layer joins
with D region, both the square of the plasma fre-
quency, f#%, and its gradient are matched. Similarly,
at the joining point with the E layer, both f% and
its gradient are matched. Thus this joining point
can be determined automatically.

The quasi-parabolic function is given in (25), and
it can be further expressed as

A B
fh=3+5+C (26)
where
2
I
2
B = 42 f,,rmzl’lz- @7)
m
C = BFfby o

The parameters A, B and C for the E layer are
determined by fitting to IRI data [Rawer 1981] us-
ing the same technique as described by Chen et al.
[1990]). The parameters for the joining layer are
determined automatically by the conditions men-
tioned before.

The exponential tail for the D region is obtained
using the IRI model [Rawer 1981], and is a third
degree polynomial centered at the inflection point
to approximate the logarithm of the density. It may
be written as

N.= Nypexp(Fpiz+ Fpyz® + Fpaz®) (28)

where
T=Tr—"rMp

and rpp, Nyp are the radial distance and electron
density at the inflection point.

Since rarp is at an inflection point of the electron

density the second derivative is zero, and from (28),
F2

Fra= =5

It is also found that Fp; is the logarithmic deriva-
tive at the height ryp,

din(N,)
dr

(29)

Fpr = (r =rmp). (30)
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Table 1: The IRI data for the D and E regions
(LATI = 35.7°, LONGI = 140.0°, R = 10,
MONTH = 3, HOUR = 12.0, MLAT = 25.6°,
hyp = 81km, Ny p = 5.69 x 103m™3,

hye = 110km, Nyp = 1.24 x 101'm~3),

h(km) | N(m=3) [ fv(MHz)
80.0 | 5.426 x 108 0.209
85.0 1.123 x 10° 0.301
90.0 | 1.182 x 101° 0.9756
95.0 | 4.818 x 101° 1.969
100.0 | 9.550 x 101° 2.773
105.0 | 1.206 x 10%! 3.116
110.0 | 1.241 x 101! 3.161

Finally, Fp3 can be expressed in terms of a scale
height H which is the height difference between
rmp and the radial distance where the electron den-
sity has dropped to Nasp/e.

Fps = (F&, x H?/2 — Fpy x H~1)/H® (31)

Because the gradient above rasp is much greater
than it is below rpp, there are a different scale
height, Hs, and a different Fp3, above ryp. It
follows that

Fpss = (F3, x H2/2 — Fpy x Hy + 1)/H3. (32)

Values for all these parameters can be found in
the IRI report [Rawer 1981] for different time, geo-
graphic location and sunspot activity.

The sample data used in this work are listed in
Table 1, and the corresponding fitted ionosphere is
shown in Figure 2. The fit to the lower part of the E
region could be improved by using several QPS seg-
ments as discussed by Chen et al. [1990]. However
this is unnecessary here since what is important is
that the profile be realistic, not a perfect fit to the
IRIL

3.2 The collision frequency profile

The subject of collisions between particles in a
plasma is complicated. Any collision frequency is
a statistical average with respect to the velocities
of the colliding particles and the directions of their
paths before and after the collision. In a full theory
it is found that in different applications, this aver-
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Figure 2: Fitted ionospheric profile with
two quasi-parabolic segments and an ex-
ponential tail corresponding to the data
listed in Table 1.

age must be taken in different ways, so that many
different collision frequencies have to be defined.

Since no direct measurements of collision fre-
quency with respect to height were available at the
locations considered in this work, the model of the
electron collision frequency profile discussed by Fer-
guson and McNamara [1986] has been adopted. It
is shown in Figure 3. Although this profile was cal-
culated for Camden, March 1980, it is quite similar
to that discussed by Budden [1988].
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Figure 3: The variation with height of
the effective electron-neutral (v.,) and the
eletron-ion (ve;) collision frequencies for
Camden, noon, March 1980 (from Fergu-
son and McNamara [1985]).

The collision frequency profile is employed in tab-
ular form, as listed in Table 2. Values start at 70



Table 2: The collision frequency data for Camden,
noon, March 1980, taken from Figure 3.

h(km) | v(MHz)
70.0 8.647
80.0 1.299
90.0 0.262
100.0 0.063
110.0 | 0.0169

kilometers, and a constant value is taken above 300
kilometers altitude. The ionosphere is divided into
height segments according to the table, and for each
segment, the average collision frequency is used in
the same way as in the Jones Ray Tracing Program
[Jones 1968]. It is calculated by linear interpolation
using the collision frequency profile expressed in Ta-
ble 2. Thus the calculation of absorption is handled
the same way in the numerical and analytic cases,
facilitating a direct comparison of the results.

3.3 Magnetic field model

The earth’s magnetic field can be approximated
by an earth centered dipole and this is an adequate
representation for our purpose. According to this
approximation, e.g. [Davies 1969], the magnetic dip
1, is given by

tan] = 2tan ® (33)

where ® is dipole latitude.

The dipole latitude can be related to geographic
coordinate [Davies 1969], but in this study it is con-
venient to regard the spherical coordinates used to
write the ray equations as dipole coordinates. Thus,
® is the complement of the co-latitude 8. The dip
angle is positive in the northern hemisphere, and
negative in the southern hemisphere.

In such a model of the earth’s magnetic field, the
gyrofrequency of electrons at a point (r, ®) can be
expressed as [Davies 1969]

fo = fHo(l;E)s\/l + 3sin? ®

(34)

where

fu is the electron gyrofrequency,
fro is the gyrofrequency at the magnetic
equator,

ro is the earth’s radius, and
r is the radial distance from the centre of
the earth.

4. Analytic ray tracing results

At the frequencies considered in this study, the
exponential D layer included in the model has no
significant effect except in the case of absorption.
If absorption is not of interest, it may be omitted
and this will greatly speed the calculations. How-
ever, for completeness the following results include
the effect of the D layer. Since refraction in this
region is slight, it is treated as a number of uniform
spherical slabs, each with the average properties of
the height range making up the slab.

In the following discussion, absorption is treated
separately.

4.1 No field results

When the earth’s magnetic field is ignored, the
group path, P/, the ground range measured along
the earth’s surface, D, and the phase path P are
given in (22), (24) and (23). With our defined iono-
spheric model, these equations can be expressed fur-
ther as

rdr

2 (/ V2 =g cos? o M

PI

/ rdr "
ra  /Tip? —rgcos? By

I )
T™D

P}+ Ph + P

rdr

VAT BT ¢
(35)

D = 2r0cos,30(/ dr

ro T/T2—rdcos? By
TMD dr
/ +
re ry/r2u? —r3cos? fo
/" dr
rmp TVAr2 + Br+C

)

= Do+ Dp+ Dg (36)
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rdr

2( +
(ro \/r? = 13 cos? fo

v
I

ru?dr

+
./ Vr2u? —ricos? By

/" [(A-C/f)yr—Alfai — B/f*]dr
rMD \/AT’2+B7’+C
= Py+Pp+ FPg

)

(37)

The subscripts 0, D and E represent the propaga-
tion in free space, in the D region and in the E layer
respectively, and

A = 1-C/f
B = -B/f } (38)
C = —r3cos?f— A/f?

where A, B and C are the parameters of the QPS
model.

In the D region, because the square of the plasma
frequency is an exponential function and there is no
closed form for the second integrals in (35), (36) and
(37), the average plasma frequency squared value is
used for each small segment in this region.

The detailed results of all the integrals are shown
below

P, = 2(y/r3—rcos? fo —rosinfoy) (39)
P, = —?5 (\/:ﬁlpyﬁ —r&cos? fy —
a
Ve B)  (40)
lor2
Py = 2y (Ul-LY (41)
i=1
Dy, = 2rg[arccos(£-9- cos fo) — Bo] (42)
d
Dp = 2ro[arccos(-0—0§£9)
TMDHa
arccos(m)] (43)
TdHa
lor2
Dg = 2ricosf E (Us = Ly) (44)
i=1
Py = 2(y/ri—r§cos?fo —rosinf) (45)

Pp = 2(\/"1%41)#‘3 — 1§ cos? flo —
\/r?;llﬁ — 13 cos? o) (46)
lor2
Pg = 22[(1 )U"L,)]+
1 or 2 X
9 Z [(—f—;)(U; - L)+
i=1
lor2
9 Z )(U” Li)] (47)
where

r4 1s the radial distance to the base of the
D region, in this case, r4 = r¢ + 50,

Ha 18 the average refractive index for each
small segment in the D region,

Ul, L}, Ui, Ly and U{’, L are values of
the last integrals in (35), (36) and (37),
evaluated at the upper and lower bound-
aries of the first and/or then the second
segment. Within the segment in which re-
flection takes place, U/, U; and U]’ are the
values at the reflection point, where

( y A; 1248 74C;

A

;fgfﬁ In[2v/Ai(Ai 2 + Bir + Ci)+

2A;r + B;] if A; >0
L:-,U,-' =
Y A 1248 74C;
A; -
B; : 2A;r4+8;
—_‘_7_2(—&‘)3 = arcs1n(—‘—‘—,—B?_4Ai Ci)
L ifA4; <0
(48)
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1, 24/ Ci(Air2+Bir+C:)+Bir+2C;
—=In
r
ifC; >0

Us, Ly = 1§

1 . B; r+2C;
7=, arcsin Br—aA:C,
\

( 717' In[2\/A;(Ai 2 + Bir + C;)+

ifC; <0
(49)

244.'7'-{-3,'] ifA4; >0

Léla Us’” = 9

—2A;r-8; )

1 .

if .A,' <0

(50)
At the point of reflection, the radical equals zero,
then

\

b (B} ~ 44n C)  if An >0
Ul =<

B .
{ -47(:75,;4—,3377 lf.An <0
(51)
' —;%=hu/&?—4Ana,ifa,>o
n
Un = <
5 LS ifCp <0
] =vn
: (52)
In(B2 — 44, Cn) if Ap >0
Ul = VAT " " 53
A= (53)
ey if A, <0

In the quasi-parabolic function for the joining
layer, A is positive, causing .4; and C; to be neg-
ative, so the bottom equations (48), (49) and (50)
are used for L}, L; and LY when the ray is propa-
gated through this layer. If the reflection happens
within this layer, the bottom equations in (51), (52)
and (53) are used as the values for U{, U; and U{'.
If the ray penetrates this joining layer and then is
reflected by the E layer, the integration will con-
tinue to the upper layer. In this layer, A in the QP
function is negative, so that Az and C; will be pos-
itive, and therefore the top equations in (48), (49)
and (50) are used and the top equations in (51),
(52) and (53) need also to be used as the upper and
lower boundaries for this layer.

4.2 With the earth’s magnetic field

From the appendix, the effective frequency, as de-
fined there, is given by

o 1

T2

Yh,
f

so that

f+éfe
1+ 5Y b,

fe

= (54)
provided YA is constant in the neighbourhood of
the actual ray which exists in the presence of the
earth’s magnetic field. This is only an approxima-
tion to what might be termed the exact equivalent
frequency. However, this distinction is not really
important in view of the fact that, we can see from
Figure 1, the quantity h is varying along the ray
path, as is Y. A representative value of h along
the ray is used to evaluate the effective frequency,
and the method of choosing h is discussed later. In
view of the whole series of approximations involved,
it is of course more than ever necessary to test the
approximate results directly.

It turns out that for the ordinary mode, §f. > 0,
while for the extraordinary mode, 6 f. < 0.

Group Path

In the case of the group path, a further correction
is required, besides the introduction of the equiva-
lent frequency [Chen et al. 1991]. This term essen-
tially arises from the fact that the group path in-
volves a further differentiation or ray variation since

op
of
where the derivative is taken holding the ray end-

points fixed. The approximate expression becomes
[Chen et al. 1991]

P'=P+f (55)

Pl

/u-%xymm
Pl e+ AP (56)

where

u is elapsed group path along the Y =0
ray,
h is the quantity shown in Figure 1,

201



X = f%/f?, (In the calculation of W for
the extraordinary mode, X = f%/f% is
used.)

Y= fH/fc)
Pl’l o field is the group path for the no field

case at the effective frequency, and

AP is the correction of the group path for
the case when the earth’s magnetic field is
considered.

The quantity A is a very complicated function which
depends on X, Y, the local elevation angle of the
ray and the magnetic dip angle. In order to obtain a
closed form for AP/, an average value of h is taken
for each segment. Furthermore A is not symmet-
ric about the ray apogee because of different angles
between the ray direction and the magnetic field di-
rection for the up going and down going sections of
the ray. Hence, the above equation can be further
expressed as

rgl

XYrd
§(hup+hdn) ror

/r2u? —rZcos? fo
(57)
In the D region, the average values for both the
square of the plasma frequency and quantity h will
be taken, then the correction of the group path in
this region can be written as

AP = -2 IE (" (o )
= 2fé’ ry up dn

AP = -

rq

[k, rdr

\V/r2u? —ricos? By
(58)

Within the joining and E layers,

r—
A= VAr? + Br+C

(59)

The solutions of all these integrals have already

been given in Equation (48)-(53). For the ordinary

mode, AP’ > 0, while for the extraordinary mode

AP' <0.

4.8 Absorption
From (8), the absorption is given by

lw 7 W-p
_ 1w du.
4 2c/(L+w W

This equation should be compared with expressions

for the phase path
P=/§@

(60)

re 2
1 fu / (hoy s han) AT+ B/ +O)r g

and group path

P = /du.

The quantity g has been discussed earlier in this
paper, and is expressed as

1
g= §Yh.

When the effect of the earth’s magnetic field on the
absorption is considered, the results can be eval-
uated approximately along the no-field ray by the
frequency scaling technique with the introduction
of an additional correction. The approximate equa-
tion for absorption becomes [Chen et al. 1991]

1—p?— X8
A=l [Z_7F Z 27 4 (61)
which, from (54), can be rewritten as
_onf, [Z X(1—1Yh)
A=—"13 1+1Yh du.  (62)

The additional correction is closely associated with
the additional correction that applies to P/ — P
and hence to P’. As is the case with group path,
the relation between the ordinary and extraordinary
mode absorption arises from both the different val-
ues of h where it appears explicitly in (62), and
from the different effective frequencies. The differ-
ence between modes shows the same pattern in each
case.

In order to evaluate (62), for each segment aver-
age collision frequency and an average value for h
are used in the integrand.

4.4 Choice of effective frequency

As mentioned previously, in order to evaluate the
effective frequency for each ray, an average value
of the quantity h has to be determined first. By
the mean value theorem, the average value of h will
be that applying at some point on the ray. The
situation is complicated by the fact that the best
value to be used for h is not the same in all circum-
stances. Thus the precise selection of this represen-
tative point is very difficult. Since h depends upon
the angle between the direction of the magnetic field
and the wave normal direction (in the absence of the
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field, the same as the ray direction), as discussed in
Section 2, it depends upon the elevation angle and
the magnetic dip angle at a point on the ray. When
a ray is travelling through the ionosphere, it’s local
elevation changes gradually, becoming horizontal at
the reflection point. The rate of change of elevation
is slow low in the ionosphere but is more rapid near
the reflection level. One thing that should be no-
ticed is that the angle between the ray direction and
the magnetic field direction is different for up going
and down going rays, and this difference becomes
larger when the transmitter is placed far away from
the magnetic equator with the transmission in the
magnetic meridian.

In this work, for the purpose of evaluating the
effective frequency, h is evaluated for the ray that
exists in the absence of the magnetic field, at the
radial distance, r;, given by the empirical formula

ra=ry+ 07X (re— 1) (63)

where

rp is the radial distance at the base iono-
sphere, (if the D region is included, ry is
the radial distance at the joining point be-
tween the D and the E layers), and

r¢ is the radial distance at the reflection
point of the ray.

The quantity h is calculated separately for the up
going and down going rays, and the average of these
two values used to evaluated the effective frequency.

Some consequences of this choice will emerge
when the numerical evaluation of the approxima-
tion in the next section.

Once the effective frequency has been deter-
mined, the ray tracing procedure is started again
at the effective frequency. For each segment of the
ray, and separately for the up going and down going
sections of the ray, the value of h at the mid point of
the segment is calculated for use in the calculation
of group path and absorption.

5. Comparison between the Analytical
Method and the Numerical Method

In this section, we present some results of the
comparison between the results of the analytical

and numerical ray tracing methods for several ray
parameters such as ground range, group path, phase
path and absorption. The numerical results were
obtained using a general ray tracing program [Court
1981] based on the widely used Jones [1966] iono-
spheric ray tracing program. The basic single step
relative error was set to 1 in 10~%. With only mi-
nor exceptions (discussed later), differences between
analytic and numerical results represent errors aris-
ing because of the approximate method of including
magneto-ionic effects in the analytic method. The
errors incurred in using the approximation repre-
sented by the analytic method will also be shown.

A systematic study was carried out, for the four
integral quantities described, as a function of ele-
vation angle, as indicated schematically in Figure
4. That is, three representative transmitter loca-
tions were considered and Northward, Southward
and East-West propagation considered. (No addi-
tional information, except for a check on symmetry,
is gained in considering Southward propagation for
a transmitter at the magnetic equator.)

60 degree

30 degree

0 degree

Figure 4: Schematic indication of the
transmitter locations and propagation di-
rections considered.

In each case in the comparison, rays at four dif-
ferent frequencies, 2MHz, 3MHz, 4MHz and 5MHz,
have been traced.

It is not possible to present all the results here.
However, a selection is sufficient to indicate general
trends.

This study also allowed a direct comparison of
CPU time required by the analytic and numeric
ray tracing methods. This comparison was made

on a DEC VAX/VMS 8800 using FORTRAN 77
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Figure 5: Comparisons between the analytical result and the numerical result for the ordinary
mode, for the case in which the propagation is East-West and the transmitter is located at
the magnetic equator. The lines represent the analytical result and the dots represent the
numerical result. (a) Group path; (b) absorption; (¢) ground range; (d) phase path.

programs and the same ionospheric model and ini-
tial ray parameters for each program. For numeric
tracing, speed depends on the single step error
demanded and the complexity of the ionospheric
structure. Averaged over the cases considered, it
was found that the analytic method requires ap-
proximately one fifth the time and if the D layer is
omitted, approximately one tenth of the time, re-
quired for numerical ray tracing, clearly indicating
the advantage of using analytical ray tracing wher-
ever possible.

East-West Propagation at the Equator (A)

This case is presented as a starting point, not be-
cause it is typical, but because in this case the no
field result applies exactly to the ordinary mode.
This can be seen from the graphs of h in Figure 1.

Since the propagation is everywhere orthogonal to
the magnetic field, h is zero for the ordinary mode,
and consequently 6 f. is also zero.

Figures 5(a), (b), (¢) and (d) show the compar-
isons for absorption, group path, ground range and
phase path for the ordinary mode. Figure 6(a), (b),
(c) and (d) show the comparisons for absorption,
group path, ground range and phase path for the ex-
traordinary mode. In these figures, the dots repre-
sent the results obtained by the numerical method,
while the lines represents the results by the analyt-
ical method.

Northward Propagation at the Equator (D)

In this case, only error curves are presented. For
the group path, the error for the ordinary mode is
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Figure 6: Comparisons between the analytical result and the numerical result for the extraor-
dinary mode, for the case in which the propagation is East-West and the transmitter is located
at the magnetic equator. The lines represent the analytical result and the dots represent the
numerical result. (a) Absorption; (b) group path; (c) ground range; (d) phase path.

shown in Figure 7(a). The small notch which occurs
near 80° elevation in the error curve with the fre-
quency of 2MHz is associated with the phenomenon
of the spitze and critical coupling [Budden 1966].
It is not truly an error in the approximation, but a
failure of the numerical technique in this situation,
where simple ray theory is in any case not valid.
The error in the 4MHz curve at higher angles arises
from the choice of representative point in the cal-
culation of A. At 90° elevation A = 0 for the whole
ray. At high elevations, reflection occurs at X =1
where h = 0. Since, as is suggested by (22), the
major contribution to the integral arises near re-
flection, it would be appropriate to weight the top
of the ray more heavily in calculating the effective

frequency. This would reduce the error. The choice
represented by (63) is a reasonable compromise for
a wide range of situations. For the extraordinary
mode, Figure 7(b) shows the corresponding results.
They show general behaviour quite similar to that
of the ordinary mode.

For phase path, the errors are shown in Figure
7(c) and (d). For ground range, the errors are
shown in Figure 7(e) and (f). Very similar varia-
tion exists in each case. This has the consequence
that if, for example, ground range as a function of
group path is of interest, in most cases the errors
are significantly reduced.

In the case of absorption relative error is shown
in Figure 7(g) and (h).

205



40 T T T T

|

n
[+
T
~_
o
N

10} |

GROUP PATH ERROR (km)
)
T
_/
-
/4
f
1
N
1
!
1
\
\
\
\
\
\
\
\
GROUP PATH ERROR (km)
o

10 20 30 40 650 60 <70 80 90

10 4

)

—10 ) 4 -5 E
'
'

PHASE PATH ERROR (km)
o
T
{
4
J
L
’
i
H
1
]
[}
\\
PHASE PATH ERROR (km)
(=]
- _~=§ . T
\
3
AY

10 20 30 40 &0 680 70 80 90 [e] 10 20 30 40 50 60 70 8O0 90
30 T v T T T T T T

20 | (e) 1

10

10 | e mme

-10 4

GROUND RANGE ERROR (km)
A
=)
-
‘
GROUND RANGE ERROR (km)
)
~¥
x"

|
o

ABSORPTION ERROR (%)
o
ABSORPTION ERROR (%)

|
-
[+

—10 L s " L L s 2 L
[¢] 20 30 40 ©50 680 70 80 90

ELEVATION ANGLE (deg) ELEVATION ANGLE (deg)

(-]
[
=]
N
o
@
[<]
<]
o
@
[+]
N
o
]
[=]
o
o
-
(-]

Figure 7: Error curves of the analytical results compared with the numerical results for the case in which
the propagation is Northward and the transmitter is located at the magnetic equator. (a) Error for group
path for the ordinary mode; (b) error for group path for the extraordinary mode; (c) error for phase
path for the ordinary mode; (d) error for phase path for the extraordinary mode; (e) error for ground
range for the ordinary mode; (f) error for ground range for the extraordinary mode; (g) relative error for
absorption for the ordinary mode; (h) relative error for absorption for the extraordinary mode.

206



1000 T T T T T T T T

800 |, 8

ABSORPTION (db)

00 10 20 30 40 50 60 70 80 90
ELEVATION ANGLE (deg)
(a)

2000 T T T T T ™ T T
1600 + 4
)
< 1200
E J
=
a, 800 E
=3
2
400 - o 4
2000000
o A 1 1 ' 1 L Il 1
0O 10 20 30 40 S50 60 70 80 90

ELEVATION ANGLE (deg)

(b)
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transmitter is located at 30° dipole latitude. The dashed lines represent the no field result.

(a) Absorption; (b) group path.

Overall Accuracy for Absorption

From all the cases considered, it can be said that
the error in calculating absorption is generally be-
tween £10% and frequently between £5%. Excep-
tions occur only at very low or very high elevations.

Comparison with No Field Results (H)

Figure 8(a) shows an example of comparison for
calculated absorption between the numerical result,
the analytical result and the no field result. In this
case the propagation is Southward and the trans-
mitter is located at 30° dipole latitude. The dashed
line represents the results for no field case. It can be
seen that analytic result agrees well with the numer-
ical result. Moreover, it gives much better agree-
ment than simply using the analytic result that ap-
plies in the absence of the earth’s magnetic field.
The influence of the magnetic field on the ordinary
mode is greatest on North-South paths lying near
the magnetic equator. Figure 8(b) shows an exam-
ple of similar comparison but concerns group path.

6. Conclusion

It has been shown that analytic formulae for a
number of ray quantities describing HF radio propa-
gation in the ionosphere can be extended to take ap-
proximate account of the effect of the earth’s mag-
netic field on the propagation.

The ground range and the phase path for both the
ordinary and extraordinary modes can be obtained
by using the analytic results available neglecting the
earth’s magnetic field, but using an effective fre-
quency. Results for group path and absorption are
obtained using the same equivalent frequencies, but
involve also additional correction terms. The results
have been compared with the results obtained from
the numerical method using a numerical ray tracing
program.

The case considered in the comparison cover a
wide range of situations. The electron concentra-
tion profile is based on actual measurements as rep-
resented by the IRI model. Generally, the results
obtained from the analytical method agree very well
with the results from the numerical method, except
at very low frequencies and at certain high angles.
Better results could be obtained in the latter case by
making a different choice of the representative point
on the ray used in the calculation of the equivalent
frequency.

The calculations of absorption use the propa-
gation formulae developed by Bennett and Dyson
[1978], but extended so that the integration may be
taken along rays that exist in the absence of the
magnetic field. The method of including the ef-
fect of the earth’s magnetic field has been shown
to be highly accurate. Although the results show
unreasonably high absorption in some cases, there
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is a good deal of uncertainty about the collision
frequency profile which has geographical, diurnal,
seasonal and sunspot number dependence.

The advantage of the analytical ray tracing
method is its speed. When the ionospheric D re-
gion is included, the analytical method is five times
faster than the numerical method. If the D region
is omitted, the analytical method is ten times faster
than the numerical method. This speed advantage
is a good reason to employ the analytic approach
to ray tracing in many engineering applications of
HF ionospheric radio. Only when strong horizon-
tal gradients are present, or in situations in which
very detailed studies are required, is there a need
to resort to numerical ray tracing.

Appendix: Method of Making Approximate
Allowance for the Earth’s Magnetic Field

The introduction of a magnetic field greatly com-
plicates the ray tracing. In particular, with the
exception of propagation in the magnetic equato-
rial plane, there are no known cases in which an-
alytic results can be obtained for oblique propaga-
tion. The presence of the magnetic field manifests
itself through the variable Y, where

Y="fulf

where f is the operating frequency and fg is the
gyrofrequency. Frequency dependence occurs also
through X where

X =(n/1)?

and fy is the electro-plasma frequency.

Since the rays are characteristics of the eikonal
equation, and this equation arises from the charac-
teristic polynomial of a normal matrix, the quanti-
ties of interest possess expansions in ¥ about ¥ =0
except in special cases. (These cases are associated
with singularities in the frequency dependence of el-
ements of the matrix, or caustics of the ray system.)
However, the linear term in the expansion vanishes,
and the second (quadratic) terms are generally dif-
ficult to calculate [Bennett 1973]. We therefore pro-
ceed differently.

Consider a typical integral quantity which we
write symbolically

T = [ ayidu. (A1)

The value of interest is Jo, i.e. i and the ray
path are evaluated when

f=Jo
fH = fHo
so that
Y=Y
and

Jo = frayo io du. (Az)

This is difficult to calculate. If there exists a real
point A’ (see Figure Al), i.e.

f=fA’)
fa=0
and
Y=0

which lies on the contour of constant J that passes
through O then

Jo = frayA:iA' du. (A3)
A Y
O
J = constant
8/ S
T f
A’ A B

Figure Al: The Y — f plane and the con-
struction used to find éf..

Such a point in the (f,Y) plane does not exist in
all cases. Even if it does exist, locating it is likely
to be no easier than calculating Jo directly.

Rather than attempting to locate A’, we take a
linear approximation to the contour and seek the
point A. That is, we wish to find éf.. Except in
exceptional cases, we then have

Jo = frayo iodu= frayAiA du + O(YOz) (A4)
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It can be shown that for a number of impor-
tant integral quantities including ground range and
phase path, a single 6 f, applies, and is given by

8fe _ 1/2Yoh
fo — 1-1/2Yoh’

provided the right hand side is constant in the
neighbourhood of rayo. In (A4), h is the quantity
introduced by Bennett and Dyson [1978] in the dis-
cussion of radio wave absorption in the ionosphere.

On the other hand, for a number of other impor-
tant integrals, including group path and absorption,
the required point A is not given by (A5). For such
a quantity, say

(45)

I= frayjdu'

rather than attempting to find a different 6f, for
these cases, an additional correction is added. It
can be shown [Chen et al. 1991] that

/ Jjo du
rayo

/ jadu+ soXoYo du+ O(Yg)
raya rayo
(A7)

(A6)

Zo =

I

provided the condition stated below (A5) is satis-
fied. The.coefficient ¢o proves to be very compli-
cated. However, when evaluated for Y = 0, it turns
out for the two cases mentioned that for all rays ¢4
is a constant independent of frequency.

The whole purpose of our analysis is to avoid hav-
ing to find the rayo. If the additional correction
term is evaluated along ray, a result of the same
order is obtained. Thus

/ jo du
rayo

/ jadu+ / caXaYadu+O(YQ).
raya raya
(48)

Io =

It makes little difference whether Y4 or Yo is used
in the correction term. It is not immediately obvi-
ous if better numerical results will be obtained by
using X4 or Xo.

As pointed out in the text, the right hand side of
(A5) does not strictly satisfy the necessary condi-
tion for most situations of interest. However, it is

found that numerically useful results are obtained
by taking a representative value of h. Since, the
whole point is to avoid having to find rayo, in prac-
tice the best that can be done is to chose the repre-
sentative value making use of raya. Since initially,
6f. is not known, it is necessary to either evaluate
h along rayp or determine éf, iteratively.
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